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Foreword 


The Norwegian government established the Abel Prize in mathematics in 2002, and 
the first prize was awarded in 2003. In addition to honoring the great Norwegian 
mathematician Niels Henrik Abel by awarding an international prize for outstanding 
scientific work in the field of mathematics, the prize shall contribute toward raising 
the status of mathematics in society and stimulate the interest for science among 
school children and students. In keeping with this objective, the Niels Henrik Abel 
Board has decided to finance annual Abel Symposia. The topic of the symposia 
may be selected broadly in the area of pure and applied mathematics. The symposia 
should be at the highest international level and serve to build bridges between 
the national and international research communities. The Norwegian Mathematical 
Society is responsible for the events. It has also been decided that the contributions 
from these symposia should be presented in a series of proceedings, and Springer 
Verlag has enthusiastically agreed to publish the series. The Niels Henrik Abel 
Board is confident that the series will be a valuable contribution to the mathematical 
literature. 


Chair of the Niels Henrik Abel Board Helge Holden 
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Preface 


Malet for var vitenskap er pa den ene side a4 oppna nye 
resultater, og pad den annen side a sammenfatte og belyse 
tidligere resultater sett fra et hdyere stasted. 


Sophus Lie! 


The Abel Symposium 2015 focused on operator algebras and the wide ramifications 
the field has spawned. Operator algebras form a branch of mathematics that dates 
back to the work of John von Neumann in the 1930s. Operator algebras were 
proposed as a framework for quantum mechanics, with the observables replaced by 
self-adjoint operators on Hilbert spaces and classical algebras of functions replaced 
by algebras of operators. Spectacular breakthroughs by the Fields medalists Alain 
Connes and Vaughan Jones marked the beginning of an impressive development, 
in the course of which operator algebras established important ties with other areas 
of mathematics, such as geometry, K-theory, number theory, quantum field theory, 
dynamical systems, and ergodic theory. 

The first Abel Symposium, held in 2004, also focused on operator algebras. It 
is interesting to see the development and the remarkable advances that have been 
made in this field in the years since, which strikingly illustrate the vitality of the 
field. 

The Abel Symposium 2015 took place on the ship Finnmarken, part of the 
Coastal Express line (the Norwegian Hurtigruten), which offered a spectacular 
venue. The ship left Bergen on August 7 and arrived at its final destination, Harstad 
in the Lofoten Islands, on August 11. The scenery the participants saw on the way 
north was marvelous; for example, the ship sailed into both the Geirangerfjord and 
Trollfjord. 

There were altogether 26 talks given at the symposium. In keeping with the 
organizers’ goals, there was no single main theme for the symposium, but rather 
a variety of themes, all highlighting the richness of the subject. It is perhaps 
appropriate to draw attention to one of the themes of the talks, which is the 
classification program for nuclear C*-algebras. In fact, a truly major breakthrough 


'“The goal of our science is on the one hand to obtain new results, and on the other hand to 
summarize and illuminate earlier results as seen from a higher vantage point.” Sophus Lie 


Vii 
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Vili Preface 


in this area occurred just a few weeks before the Abel Symposium 2015—amazing 
timing! Some of the protagonists in this effort—one that has stretched over more 
than 25 years and has involved many researchers—gave talks on this very topic at 
the symposium. The survey article by Wilhelm Winter in this proceedings volume 
offers a panoramic view of the developments in the classification program leading 
up to the breakthrough mentioned above. 

Alain Connes and Vaughan Jones were also among the participants, and they 
gave talks on topics ranging, respectively, from gravity and the standard model in 
physics to subfactors, knot theory, and the Thompson group, thus illustrating the 
broad ramifications of operator algebras in modern mathematics. 

Ola Bratteli and Uffe Haagerup, two main contributors to the theory of operator 
algebras, tragically passed away in the months before the symposium. Their legacy 
was commemorated and honored in a talk by Erling Stgrmer. One of the articles 
in this volume is by Uffe Haagerup, and its publication was made possible with the 
help of three of Haagerup’s colleagues from the University of Copenhagen, to whom 
he had privately communicated the results shortly before his untimely passing. 

The articles in this volume are organized alphabetically rather than thematically. 
Some are research articles that present new results, others are surveys that cover the 
development of a specific line of research, and yet others offer a combination of 
survey and research. These contributions offer a multifaceted portrait of beautiful 
mathematics that both newcomers to the field of operator algebras and seasoned 
researchers alike will appreciate. 


Torshavn, Faroe Islands Toke M. Carlsen 
Oslo, Norway Nadia S. Larsen 
Oslo, Norway Sergey Neshveyev 
Trondheim, Norway Christian Skau 
April 2016 
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C*-Tensor Categories and Subfactors for Totally 
Disconnected Groups 


Yuki Arano and Stefaan Vaes 


Abstract We associate a rigid C*-tensor category @ to a totally disconnected 
locally compact group G and a compact open subgroup K < G. We characterize 
when @ has the Haagerup property or property (T), and when @ is weakly 
amenable. When G is compactly generated, we prove that @ is essentially equivalent 
to the planar algebra associated by Jones and Burstein to a group acting on a locally 
finite bipartite graph. We then concretely realize @ as the category of bimodules 
generated by a hyperfinite subfactor. 


1 Introduction 


Rigid C*-tensor categories arise as representation categories of compact groups and 
compact quantum groups and also as (part of) the standard invariant of a finite index 
subfactor. They can be viewed as a discrete group like structure and this analogy has 
lead to a lot of recent results with a flavor of geometric group theory, see [9, 17, 18, 
25, 26]. 

In this paper, we introduce a rigid C*-tensor category @ canonically associated 
with a totally disconnected locally compact group G and a compact open subgroup 
K < G. Up to Morita equivalence, @ does not depend on the choice of K. The 
tensor category @ can be described in several equivalent ways, see Sect. 2. Here, 
we mention that the representation category of K is a full subcategory of @ and that 
the “quotient” of the fusion algebra of @ by Rep K is the Hecke algebra of finitely 
supported functions on K\G/K equipped with the convolution product. 

When G is compactly generated, we explain how the C*-tensor category @ is 
related to the planar algebra Y (i.e. standard invariant of a subfactor) associated in 
[5, 11] with a locally finite bipartite graph Y and a closed subgroup G < Aut(Y). At 


Y. Arano 
Graduate School of Mathematics, University of Tokyo, 3-8-1 Komaba, Meguro-ku, Tokyo, Japan 
e-mail: arano@ms.u-tokyo.ac.jp 


S. Vaes (2) 
KU Leuven, Department of Mathematics, Leuven, Belgium 
e-mail: stefaan.vaes @ wis.kuleuven.be 
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the same time, we prove that these planar algebras Y can be realized by a hyperfinite 
subfactor. 

Given a finite index subfactor N C M, the notions of amenability, Haagerup 
property and property (T) for its standard invariant Yy,y were introduced by Popa 
in [23, 24] in terms of the associated symmetric enveloping algebra T C S (see [21, 
23]) and shown to only depend on Yy,y. Denoting by @ the tensor category of M- 
M-bimodules generated by the subfactor, these properties were then formulated in 
[26] intrinsically in terms of @, and in particular directly in terms of Gy yw. We recall 
these definitions and equivalent formulations in Sect. 4. Similarly, weak amenability 
and the corresponding Cowling-Haagerup constant for the standard invariant Gy 
of a subfactor N C M were first defined in terms of the symmetric enveloping 
inclusion in [3] and then intrinsically for rigid C*-tensor categories in [26], see 
Sect. 5. Reinterpreting [1, 6], it was proved in [26] that the representation category of 
SU, (2) (and thus, the Temperley-Lieb-Jones standard invariant) is weakly amenable 
and has the Haagerup property, while the representation category of SU,(3) has 
property (T). 

For the C*-tensor categories @ that we associate to a totally disconnected group 
G, we characterize when @ has the Haagerup property or property (T) and when @ 
is weakly amenable. We give several examples and counterexamples, in particular 
illustrating that the Haagerup property/weak amenability of G is not sufficient for 
€ to have the Haagerup property or to be weakly amenable. Even more so, when 
@ is the category associated with G = SL(2, Q,), then the subcategory Rep K with 
K = SL(2,Z,) has the relative property (T). When G = SL(n,Q,) with n > 3, 
the tensor category @ has property (T), but we also give examples of property (T) 
groups G such that @ does not have property (T). 

Our main technical tool is Ocneanu’s tube algebra [19] associated with any rigid 
C*-tensor category, see Sect.3. When @ is the C*-tensor category of a totally 
disconnected group G, we prove that the tube algebra is isomorphic with a canonical 
dense *-subalgebra of Co(G) ™aq G, where G acts on G by conjugation. We can 
therefore express the above mentioned approximation and rigidity properties of the 
tensor category @ in terms of G and the dynamics of the action G (“4 G by 
conjugation. 

In this paper, all locally compact groups are assumed to be second countable. 
We call totally disconnected group every second countable, locally compact, totally 
disconnected group. 


2 C*-Tensor Categories of Totally Disconnected Groups 
Throughout this section, fix a totally disconnected group G. For all compact open 


subgroups Ki, Ky < G, we define 


G,:  thecategory of Ki-K2-L™(G)-modules, i.e. Hilbert spaces # equipped with 
commuting unitary representations (A(k1))iex, and (p(k2))iex, and with 
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a normal «*-representation JT : L°(G) — B(.#) that are equivariant with 
respect to the left translation action K, ~ G and the right translation action 
Ky VG; 

G_:  thecategory of K,-L©(G/K2)-modules, i.e. Hilbert spaces # equipped with 
a unitary representation (7(k1))x,ex, and a normal «*-representation [7 : 
L®(G/K2) > B(#) that are covariant with respect to the left translation 
action K, ~% G/K); 

G3: the category of G-L©(G/K,)-L™ (G/K>)-modules, i.e. Hilbert spaces # 
equipped with a unitary representation (z(g))seg and with an L©(G/K;,)- 
L®(G/Kz)-bimodule structure that are equivariant with respect to the left 
translation action of G on G/K, and G/K; 


and with morphisms given by bounded operators that intertwine the given structure. 

Let K; < G also be a compact open subgroup. We define the tensor product 
HE @x, KH of a Ki-K2-L©(G)-module # and a K2-K3-L™(G)-module -% as the 
Hilbert space 


KH ®x, HK =E CH ® KH | (plka) @ A(ky))E = E forall ky € Ky} 


equipped with the unitary representations (A(k1) ® Dex, and (1 @ p(k3))kex3 
and with the representation (IT. ® IT.) o A of L(G), where we denote by A : 
L™(G) > L®©(G) ® L™(G) the comultiplication given by (A(F))(g, h) = F(gh) 
forall g,h EG. 

The tensor product of a G-L™®(G/K,)-L~(G/K2)-module # and a G- 
L® (G/K2)-L© (G/K3)-module .% is denoted as # ® -0(G/Ky) *% and defined 
as the Hilbert space 


HE @1 (G/K2) H 
={€ 6H @H | E(lex, @ 1) = (1 @ lox, )E forall gKy € G/K>} 


= QD L- lex, @ lgx,- H 


geG/K2 


with the unitary representation (17.(g) ® a (g))geg and with the L°(G/K;)- 
L® (G/K3)-bimodule structure given by the left action of 1.x, ® 1 for gk, € G/K, 
and the right action of 1 @ 1,x, for hK3 € G/K3. 

We say that objects .# are of finite rank 


Gi: if He = {FE © | p(ko)éE = & forall ky € Kp} is finite dimensional; as 
we will see in the proof of Proposition 2.2, this is equivalent with requiring 
that x, # is finite dimensional; 

€,: if #@ is finite dimensional; 

6G: if lex,-# is finite dimensional; as we will see in the proof of Proposition 2.2, 
this is equivalent with requiring that .# - 1.x, is finite dimensional. 
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Altogether, we get that @ and @3 are C*-2-categories. In both cases, the 0- 
cells are the compact open subgroups of G. For all compact open subgroups 
Kj, Ky < G, the 1-cells are the categories G;(K,, K2) defined above and @;(K,, K2) x 
6;(K2, K3) — (K, K3) is given by the tensor product operation that we just 
introduced. Restricting to finite rank objects, we get rigid C*-2-categories. 

Another typical example of a C*-2-category is given by Hilbert bimodules over 
II, factors: the O-cells are II; factors, the 1-cells are the categories Bimody,-y, of 
Hilbert M\-M>-bimodules and Bimody,-y, x Bimody,.y, — Bimody,-y, is given 
by the Connes tensor product. Again, restricting to finite index bimodules, we get a 
rigid C*-2-category. 


Remark 2.1 The standard invariant of an extremal finite index subfactor N C M can 
be viewed as follows as a rigid C*-2-category. There are only two 0-cells, namely 
N and M; the 1|-cells are the N-N, N-M, M-N and M-M-bimodules generated by the 
subfactor; and we are given a favorite and generating 1-cell from N to M, namely 
the N-M-bimodule L?(M). 

Abstractly, a rigid C*-2-category @ with only two 0-cells (say + and —), 
irreducible tensor units in G4 and G__, and a given generating object # € G@,— 
is exactly the same as a standard A-lattice in the sense of Popa [22, Definitions 
1.1 and 2.1]. Indeed, for every n > 0, define #.,, as the n-fold alternating tensor 
product of # and # starting with #. Similarly, define #.,, by starting with HE. 
For 0 < j, define Agj = End( 7%, ;). When 0 < i < j < o, define Ajj C Ao; as 
Ay := 1'®@ End(.7%_1)i ;-;) viewed as a subalgebra of Aoj = End( #4 ;) by writing 
Aji = Hj; H(-1yi;-;. The standard solutions for the conjugate equations (see 
Sect. 3) give rise to canonical projections e4 € End(7.#) and e_ € End(##) 
given by 


ep =H) 'systp and e_=d(H)'tyty , 


and thus to a representation of the Jones projections ej € Ay (fork < j < lI). 
Finally, if we equip all Aj; with the normalized categorical trace, we have defined a 
standard A-lattice in the sense of [22, Definitions 1.1 and 2.1]. Given two rigid C*- 
2-categories with fixed generating objects as above, it is straightforward to check 
that the associated standard A-lattices are isomorphic if and only if there exists 
an equivalence of C*-2-categories preserving the generators. Conversely given a 
standard A-lattice Y, by [22, Theorem 3.1], there exists an extremal subfactor 
N C M whose standard invariant is Y and we can define @ as the C*-2-category of 
the subfactor N C M, generated by the N-M-bimodule L?(M) as in the beginning of 
this remark. One can also define @ directly in terms of (see e.g. [14, Section 4.1] 
for a planar algebra version of this construction). 

Thus, also subfactor planar algebras in the sense of [12] are “the same” as rigid 
C*-2-categories with two 0-cells and such a given generating object # € @1_. 


For more background on rigid C*-tensor categories, we refer to [16]. 
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Proposition 2.2. The C*-2-categories @, and G3 are naturally equivalent. In 
particular, fixing K, = Ky = K, we get the naturally equivalent rigid C*-tensor 
categories ©, ¢(K < G) and @3;(K < G). Up to Morita equivalence,' these do not 
depend on the choice of compact open subgroup K < G. 


Proof Using the left and right translation operators A, and pg on L?(G), one checks 
that the following formulae define natural equivalences and their inverses between 
the categories @|, G and @3. 


* 6 > 6: KH - Hk, where H, is the space of right K>-invariant vectors 
and where the K\-L°(G/K2)-module structure on #%x, is given by restricting 
the corresponding structure on .#. 

* Ge G@: He H @L°9 (G/K>) L?(G) given by 


{E € HOL(G) | (gx, ® VE = (1 @ lg, )é forall g ¢ G} 


= @ lex: H @ L’(gkr) 
geG/Ky 


and where the K)-K2-L™(G)-module structure is given by (A.v(ki) ® Ak, )eex,> 
(1 ® px, )kex, and multiplication with 1 @ F when F € L™(G). 

© 63 > ©: KH + 1ex,- # and where the Kj-L°(G/K)-module structure on 
lex, : # is given by restricting the corresponding structure on #. 

° 0 > 6: KH +> L(G) @x, H given by 


{EE LG) ®H | (py @ w(hi))E = E forall ky € Ki} 


and where the G-L®(G/K,)-L®(G/K2)-module structure is given by the rep- 
resentation (Ag ® 1)seg, multiplication with F @ 1 for F € L°(G/K,) and 
multiplication with (id ® IT) A(F) for F ¢ L°(G/K2). 


By definition, if # € @ has finite rank, the Hilbert space #%, is finite 
dimensional. Conversely, if “ € G and .% is a finite dimensional Hilbert space, 
then the corresponding object # € @ has the property that both x, # and #%, 
are finite dimensional. Therefore, # € @ has finite rank if and only if x, 7 isa 
finite dimensional Hilbert space. A similar reasoning holds for objects in @. 

It is straightforward to check that the resulting equivalence @ <> @3 preserves 
tensor products, so that we have indeed an equivalence between the C*-2-categories 
6, and @3. 

To prove the final statement in the proposition, it suffices to observe that for 
all compact open subgroups Ki,K2 < G, we have that L?(KiK2) is a nonzero 
finite rank K,-Ky-L© (G)-module and that L?(G/(K, M K2)) is a nonzero finite rank 


‘In the sense of [15, Section 4], where the terminology weak Morita equivalence is used; see also 
[25, Definition 7.3] and [18, Section 3]. 
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G-L™(G/K,)-L™ (G/Kz)-module, so that @¢(Ki < G) and @j(K2 < G) are 
Morita equivalent for i = 1, 3. oO 


The rigid C*-2-categories @ and @ can as follows be fully faithfully embedded 
in the category of bimodules over the hyperfinite II; factor. We construct this 
embedding in an extremal way in the sense of subfactors (cf. Corollary 2.4). 

To do so, given a totally disconnected group G, we fix a continuous action G ~% 
P of G on the hyperfinite II, factor P that is strictly outer in the sense of [27, 
Definition 2.1]: the relative commutant P’ M P x G equals C1. Moreover, we should 
choose this action in such a way that Troa, = A(g)~!/? Tr for all g € G (where 
A is the modular function on G) and such that there exists a projection p € P of 
finite trace with the property that a,(p) = p whenever k belongs to a compact 
subgroup of G. Such an action indeed exists: write P = Ry ® R; where Ro is a copy 
of the hyperfinite IT; factor and Rj is a copy of the hyperfinite II,, factor. Choose a 
continuous trace scaling action Rt Oo R1. By [27, Corollary 5.2], we can choose 
a strictly outer action G 4° Ro. We then define a, = (a). ® (a1) A(g)7"/2 and we 
take p = 1 @p1, where p; € R, is any projection of finite trace. Whenever k belongs 
to a compact subgroup of G, we have A(k) = | and thus o;(p) = p. 

Whenever Ki, Kx < G are compact open subgroups of G, we write 


[K, : Ko] = [Ki : KN Ko] [Ko : Ki 0 Ky]! . 


Fixing a left Haar measure A on G, we have [K, : Kz] = A(K,) A(K2)!. Therefore, 
we have that [K : gKg~'] = A(g) for all compact open subgroups K < G and all 
geG. 


Theorem 2.3 Let G be a totally disconnected group and choose a strictly outer 
action G \* P on the hyperfinite Ig. factor P and a projection p € P as above. For 
every compact open subgroup K < G, write R(K) = (pPp)*. Then each R(K) is a 
copy of the hyperfinite II, factor. 

To every K,-K>-L™(G)-module #, we associate the Hilbert R(K,)-R(K2)-bi- 
module X given by (2.1) below. Then H ”% XH is a fully faithful 2-functor. Also, 
HE has finite rank if and only if XH is a finite index bimodule. In that case, 

dimgx,)—(%) = [Ki : Ko]!/? dimg,(#7) and 


dim_r(x,)(”%) — [Ko Ry dime, (7) 5 


where dime, (#) is the categorical dimension of H? € ©. 


Proof Given a K,-K7-L™(G)-module #, turn # ® L’(P) into a Hilbert (P x K})- 
(P x K>)-bimodule via 


uz (E @ b)-u, =A(k)p(r)*E @ a7 '(b) forall KE K,,reKy,€€H,bE LV (P), 
a-€-d= (IT @ id)a(a)¢ (1 @d) forall a,d€P,C€EH @L (P), 


where a : P > L™©(G) @ P is given by (a(a))(g) = a, '(a). 
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Whenever K < G is a compact open subgroup, we define the projection px € 
L(G) given by 


P= rat [ Ay dk . 
K 


We also write ex = ppx viewed as a projection in Px K. Since P C Px K C PMG, 
we have that P’ (P x K) = Cl, so that P x K is a factor. So, P  K is a copy of 
the hyperfinite IIoo factor and ex € P x K is a projection of finite trace. We identify 
R(K) = ex(P™K)ex through the bijective *-isomorphism (pPp)* — ex(PxK)ex : 
at> apx. In particular, R(K) is a copy of the hyperfinite II; factor. 

So, for every K,-K2-L™(G)-module #, we can define the R(K,)-R(K2)- 
bimodule 


KH = ex, (#2 @L’(P))- ex, - (2.1) 


We claim that Endacx,)—r(K)(#) = Ende, (#) naturally. More concretely, we 
have to prove that 


Endpxx,)-(Paky)(H ® L’(P)) = Endy, (#7) @ 1, (2.2) 


where Endy, (.#) consists of all bounded operators on .# that commute with 
A(K1), e(K2) and IT(L®(G)). To prove (2.2), it is sufficient to show that 


Endp_p(# ® L’?(P)) = II(L®(G)Y' @ 1. (2.3) 
Note that the left hand side of (2.3) equals (IT ® id)a(P)’ N B(#) ® P. Assume 
that T € (IT ® id)a(P)’ N B(#) ® P. In the same was as in [27, Proposition 2.7], it 
follows that T € IT(L®(G))'N1. For completeness, we provide a detailed argument. 
Define the unitary W € L(G) ® L(G) given by W(g) = Ag. We view both T and 
(IT ® id)(W) as elements in B(#) ® (P x G). For all a € P, we have 


(IT ® id)(W) T (IT @ id)(W)* (1 ® a) = (1 @ id)(W)T (7 @ id)a(a) (IT @ id)(W)* 
= (1 @a) (7 @ id)(W)T (IT @ id)(W)* . 


Since the action a is strictly outer, we conclude that UT @id)(W) T IT @id)(W)* = 
S ® 1 for some S € B(#). So, 


T = (IT @ id)(W)* (S @ 1) (IT ® id)(W) . 


The left hand side belongs to B(#) ® P, while the right hand side belongs to 
B(.#/) @ L(G), and both are viewed inside B(.#) ® (P x G). Since PN L(G) = Cl, 
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we conclude that T = Tp ® 1 for some Tp € B(.#) and that 
Ty ® 1 = (7 @ id)(W)* (S @ 1) 7 @ id)(W) . 


Defining the normal *-homomorphism W : L(G) > L(G) @L(G) given by (Ag) = 
Ag ® Ag for all g € G, we apply id ® W and conclude that 


Ty ®@ 1 @ 1 = U7 ® id)(W)}3 (7 @ id)(W) 5 (S ® 1) (7 @ id)(W) 12 HT @ id)(W)13 
= (IT @ id)(W)}; (To @ 1 1) (7 @ id)(W)3 « 


It follows that Tj commutes with J7(L™(G)) and (2.2) is proven. 

It is easy to check that #7 t% naturally preserves tensor products. So, we have 
found a fully faithful 2-functor from @ to the C*-2-category of Hilbert bimodules 
over hyperfinite II, factors. 

To compute dim_ax,)(%), observe that for all k € Kj, r € Ky and g € G, we 
have Ogr(P) = Okg(P) = Ag(@y-1xg(P)) = Mg(p). Therefore, as a right (P » K2)- 
module, we have 


ex, (H@L(P)= PD (AVL(pP)), 


g€Ki\G/K2 

where Pp, = a (p), where the Hilbert space 2, := IT(1k,9x,)( x, H%) comes with 
the unitary representation (p(r)),ex, and where the right (P x K>)-module structure 
on Y, ® L?(pgP) is given by 
(E ® b)- (du,) = p(r)*E @ a7" (bd) forall &€ “A, bEL’(pyP),d€ Pre Ko. 

Since pgPp, Ky = p,(P X K2)pz is a factor (actually, Ky ~ PePPpz¢ is a so- 
called minimal action), it follows from [28, Theorem 12] that there exists a unitary 
V, € B(.Ly) ® pepe satisfying 

(id @ a,)(Ve) = Ve(p(r)@ 1) forall re Kk. 


Then left multiplication with V, intertwines the right (P » K2)-module structure on 
the Hilbert space %, ® L?(p,P) with the right (P » K>)-module structure given by 


(E @ b)- (du,) =& @ a '(bd) forall §€ Y,bEL*(p,P),d€ Pre Ky. 
Therefore, 


dim_ pK) (Ly ® L’(peP)) « ex, = dim(LZ,) dim_(,p)yk (L’ (peP™p)) 


Tr( Ps) 
Tr(p) 


= dim(%) = dim(Y%,) A(g)!”” . 
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So, we have proved that 


dime (4%) = D> dim(T (kes) (4, %)) Alg)'”? « 
g€K\\G/K2 


We similarly get that 


dimgxy-(#) = 2 dim(77(1x, 9x2) 4)) Al)" « 


g€K\G/Ko 


To make the connection with the categorical dimension of .#, it is useful to view 
HE as the image of a G-L®(G/K))-L™ (G/K2)-module #” under the equivalence 
of Proposition 2.2. This means that we can view # as the space of L?-functions 
&é:G— #’ with the property that &(g) € lex, - H+ 1px, for ae. g € G. The 
L™(G)-module structure of # is given by pointwise multiplication, while the K,- 
K2-module structure on #% is given by 


(k-E-r)(g) = w(kKE(kK gr) forall k€ Ki,r € Ko, g€G. 
With this picture, it is easy to see that 
TT (1k,k,) (Hk) & lex,» H+ Uy ek, - 


The map § & E with E (g) = m(g)*&(g) is an isomorphism between .# and the 
space of L?-functions 1 : G > #’ with the property that n(g) € 1 -1x,;HO": Lex, for 
ae. g € G. The L*(G)-module structure is still given by pointwise multiplication, 
while the K,-K2-module structure is now given by 


(k--r)(g) = 2(r)* nk gr). 
In this way, we get that 
TT (Uxyek,)( x, FH) & Uxyg-1x, H+ ler, - 
It thus follows that 


dim_ pK (4) = D> dim(gyg-1x, > 7" Lex) A(g)'/? and (2.4) 
g€K\G/K2 


dimgxy-(%) = > dim(Lex, » "+ Ukyeky) A(g)? - (2.5) 
g€K\G/Kp 
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Also note that for every g € G, we have 


dim(1 x,¢-1x, * "+ Lexy) = [Ko : Kx 17 'Kig] dim(1y-1x, - H+ Lexy) 
= [Ko : Kx g 'Kig] dim(1ex, - H+ lex) 


[Ko: Ko g'Kig] 
= dim(1ex,- +1 
[Ki Kin gKogé!] omen Kish) 


= [Ky : Ki] A(g)! dim(1ex, - H+ Uxygns) - 


It follows that 


dim_p¢xn)(H) = (Ko: Ki] YS) dim(ex, » "+ Lex) A(g) 
g€K|\G/K2 


=> [Ko Ki] dimpx,)—(#%) : 
If # has finite rank, also #’ has finite rank so that #’ - 1.x, and lex, - #’ are 


finite dimensional Hilbert spaces. It then follows that .% is a finite index bimodule. 
Conversely, assume that .% has finite index. For every g € G, write 


K(g) = dim(1,¢-1x, * H+ Lexy) A(g)'”” 
= [Ky : Ki] dim(1ex, - 4H" + Uxyexs) A(g) 1? 


So, 
K(g)” = [Kz : Ki] dim(gyg-ix, » "+ Lex) dim(Lex, > "+ Ukiex>) - 


Thus, whenever «(g) 4 0, we have that «(g) > [K2 : K;]'/*. Since 


dim-rny(#)= D> K(g), 


g€K\G/Kp 


we conclude that there are only finitely many double cosets g € K,\G/K2 for which 
kyg-1k,* HK’ -\¢x, is nonzero and for each of them, it is a finite dimensional Hilbert 
space. This implies that 7’ - 1.x, is finite dimensional, so that .#’ has finite rank. 

We have proved that # +» .# is a fully faithful 2-functor from © to the 
finite index bimodules over hyperfinite II; factors. Moreover, for given compact 
open subgroups K;, Kz < G, the ratio between dimaix,)—(%) and dim_ax,)(%) 
equals [K, : K>] for all finite rank K,-K,-L~©(G)-modules #. Since the functor 
is fully faithful, this then also holds for all R(K))-R(K2)-subbimodules of %. It 
follows that the categorical dimension of .% equals 


[Ky : Ky]!/? dimace)—(%) = [Ki : Ko]!/? dim_rx,)(%) . 
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Since the functor is fully faithful, the categorical dimensions of # € ©, and 
4 € Bimods coincide, so that 


[Ko F Ki dimacx,)—(”) => dime, () => [Ky 3 mi dim_a(K,)(%) < 
(2.6) 
oO 


Corollary 2.4 Let G be a totally disconnected group with compact open subgroups 
Ks < Gand assume that # is a finite rank G-L©(G/K+)-L™ (G/K_)-module. 
Denote by @ = (644,64~-, G@-+,G_-_) the C*-2-category of G-L°(G/K+)- 
L®(G/K+)-modules (with 0-cells K4 and K_) generated by the alternating tensor 
products of # and its adjoint. 

Combining Proposition 2.2 and Theorem 2.3, we find an extremal hyperfinite 
subfactor N C M whose standard invariant, viewed as the C* -2-category of N-N, N- 
M, M-N and M-M-bimodules generated by the N-M-bimodule L?(M), is equivalent 
with (@, A) (cf. Remark 2.1). 


Proof A combination of Proposition 2.2 and Theorem 2.3 provides the finite index 
R(K+)-R(K_)-bimodule % associated with #. Take nonzero projections pz € 
R(K+) such that writing N = p,R(K+)p+ and M = p_R(K_)p_, we have that 
dim_y(p+--# + p_) = 1. We can then view N C M in such a way that L7(M) = 

4+ :+4 - p— as N-M-bimodules. The C*-2-category of N-N, N-M, M-N and M- 
M-bimodules generated by the N-M-bimodule L?(M) is by construction equivalent 
with the rigid C*-2-category of R(K+)-R(K+)-bimodules generated by .%. Since 
the 2-functor in Theorem 2.3 is fully faithful, this C*-2-category is equivalent with 
@ and this equivalence maps the N-M-bimodule L?(M) to. # € @y_. Oo 


From Corollary 2.4, we get the following result. 


Proposition 2.5 Let Y be the subfactor planar algebra of [5, 11] associated with 
a connected locally finite bipartite graph Y, with edge set € and source and target 
maps s: € — V4,t: & — V_, together with’ a closed subgroup G < Aut(Y) 
acting sranisitivels on Vy as well as on V_. Fix vertices v4 € V4 and write Kz = 
Stab ve. 

There exists an extremal hyperfinite subfactor N C M whose standard invariant 
is isomorphic with Y. We have [M : N] = 8° where 


5= Do Hee & | s(e) = v4, t(e) = w} [Stab w : Stab v4]! 


weV— 


= > #H{e € & | s(e) = w, t(e) = v_} [Stabw : Stabv_]!/? . 


weVy 


Note that in [5], also a weight function pp. : ViLV_ > Ro scaled by the action of G is part of the 
construction. But only when we take ju to be a multiple of the function v +> [Stab v : Stab v4]!/2, 
we actually obtain a subfactor planar algebra, contrary to what is claimed in [5, Proposition 4.1]. 
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Moreover, Y can be described as the rigid C*-2-category €37(G, Kt, K+) of all 
finite rank G-L® (G/K+)-L™ (G/K+)-modules together with the generating object 
0(&) € ©s4(G, Ky, K_) (cf. Remark 2.1). 


Proof We are given Gq & and GW V+,G nm V_ such that the source and target 
maps s, ft are G-equivariant and such that G acts transitively on V; and on V_. Put 
Ki = Stabv+ and note that Kz < G are compact open subgroups. We identify 
G/K+ = V+ via the map gKi + g- v4. In this way, W := €7(&) naturally 
becomes a finite rank G-L®(G/K+)-L©(G/K_)-module. Denote by @ the C*-2- 
category of G-L® (G/K+)-L© (G/K+)-modules generated by the alternating tensor 
products of # and its adjoint. 

In the 2-category @3, the n-fold tensor product #7 @ # @--+ equals 07(&;.»), 
where &, is the set of paths in the graph Y starting at an even vertex and having 
length n. Similarly, the n-fold tensor product 7 ® # ®--+ equals (7(€_,,), where 
&_» is the set of paths of length n starting at an odd vertex. So by construction, 
under the equivalence of Remark 2.1, @ together with its generator 7 € @ ~ 
corresponds exactly to the planar algebra Y constructed in [5, 11]. 

By Corollary 2.4, we get that (@, #) is the standard invariant of an extremal 
hyperfinite subfactor N C M. In particular, [M : N] = 8? with 6 = dimg,(#). 
Combining (2.6) with (2.4), and using that 


A(g)"? = [gK+g"!: Ky]! = [Stab(g- v4) : K+]!””, 
we get that 


6 = [K, : K_]!? pa dim(1 gx,» 7+ 1ex_) A(g)/? 
geG/Ky 


= Yo Heed | s(e)=g- vy, te) = v_} [Stab(g- vy) : Ky]? [Ky : K_]'? 
geG/Ky 


= #{e € & | s(e) = w, t(e) = v_} [Stabw: Stabv_]!/” . 


weV+ 
Combining (2.6) with (2.5), we similarly get that 


6= > #{e € & | s(e) = v4, t(e) = w} [Stabw : Stab v4]! . 


weV— 


To conclude the proof of the proposition, it remains to show that @ is equal to 
the C*-2-category of all finite rank G-L°(G/K+)-L™®(G/K+)-modules. For the 
G-L™© (G/K,.)-L™®(G/K_)-modules, this amounts to proving that all irreducible 
representations of K, M K_ appear in 


¢? (paths starting at v+ and ending at v_) . 
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Since the graph is connected, the action of K,  K~_ on this set of paths is faithful 
and the result follows. The other cases are proved in the same way. Oo 


Remark 2.6 Note that the subfactors N C M in Proposition 2.5 are irreducible 
precisely when G acts transitively on the set of edges and there are no multiple 
edges. This means that the totally disconnected group G is generated by the compact 
open subgroups K+ < Gand that we can identify & = G/(K,M K_), Vit = G/K+ 
with the natural source and target maps G/(Ki 1 K_) > G/Kx. The irreducible 
subfactor N C M then has integer index given by [M : N] = [K+ : Ki 0 K_][K_: 
Ki K_]. 


We finally note that the rigid C*-tensor categories © ¢(K < G) and @3(K < G) 
also arise in a different way as categories of bimodules over a II, factor in the 
case where K < G is the Schlichting completion of a Hecke pair A < TI, 
cf. [7, Section 4]. 

Recall that a Hecke pair consists of a countable group I” together with a subgroup 
A < TI that is almost normal, meaning that gAg~' M A has finite index in A for 
all g € I’. The left translation action of [ on I’/.A gives a homomorphism z of 
I’ to the group of permutations of "/ A. The closure G of 2(/”) for the topology 
of pointwise convergence is a totally disconnected group and the stabilizer K of 
the point eA € I"/A is a compact open subgroup of G with the property that A = 
a !(K). One calls (G, K) the Schlichting completion of the Hecke pair (I, A). Note 
that there is a natural identification of G/K and I"/ A. 


Proposition 2.7 Let A < I be a Hecke pair with Schlichting completion K < 
G. Choose an action I! Q* P of I by outer automorphisms of a I, factor P. 
Define N = Px A andM = PxT. Note that N C M is an irreducible, quasi- 
regular inclusion of II, factors. Denote by @ the tensor category of finite index 
N-N-bimodules generated by the finite index N-subbimodules of L?(M). 

Then, @ and the earlier defined ©, s(K < G) and 63¢(K < G) are naturally 
equivalent rigid C*-tensor categories. 


Proof Define 


G4: the category of A-A-£°(I")-modules, i.e. Hilbert spaces # equipped with 
two commuting unitary representations of A and a representation of £°(I”) 
that are covariant with respect to the left and right translation actions A ~ 
Vs 

Gs: the category of A-€°(I"/A)-modules, i.e. Hilbert spaces equipped with 
a unitary representation of A and a representation of £°°(/"/A) that are 
covariant with respect to the left translation action A q I’/ A; 


with morphisms again given by bounded operators that intertwine the given 
structure. 

To define the tensor product of two objects in @, it is useful to view # € Gy asa 
family of Hilbert spaces (2) ,¢r together with unitary operators A(k) : A, > He 
and p(k) : Z, > Hy-1 for all k € A, satisfying the obvious relations. The tensor 
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product of two A-A-€™(I")-modules # and .% is then defined as 


(6 @1 He = {Ener | fh € @ Hig, 


En = (p(k) @Ax(K/))(E) foralhe ke A, 


Y él? <x} 


her/A 


with A(k) : (7 @p H)_ > (7 Op H dig given by (A(ME)n = Avel(k) ® D&RH1y 
and p(k): (#7 @p 4) > (# @a AH Jer given by (PHEn = 1 @ px (k)E(H) 
for allk € A,h € I’. Of course, choosing a sectioni: '/A > I’, we have 


(4 01 0). = DB Gin @ Hay) » 


ner/A 


but this isomorphism depends on the choice of the section. 
As in Proposition 2.2, @, and @5 are equivalent C*-categories, where the 
equivalence and its inverse are defined as follows. 


* 63> 65: Hw KH, with 
Hen = {(Ennega | & © Hh. Eun = plk)& for all hh € gA,ke A} 


and with the natural A-€°°(I"/A)-module structure. Note that %, = #4, but 
again, this isomorphism depends on a choice of section "/A > I. 

° 6 > 6%: KH H, with H = Hz, and the obvious A-A-t* (")-module 
structure. 


We say that an object # € @s has finite rank if # is a finite dimensional 
Hilbert space. This is equivalent to requiring that all Hilbert spaces #4, are finite 
dimensional and that there are only finitely many double cosets Ag A for which #4, 
is nonzero. Similarly, we say that an object # € @ has finite rank if all Hilbert 
spaces .#; are finite dimensional and if there are only finitely many double cosets 
AgA for which #% is nonzero. Note here that an algebraic variant of the category 
of finite rank objects in G4 was already introduced in [29]. 

In this way, we have defined the rigid C*-tensor category @4 (A < I”) consisting 
of the finite rank objects in G4. Note that, in a different context, this rigid C*-tensor 
category 64¢(A < I”) already appeared in [7, Section 4]. 

Denote by z : I — G the canonical homomorphism. Identifying G/K and "/ A 
and using the homomorphism z : A — K, every K-L®(G/K)-module # also is a 
A-£™ (I"/ A)-module. This defines a functor @(K < G) > @(A < I’) that is fully 
faithful because (A) is dense in K. Note however that this fully faithful functor 
need not be an equivalence of categories: an object # € @5(A < I) is isomorphic 
with an object in the range of this functor if and only if the representation of A on 
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HE is of the form k +> A(z (k)) for a (necessarily unique) continuous representation 
A of K on #. 

Composing with the equivalence of categories in Proposition 2.2, we have found 
the fully faithful C*-tensor functor 0 : @(K < G) > G@(A < I), sending 
finite rank objects to finite rank objects. By construction, © maps the G-L® (G/K)- 
L®(G/K)-module L?(G/K) ® L?(G/K) (with G-action given by (Az ® Ag) geq and 
obvious left and right L°(G/K)-action) to the A-A-£°(I”)-module ¢7(I’). 

Next, given the outer action 7 ~* P, we write N = Px AandM=PxTI. 
Consider the category Bimod(N) of Hilbert N-N-bimodules. We define the natural 
fully faithful C*-tensor functor (A < I") > Bimod(N) : #7 t % where 
KH = L?(P) ® # and where the N-N-bimodule structure on .% is given by 


(au,) - (b ® &) + (duy) = aay(b)otkn(d) ® A(k) pC )E 


for alla,b,d € P,k,r€ A,he I andé € #,. By construction, this functor maps 
the A-A-£© (I”)-module ¢?(I”) to the N-N-bimodule L?(M). 

Denoting by @ the tensor category of finite index N-N-bimodules generated by 
the finite index N-subbimodules of L?(M), it follows that @ is naturally monoidally 
equivalent to the tensor subcategory 6 of @3(K < G) generated by the finite rank 
subobjects of L?(G/K) ® L?(G/K). So, it remains to prove that @ = @3,(K < G). 
Taking the n-th tensor power of L?(G/K) ® L?(G/K) and applying the equivalence 
between the categories ©3/(K < G) and @2/(K < G), it suffices to show that 
every irreducible K-L® (G/K)-module appears in one of the K-L° (G/K)-modules 
L?(G/K) ® -- @ L?(G/K) with diagonal G-action and action of L®(G/K) on the 
last tensor factor. Reducing with the projections 1.x, this amounts to proving that 
for every g € G, every irreducible representation of the compact group K N gKg™! 
appears in a tensor power of L?(G/K). Because K < Gis a Schlichting completion, 
we have that (),<¢ Kh! = {e} so that the desired conclusion follows. Oo 


3 The Tube Algebra of @ (K < G) 


Recall from [19] the following construction of the tube *-algebra of a rigid C*- 
tensor category @ (see also [9, Section 3] where the terminology annular algebra 
is used, and see as well [25, Section 3.3]). Whenever / is a full? family of objects in 
@, one defines as follows the *-algebra .Y with underlying vector space 


A= @D (aaj). 


ij€l,a€lnr(@) 


Fullness means that every irreducible i € Inr(@) appears as a subobject of one of the j € J. 
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Here and in what follows, we denote the tensor product in @ by concatenation and 
we denote by (8, y) the space of morphisms from y to 8. By definition, all (8, y) 
are finite dimensional Banach spaces. Using the categorical traces Trg and Tr, on 
(6, B), resp. (y, y), we turn (f, y) into a Hilbert space with scalar product 


(V,W) = Trg(VW*) = Tr,(W*V) . 


For every B € @, the categorical trace Trg is defined by using a standard solution 
for the conjugate equations for f, i.e. morphisms sg € (BB. €) and tg € (BB. €) 
satisfying 


(sg @ YU @t)=1, 1@sse@YV=1, GU @V)ts = s(V@ Isp 


for all V € (8, 6). Then, Trg(V) = (1 @ V)tg = sa(V ® 1)sg and d(B) = Trg(1) 
is the categorical dimension of f. 
We will also make use of the partial traces 


Trp @id : (Ba, By) > (a, y) : (Trg @id)(V) = (3 ® DU @V/)(ts @ 1). 


Whenever .% is a Hilbert space, we denote by onb(.%) any choice of orthonor- 
mal basis in .%. The product in is then defined as follows: for V € (ia, aj) and 
W € (7B, B,4), the product V- W equals 0 whenj # j’ and when; = /’, it is equal to 


Vewe- > > dy) 1 ®@U*)\(VG®1I1@®W)\U@1). 
yélrr(@) Ueonb(aB,y) 


The *-operation on ./ is denoted by V +> V* and defined by 
V* = (* @ I @ V* @ 1)(1 @ 5g) 


for all V € (ia, aj). 

The x-algebra </ has a natural positive faithful trace Tr and for V € (ia, aj), we 
have that Tr(V) = 0 when i 4 j ora # «, while Tr(V) = Tr;(V) when i = j and 
a = «,so that V € (i, /). 

Up to strong Morita equivalence, the tube x-algebra .</ does not depend on the 
choice of the full family 7 of objects in @, see [18, Theorem 3.2] and [25, Section 
7.2]. Also note that for an arbitrary object wa € @ and i,j € I, we can associate with 
V € (ia, aj) the element in & given by 


Yo YS dMU@U*)VUe)). 


y€ln(@) Ueonb(a,y) 


Although this map (ia, aj) — & is not injective, we will view an element in V € 
(ia, aj) as an element of in this way. 
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Formally allowing for infinite direct sums in @, one defines the C*-tensor 
category of ind-objects in @. Later in this section, we will only consider the rigid 
C*-tensor category @ of finite rank G-L°(G/K)-L™(G/K)-modules for a given 
totally disconnected group G with compact open subgroup K < G. In that case, 
the ind-category precisely* is the C*-tensor category of all G-L® (G/K)-L® (G/K)- 
modules. Whenever .%, #4 are ind-objects, we denote by (.%, #4) the vector 
space of finitely supported morphisms, where a morphism V : .% —> .% is said 
to be finitely supported if there exist projections p; of %; onto a finite dimensional 
subobject (i.e. an object in @) such that V = pyV = Vpo. 

We say that an ind-object “% in @ is full if every irreducible object i € Inr(@) is 
isomorphic with a subobject of #4. We define the tube *-algebra of @ with respect 
to a full ind-object “% as the vector space 


A= QD (Ha.aH%) 


aclrr(@) 


on which the *-algebra structure is defined in the same way as above. Note that 
(4%, A) naturally is a *-subalgebra of /, given by taking w = e in the above 
description of .</. In particular, every projection of p of # on a finite dimensional 
subobject of # can be viewed as a projection p € &. These projections serve as 
local units: for every finite subset 7 C &, there exists such a projection p satisfying 
p-V=V-pforalVeF. 

Whenever p, is the projection of # onto a copy of the trivial object e, we 
identify p, - @ - p, with the fusion x-algebra C[@] of @, i.e. the *-algebra with 
vector space basis Irr(@), product given by the fusion rules and *-operation given 
by the adjoint object. 

To every full family / of objects in @, we can associate the full ind-object # by 
taking the direct sum of all i € J. The tube *-algebra of @ associated with / is then 
naturally a *-subalgebra of the tube *-algebra of @ associated with “%. If every 
irreducible object of @ appears with finite multiplicity in #%, then this inclusion is 
an equality and both tube «-algebras are naturally isomorphic. 

For the rest of this section, we fix a totally disconnected group G and a compact 
open subgroup K < G. We denote by @ the rigid C*-tensor category of all finite rank 
G-L™ (G/K)-L™ (G/K)-modules, which we denoted as 3 ¢(K < G) in Sect. 2. We 
determine the tube *-algebra .& of @ with respect to the following full ind-object. 


‘Using Proposition 2.2, every G-L°(G/K)-L©(G/K)-module is a direct sum of finite rank 
modules because every K-L°°(G/K)-module is a direct sum of finite dimensional modules, 
which follows because every unitary representation of a compact group is a direct sum of finite 
dimensional representations. 
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KH = (Gx G/K) with 
(F- €)(g,hK) = F(gK) &(g,hkK) , 
(& - F)(g, AK) = &(g,hK) F(ghk) and 


(w(x)E)(g,hK) = §(x"'g, HK) 


(3.1) 


for all € € L?(G x G/K), F € L©(G/K), x,g € G,hK € G/K. Note that every 
irreducible object of @ appears with finite multiplicity in %. 

We denote by (Ad g)gceq the action of G on G by conjugation: (Adg)(h) = 
ghg~'. In the rest of this paper, we will make use of the associated full and reduced 
C*-algebras 


CoG) «4G and Co(G) 4G , 


as well as the von Neumann algebra L(G) aq G. We fix the left Haar measure 
A on G such that A(K) = 1. We equip L°(G) aq G with the canonical normal 
semifinite faithful trace Tr given by 


TH(FA,) =f) i F(g) Ag)" dg. (3.2) 


Note that the modular function A is affiliated with the center of L°(G) x,aq G, so 
that L°(G) xq G need not be a factor. Also note that the measure used in (3.2) is 
half way between the left and the right Haar measure of G. 

We consider the dense *-algebra Pol(L™(G) xa G) defined as 


Pol(L®(G) xa G) = span{lz uyp, | @ C G compact open subset , rE G, 


L <G compact open subgroup} 
(3.3) 


and where p; € L(G) denotes the projection onto the L-invariant vectors, i.e. 


PL= Aw) fu dk . 
L 


Note that Pol(L°(G) aq G) equals the linear span of all FA; where F and f are 
continuous, compactly supported, locally constant functions on G. 

We now identify the tube *-algebra of @ with Pol(L®(G) xq G). For every 
x € Gand every irreducible representation m : KN xKx_' > Y(.%#), we denote 
by #(x,x) € Irr(@) the irreducible G-L™® (G/K)-L™ (G/K)-module such that z is 
isomorphic with the representation of K M xKx~! on lx» 4(x,x) + lex. Note that 
this gives us the identification 


Inr(@) = {(,x) |x © K\G/K , mw € Ier(K ON xKx"!)} . (3.4) 
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We denote by y, the character of zr, i.e. the locally constant function with support 
KO xKx"! and x, (k) = Tr(x(k)) for all k € K N.xKx"!. 


Theorem 3.1 The G-L®(G/K)-L™®(G/K)-module #6 introduced in (3.1) is full. 
There is a natural *-anti-isomorphism © of the associated tube *-algebra & onto 
the x-algebra Pol(L® (G) aq G). The *-anti-isomorphism © is trace preserving. 

Denoting by p, the projection in & that corresponds to the unique copy of the 
trivial object ¢ in #4, and identifying p, - & - p, with the fusion *-algebra of @, we 
have that ©(p-) = \xpx and that the restriction of © to C[@] is given by 


d(x,x) 'O(x,x) = px dim() "| yn UxPK ; (3.5) 


where d(x,x) denotes the categorical dimension of (a,x) € Irr(@) and dim(z) 
denotes the ordinary dimension of the representation 1. 


Proof To see that “% is full, it suffices to observe that for every h € G, the unitary 
representation of KN hKh™! on 1.x - %- 1px contains the regular representation of 
KhKh"'. 

Assume that Y : Co(G) xh G — B(.#) is any nondegenerate *-representation. 
As follows, we associate with W a unitary half braiding? on ind-@. Whenever #7 
is a G-L®(G/K)-L© (G/K)-module, we consider a new G-L©(G/K)-L™®(G/K)- 
module with underlying Hilbert space ” ® # and structure maps 


1H @H (8) = V(g) @ te (8) . 
AxeaxlF) = (VY @Arx)AF) . 
Pxex(F) = 18 px(F) , 
for all g € G, F € L®(G/K), with A(F)(g,K) = F(ghK). 
We similarly turn # ® % into a G-L© (G/K)-L™ (G/K)-module with structure 
maps 
1@X (8) = Te(g)@ Vg) , 
Axen(F) =Axc(F)@1 , 
pre. (F) = (px @W)A(F) , 
where A(F)(gK,h) = F(h7!gkK). 


Defining the unitary U € M(Co(G) ® K(#)) given by U(x) = a(x) for all 
x € Gand denoting by ¥ : % ®@ H > H ® & the flip map, one checks that 


5Formally, a unitary half braiding is an object in the Drinfeld center of ind-@. More concretely, 
a unitary half braiding consists of an underlying ind-object .% together with natural unitary 
isomorphisms #7.4, > 4 for all objects #7”. We refer to [17, Section 2.1] for further details. 
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the unitary Y’(W @ id)(U) is an isomorphism between the G-L®(G/K)-L™ (G/K)- 
modules 4% ® # and # ® #. So, defining 


KH, = HK ®V(G/K) = V(G/K)® % , 


we have found the G-L°(G/K)-L®(G/K)-module .% with the property that for 
every G-L®(G/K)-L™(G/K)-module .#, there is a natural unitary isomorphism 


Ox: HK, > KH . 


Here and in what follows, we denote by concatenation the tensor product in the 
category of G-L°(G/K)-L®(G/K)-modules. So, o is a unitary half braiding for 
ind-@. 

Using the ind-object % defined in (3.1) and recalling that LK = K®H, 
as Hilbert spaces, we define the Hilbert space 


Hy = (KH ® H,&) 


and we consider the tube *-algebra ./ associated with “%. Using standard solutions 
for the conjugate equations, there is a natural linear bijection 


VE(RH, HI) > VE (HHR, HAH) 


between finitely supported morphisms. 

By [25, Proposition 3.14], using the partial categorical trace Tr.yv @id ® id, the 
unitary half braiding o gives rise to a nondegenerate *-anti-homomorphism © : 
A —> B( #4) given by 


O(V)E = (Tr @id ® id)((o¥y @ 1)(1 @ VE @ 1)) (3.6) 


forall 7 € @, & € % and all finitely supported V € (AAH’, HM). 

We now compute the expression in (3.6) more concretely. Whenever h € G and 
Ko < K is an open subgroup such that hKyh~! C K, we define the finite rank G- 
L®(G/K)-L® (G/K)-module L?(G/Ko), with underlying Hilbert space L?(G/Ko) 
and structure maps 


(x- E)(gKo) = G(X 'gKo) . (Fi + §-F2)(gKo) = Fi(gK) §(gKo) Fo(gh”'K) . 
Note that there is a natural isomorphism L?(G/Ko), 2 L?(G/Ko)),—1. Letting 


Ko tend to {e}, the direct limit of L2(G/Ko),,-1 becomes L?(G),,-1. Since % = 
Dnec/K L?(G),-1 , we identify 


KH = BD VOn 


heG/K 
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and we view L?(G/Ko)n C % whenever h € Gand Ky < KM h7!Khis an open 
subgroup. 

The Hilbert space .%4 equals the space of K-invariant vectors in 1.x-(H ® FG): 
1.x. In this way, the space of K-invariant vectors in 1.x + (4 @ L?(G/Ko)p)- lex nat- 
urally is a subspace of .#2. But this last space of K-invariant vectors can be unitarily 
identified with W(14),-1 Pyxyn-1)% by sending the vector & € YW (1 gy—1 Paxyn—)H 
to the vector 


Athy? S$ Wk) ® lanky) € H ® L?(G/Ko) - 
kEK/hKoh—! 


We now use that for every # € @, the categorical trace Try on (#7, #) is 
given by 


Tre (V) 


II 


» A(x)" (Vn, n) 


x€G/K,n€onb( n° H lex) 


A(y)“/? (Vn, n) 
yEG/K,nEonb(1ex- Fly) 


II 


A straightforward computation then gives that for all # € @ and all 
Ve (D(G/Ko)y # , H P(G/Ki)n ) 
with g,h € Gand Ky < Kg" !Kg, K, < K 0 h“'Kh open subgroups, we have 


OV) = A(gy PAM)? [K: Ki) YS AQ? 
xEG/gKog! 
yEK/K2 
neonb(1xK lex) 
WA xy-14-1 Ux PeKog—') (V(Lagko ® n), tx (hy)n ® Linky) > 
(3.7) 


whenever Kz < K is a small enough open subgroup such that 23 (k) is the identity 
on # - lex for all k € Ky. Note that because # has finite rank, such an open 
subgroup K) exists. Also, there are only finitely many x € G/K such that 1-H: lex 
is nonzero. Therefore, the sum appearing in (3.7) is finite. 

Applying this to the regular representation Co(G) xh G — B(L?(Gx G)), we 
see that (3.7) provides a *-anti-homomorphisms © from & to Pol(L*(G) xq G). 
Then, a direct computation gives that © is trace preserving, using the trace Tr on 
L™(G) aa G defined in (3.2). In particular, © is injective. 

We now prove that © is surjective. Fix elements g,h,a € G satisfying ag = ha. 
Choose any open subgroup Ky < K such that gKyg ', wKoa~! and K, := 
h~'aKoa'h are all subgroups of K. Put # = L?(G/Ko)q and note that #7, 
L?(G/Ko)g and L?(G/K;), are well defined objects in @. For every k € K, we 
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consider the vectors 
Lpaeky ® Leaky € Ltaex * (L?(G/Ko)e H)+1ex and 
Vghaky ® Lenk, © leak + (H L?(G/Ki)n) + lex « 
In both cases, we get an orthogonal family of vectors indexed by 
k€ K/(KN aKa! NagKo(ag)'). 


So, we can uniquely define V € ( L?(G/Ko), # , H# L?(G/K,)n ) such that the 
restriction of V to (L?(G/Ko), #”) - lex is the partial isometry given by 


LpoeKy © leaky > AQ)? AM)? Leaky ® link, forall KEK. 
A direct computation gives that ©(V) is equal to a nonzero multiple of 


lokoa-'h-! Ua PeKog-! - (3.8) 


From (3.7), we also get that O maps (#, #) C @& onto Pol(L™®(K\G) x= K), 
defined as the linear span of all 


Lx Uk PL 


with x € G,k € K andL < K an open subgroup. In combination with (3.8), it 
follows that © is surjective. 

Finally, by restricting (3.7) to the cases where g = h = e and Ky = K, = K, we 
find that (3.5) holds. oO 


We recall from [26] the notion of a completely positive (cp) multiplier on a rigid 
C*-tensor category @. By [26, Proposition 3.6], to every function g : In(@) > C 
is associated a system of linear maps 


Dade : (a B1, @2B2) > (a1B1,02B2) forall a;, B; € & (3.9) 
satisfying 
9 _ ~ 
W ral teal (X@ Y)V(Z @T)) = (X SY) WB seal Be (V) Z@T) 


for all X € (a3, a1), Y € (B3, 81), Z € (@2, @4), T € (Bo, By), as well as 


Wig. ele (Sa) = y(a) Sa and 


ot |B2,004| Ba 


(V) @ 1 


gp 
tee BieescedlBas 


for all V € (a2 B2, a484). 
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Definition 3.2 ([26, Definition 3.4]) Let @ be a rigid C*-tensor category. 


¢ Acp-multiplier on @ is a function g : Irr(@) — C such that the maps Wi B.0l 8 
on (wB, a6) are completely positive for all a, B € @. 

¢ Acp-multiplier g : Irr(@) — C is said to be co if the function g : In(@) > C 
tends to zero at infinity. 

¢ Acb-multiplier on @ is a function g : Irr(@) — C such that 


Es 


[Bt |B lleb =e 


I?ll = sup 
ai, BiEO 


A function g : In(@) — C gives rise to the following linear functional wy, : 
of —> C on the tube algebra Y of @ with respect to any full family of objects 
containing once the trivial object «: 


ot SO d(a) g(a) if V = lg € (ea, we), 

if V € (ia, aj) withi A corj Fe. 
By [9, Theorem 6.6], the function g : Irr(@) — C is a cp-multiplier in the sense of 
Definition 3.2 if and only if wy is positive on / in the sense that w,(V- V*) > 0 
for all V € &. In Proposition 5.1, we prove a characterization of cb-multipliers in 
terms of completely bounded multipliers of the tube *-algebra. 

From Theorem 3.1, we then get the following result. We again denote by @ be 
the rigid C*-tensor category of finite rank G-L (G/K)-L™ (G/K)-modules and we 
identify Irr(@) as in (3.4) with the set of pairs (7,x) where x € K\G/K and z is an 
irreducible representation of the compact group K M xKx7!. In order to identify the 
co cp-multipliers on @, we introduce the following definition. 


Definition 3.3. We say that a complex measure jz on G (i.e. an element of Co(G)*) 
is Co if 


a(n) = f Ag aula) € LG) 


belongs to C*(G). 

We say that a positive functional w on Co(G) xh G is co if for every x € G, 
the complex measure j4, defined by f4,(F) = w(Fu,) for all F € Co(G) is co 
and if the function G > C*(G) : x b A(x) tends to zero at infinity, ie. 
limy+o0 ||A (Hx) |] = 0. 


Proposition 3.4 The formula 
g(r, x) = (px dim()™ Xn Ux Px) (3.10) 


gives a bijection between the cp-multipliers g on Irr(@) and the positive functionals 
w on the C*-algebra q(Co(G) xh G)q, where q = \xpx. 
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The cp-multiplier @ is co if and only if the positive functional w is co in the sense 
of Definition 3.3. 

Using the notations C,(@) and C,(@) of [26, Definition 4.1] for the universal 
and eee C*-algebra of @, we have the natural anti-isomorphisms C,(@) —> 
q(Co(G) »4, G)q and C.(@) > q(Co(G) *',4 G4. 


Proof Note that the G-L°(G/K)-L™(G/K)-module .#% in (3.1) contains exactly 
once the trivial module. The first part of the proposition is then a direct consequence 
of Theorem 3.1 and the above mentioned characterization [9] of cp-multipliers as 
positive functionals on the tube *-algebra. The isomorphisms for C,,(@) and C,(@) 
follow in the same way. 

Fix a positive functional w on q(Co(G) xf ‘q G)g with pr saa cp-multiplier 

: Inr(@) > C given by (3.10). We extend w to Co(G) xh G by a(T) = w(qTq). 
For every x € G, define 4, € Co(G)* given by ,(F) = w(Fu,) for all F € Co(G). 
Note that j1, is supported on K 9 xKx~! and that jz, is Ad(K N xKx7')-invariant. 
Therefore, A(ju,) € &(L(K 1 xKx7')). For every m € Irr(K N xKx~'), denote by 
Zn € &(L(K NxKx')) the corresponding minimal central projection. From (3.10), 
we get that 


Mix)in = Q(1,X)zn forall xe G, wm €In(KNxKx!). (3.11) 


For a fixed x € G, an element T €¢ &(L(K 1. xKx~')) belongs to C*(G) if and only 
if T € C*(K 0 xKx7') if and only if limz—¢o |Tzz|| = 0. 

Also, ||T | = suPret(Kaxkr-! || TZ]. So by (3.11), we get that jx is co if and 
only if 


lim |g(x,x)| =0 (3.12) 
mI—>0oO 


and that w is a co functional if and only if (3.12) holds for all x € Gand we moreover 
have that 


lim (sup |o(x, x)|) = 


X00 elir(KNxKx7!) 


Altogether, it follows that w is a co functional in the sense of Definition 3.3 if and 
only if g is a co-function. oO 


For later use, we record the following lemma. 


Lemma 3.5 Let « be a probability measure on G that is co in the sense of 
Definition 3.3. Then every complex measure w € Co(G)* that is absolutely 
continuous with respect to JL is Still co. 


Proof Denote by C.(G) the space of continuous compactly supported functions on 
G. Since C.(G) C L!(G, j2) is dense, it is sufficient to prove that F’- jz is co for every 
F € C,(G). Denote by wr € C*(G)* the functional determined by wp(A,) = F(x) 
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for all x € G. Denote by A: C*(G) > M(C*(G) ® C*(G)) the comultiplication 
determined by A(Ax) = Ax ®@ Ax. Recall that for every w € C*(G)* and every 
T € C*(G), we have that (w @ id) A(T) € C*(G). Since 


ACF +t) = (or ® id)A(A(W)) , 


the lemma is proven. Oo 


4 Haagerup Property and Property (T) for @(K < G) 


In Definition 3.2, we already recalled the notion of a cp-multiplier g : In(@) > C 
on a rigid C*-tensor category @. In terms of cp-multipliers, amenability of a rigid 
C*-tensor category, as defined in [13, 21], amounts to the existence of finitely 
supported cp-multipliers g, : In(@) — C that converge to 1 pointwise, see [26, 
Proposition 5.3]. Following [26, Definition 5.1], a rigid C*-tensor category @ has 
the Haagerup property if there exist co cp-multipliers g, : In(@) — C that 
converge to | pointwise, while @ has property (T) if all cp-multipliers converging 
to 1 pointwise, must converge to | uniformly. 

Similarly, when @ is a full C*-tensor subcategory of @, we say that @ C @ has 
the relative property (T) if all cp-multipliers on @ converging to 1 pointwise, must 
converge to | uniformly on Irr(@) C Irr(@). 

We now turn back to the rigid C*-tensor category @ of finite rank G-L°(G/K)- 
L®(G/K)-modules, where G is a totally disconnected group G and K < G is 
a compact open subgroup. Note that RepK is a full C*-tensor subcategory of 
@, consisting of the G-L°(G/K)-L~(G/K)-modules # with the property that 
lye: H- 1ex is zero for all x ¢ K. 

Recall from Definition 3.3 the notion of a co complex measure on G. We identify 
the space of complex measures with Co(G)* and we denote by .Y(Co(G)) C 
Co(G)* the state space of Co(G), i.e. the set of probability measures on G. 


Theorem 4.1 Let G be a totally disconnected group and K < G a compact open 
subgroup. Denote by © the rigid C*-tensor category of finite rank G-L°°(G/K)- 
L®(G/K)-modules. 


1. @ is amenable if and only if G is amenable. 

2. @ has the Haagerup property if and only if G has the Haagerup property and 
there exists a sequence of co probability measures Ln, € -/(Co(G)) such that 
Len — 5¢ weakly* and such that || [tn 0 Adx — [y|| — 0 uniformly on compact 
sets of x € G. 

3. @ has property (T) if and only if G has property (T) and every sequence of Ad G- 
invariant probability measures [ln € -/(Co(G)) that converges to 5. weakly* 
must converge in norm. 
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4. RepK C @© has the relative property (T) if and only if every sequence of 
probability measures bn € -A%(Co(G)) such that lb, — 45. weakly* and 
|| MnoAdx—[L,|| — 0 uniformly on compact sets of x € G satisfies || [tn—5e|| > 0. 


Proof Denote by € : Co(G) xh G — C the character given by 


€(FAy) = F(e) [70 dx. 


Write q= lxpx. 


1. Combining Proposition 3.4 and [26, Proposition 5.3], we get that @ is amenable 
if and only if the canonical +-homomorphism from g(Co(G) xh G)q onto 
q(Co(G) 4, Gg is an isomorphism. This holds if and only if G is amenable. 

2. First assume that @ has the Haagerup property. By Proposition 3.4, we find a 
sequence of states w, on g(Co(G) xh G)q such that w, — € weakly* and such 
that every @, is a co state in the sense of Definition 3.3. For every x € G, define 
[en(x) € Co(G)* given by [tn(x)(F) = @, (Fux). 


Using the strictly continuous extension of @, to M(Co(G) xh G), we get that 
X > @,(ux) is a sequence of continuous positive definite functions converging 
to 1 uniformly on compact subsets of G. We claim that for every fixed n, the 
function x +> @,(x) tends to 0 at infinity. Denote by €x : C*(G) —> C the state 
given by composing the conditional expectation C*(G) — C*(K) with the trivial 
representation € : C*(K) — C. Then, 


n(x) = €x(A(Hn(x))) 


and the claim is proven. So, G has the Haagerup property. 

The restriction of w, to Co(G) provides a sequence of co probability measures 
Len € SH (Co(G)) such that fn > b¢ weakly* and || un o Adx — n|| > 0 uniformly 
on compact sets of x € G. 

Conversely assume that G has the Haagerup property and that jz, is such 
a sequence of probability measures. By restricting fu, to K, normalizing and 
integrating /, x(n © Ad k) dk, we may assume that the probability measures ju, are 
supported on K and are Ad K-invariant. Fix a strictly positive right K-invariant 
function w : G > Ro with {, w(g) dg = 1. Define the probability measures 2, 
on G given by 


fin = f(s) to Adg dg. 
G 


Note that jz, is still Ad K-invariant. Also, 


Min) = i: w(g) AT An) Ag dg 


so that each ji, is a co probability measure. 
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By construction, for every x € G, the measure /1, o Ad x is absolutely continuous 
with respect to (4,. We denote by A,,(x) the Radon-Nikodym derivative and define 
the unitary representations 


6,2: G—> U(L(G, fin)) 2 (DE = An(x)/2 Eo Adx! . 


We also define 6, : Co(G) > B(L(G, fin)) given by multiplication operators and 
we have thus defined a nondegenerate *-representation of Co(G) xf qo on L*(G, jin). 

Note that 2, is absolutely continuous with respect to ji,. We denote by ¢, € 
L?(G, jin) the square root of the Radon-Nikodym derivative of jz, with respect to 
fin. Since both f4, and jt, are Ad K-invariant, we get that @,(px)Cn = Cn. Since Un 
is supported on K, also ¢,, is supported on K meaning that 0(1x)f; = Cn. 

Since G has the Haagerup property, we can also fix a unitary representation zr : 
G > W(#) and a sequence of 2(K)-invariant unit vectors & € /# such that 
\|7(x)En — En|| — O uniformly on compact sets of x € G and, for every fixed n, the 
function x +> (7 (x)&,, §,) tends to zero at infinity. 

The formulas w(x) = 6, @) @z(x) and y(F) = 6(F)@ | define a nondegenerate 
*-representation of Co(G) x, G on L(G, fin) ® WH. We define the states w, on 
Co(G) xh G given by a@n(T) = (W(T) (Cn ® En), Sn ® En). By construction, w,(g) = 
1 for all n and w, — € weakly*. It remains to prove that each w, is a co state. 
Proposition 3.4 then gives that @ has the Haagerup property. 

Fix n. Defining (n(x) € Co(G)* given by fn(x)(F) = @, (Fux), we get that 


Mn(x)(F) = (On(F) A(X) Sas Sn) (7) Ens En) - 


Since the function x > ((x)&,,&,) tends to zero at infinity, we get that even the 
function x b> ||{4n(x)|| tends to zero at infinity. So, we only have to show that for 
every fixed x, the complex measure given by F + (6,(F) O(x) fn, Sn) is co. By 
construction, this complex measure is absolutely continuous with respect to jin. The 
conclusion then follows from Lemma 3.5. 


3. Note that it follows from [26, Proposition 5.5] that @ has property (T) if and only 
if every sequence of states on g(Co(G) xh G)q converging weakly* to € must 
converge to € in norm. 


First assume that @ has property (T). Both states on C*(G) and Ad G-invariant 
states on Co(G) give rise to states on Co(G) xh G. One implication of 3 thus follows 
immediately. Conversely assume that G has property (T) and that every sequence of 
AdG-invariant probability measures un, € (Co(G)) converging weakly* to 6, 
must converge in norm to 6,. Let @, be a sequence of states on g(Co(G) xh G)q 
converging to « weakly*. Let p € C*(G) be the Kazhdan projection. Replacing w, 
by @,(p)~! p-@n-p, We may assume that w, is left and right G-invariant. This means 
that w,(Fuy) = U,(F) for all F € Co(G), x € G, where j2, is a sequence of Ad G- 
invariant probability measures on G converging weakly* to 6,. Thus ||“, — 6.|| > 0 
so that ||@, — €|| > 0. 
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4. First assume that Rep K C @ has the relative property (T) and take a sequence 
of probability measures 4, € -(Co(G)) such that 4, — 6. weakly* and such 
that ||, 0 Adx — j4,|| > 0 uniformly on compact sets of x € G. We must prove 
that || 2, —6.|| = 0. As in the proof of 2, we may assume that jZ, is supported on 
K and that jz, is Ad K-invariant, so that we can construct a sequence of states w, 
on Co(G) xh G such that w, — 5. weakly*, @) = ¢+@n+q and @n\c\(G) = Ln 
for all n. 


The formula (3.10) associates to w, a sequence of cp-multipliers g, on @ 
converging to 1 pointwise. Since RepK C @ has the relative property (T), we 
conclude that ¢,,(z,e) — 1 uniformly on z € Irr(K). Using [26, Lemma 5.6], it 
follows that ||@n|c(a) — Se|| > 0. So, || fn — del] > 0. 

To prove the converse, let yg, : Inr(@) — C be a sequence of cp-multipliers on @ 
converging to 1 pointwise. Denote by w, the states on g(Co(G) af G)q associated 
with , in Proposition 3.4. Since w, — € weakly*, the restriction fn := @n|c(c) 
is a sequence of probability measures on G such that 4, — 6. weakly* and ||j, © 
Adx — L,|| = 0 uniformly on compact sets of x € G. By our assumption, || dn — 
5e|| > 0. For every x € Irr(K), the function dim(z)~!y, has norm 1. Therefore, 
@,(dim(zr)~!y) — 1 uniformly on Irr(K). By (3.10), this means that gy, > 1 
uniformly on Irr(K). Oo 


The following proposition gives a concrete example where G has the Haagerup 
property, while @(K < G) does not and even has RepK as a full C*-tensor 
subcategory with the relative property (T). 


Proposition 4.2 Let F be a non-Archimedean local field with characteristic # 2. 
Let k > 2 and define G = SL(k, F). Let K < G be a compact open subgroup, e.g. 
K = SL(K, @), where @ is the ring of integers of F. Denote by © the rigid C*-tensor 
category of finite rank G-L® (G/K)-L™ (G/K)-modules. 


1. RepK C @ has the relative property (T). In particular, @ does not have the 
Haagerup property, although for k = 2, the group G has the Haagerup property. 
2. © has property (T) for all k = 3. 


Proof We denote by I the identity element of G = SL(k, F). Let , € A(Co(G)) 
be a sequence of probability measures on G such that “, — 6; weakly* and such 
that || {tn o Adx — ftn|| > 0 uniformly on compact sets of x € G. For contradiction, 
assume that ||/4, — dz|| 7 0. Passing to a subsequence and replacing fz, by the 
normalization of {4n — n({I})61, we may assume that w,({I}) = 0 for all n. Since 
[Ln — 6, weakly* and since there are at most k of k’th roots of unity in F, we may 
also assume that 4,({AI}) = 0 for all n and all k’th roots of unity A € F. 

Every 4, defines a state 92, on the C*-algebra “(G) of all bounded Borel 
functions on G. Choose a weak*-limit point Q € &(G)* of the sequence ({2,). 
Then, §2 induces an Ad G-invariant mean on the Borel sets of G. In particular, 2 
defines an Ad G-invariant mean (2 on the Borel sets of the space M,(F) of n x n 
matrices over F. By Lemma 4.5 below, £2 is supported on the diagonal FI C M,,(F). 
Since £2 is also supported on G, it follows that 92 is supported on the finite set of Al 
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where J is a k’th root of unity in F. But by construction, 2({AIT}) = 0 for all k’th 

roots of unity A € F. We have reached a contradiction. So, || jz, — d,|| — 0. 
By Theorem 4.1, Rep K C @ has the relative property (T). For k > 3, the group 
SL(&, F) has property (T) and it follows from Theorem 4.1 that @ has property (T). 
oO 


The following example of [8] illustrates that G may have property (T), while the 
category @ of finite rank G-L®(G/K)-L® (G/K)-modules does not. 


Example 4.3 Let F be a non-Archimedean local field and k > 3. Define the closed 
subgroup G < SL(k + 2, F) given by 


1 by --: be 
O ayy +++ ai dy 
G= : : : : A = (aj) € SL(K, F) , bj,c,dj € F 


O agi +++ Axx dk 
00-:-- 0 1 


As in [8], we get that G has property (T). Also, the center of G is isomorphic with F 
(sitting in the upper right corner) and since F is non discrete, we can take a sequence 
gn € Z(G) with g, ¥ e forall n and g, — e. Using the Ad G-invariant probability 
measures 6,,, it follows from Theorem 4.1 that @ does not have property (T). 


Finally, we also include a nonamenable example having the Haagerup property. 


Example 4.4 Let 2 < |m| <n be integers. Define the totally disconnected compact 
abelian group K = Zpym as the profinite completion of Z with respect to the 
decreasing sequence of finite index subgroups (n*m*Z),>. We have open subgroups 
mK < K andnK < K, as well as the isomorphism g : mK — nK : g(mk) = nk 
for all k € K. We define G as the HNN extension of K and g. Alternatively, we may 
view K < Gas the Schlichting completion of the Baumslag-Solitar group 


B(m, n) = (a,t | tat"! = a”) 


and the almost normal subgroup (a). 

Since G is acting properly on a tree, G has the Haagerup property. Also, G is 
nonamenable. For all positive integers k,/ > 0, we denote by ux, the normalized 
Haar measure on the open subgroup n'm'K. Note that gx (J4x,)) = e+1-1 whenever 
k,1 >= 1. Then the probability measures 


n 


1 


Ln = nol 2 Hirth 
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are absolutely continuous with respect to the Haar measure of G, and thus co in the 
sense of Definition 3.3, and they satisfy jz, — 5. weakly* and || {14,0 Ad x—j,|| > 0 
uniformly on compact sets of x € G. By Theorem 4.1, @ has the Haagerup property. 


Lemma 4.5 Let F be a local field with characteristic # 2. Let k > 2 and define 
G = SL(k, F). Every Ad G-invariant mean on the Borel sets of the space M,(F) of 
k x k matrices over F is supported on the diagonal F1 C M,(F). 


Proof We start by proving the lemma for k = 2. So assume that m is an 
Ad SL(2, F)-invariant mean on the Borel sets of Mz(F). 

In the proof of [2, Proposition 1.4.12], it is shown that if m is a mean on the Borel 
sets of F? that is invariant under the transformations A - (x, y) := (x + Ay, y) for all 
A € F, then 


m({(x, y) | @y) # 0,0), xl < ly) = 0. 


Define g, := (( *) and notice that 
ab\ _,_ (a+ Ac—Aa+b—)c+Ad 
BN cal) c —Ac+d : 


ab 


Hence, the map 0 : M(F) > F? : ( 1 
c 


(2A) - 0(A). Therefore, m({29) = 0 for 


Qi= 6 ) € M)(F) 


Taking the adjoint by é Ay for |A| = 2, we get that m({2\) = 0 for 


= (: *) € M)(F) 


For the same reason, we get that m(92;) = 0 for 


Q:= Ne ’) € M)(F) 


Write X = M2(F) \ FI. The matrices with (a — d,c) = (0,0) belong to 2; unless 
they are diagonal. Similarly, the matrices with (a — d,b) = (0,0) belong to Qi 


) +> (a—d,c) satisfies 0(g,Ag,') = 


|a —d| < |c| and (a—d,c) # (0.0) : 


|la—d| < A4lc| and (a—d,c) # (0.0) : 


|a—d| < 4|b| and (a—d,b) 4 (0.0) 
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unless they are diagonal. So, we find that m(2) = 0 = m(’) for 


a=}(2?) ex Ja—d\<Aleh and re ex 
Cc 


cd 
Put 2” := g)Qg_!, so that m(2”) = 0. To conclude the proof in the case k = 2, it 
suffices to show that 2 U Q’U 2” = X. 


Take C ’) € X \ (QU Q’). So, F]a—d| > |b|, |c|. We claim that 
c 


dbu\  _ifab _ [a-ca+b-—c-—d 
Jd’) 3 \egJ8~\ ¢ ct+d 


belongs to (2. Since 


la—d| < 40 | 


3 
la’ —d'| = |a—d—2c| < |a—d| +2|c| < zla-dl and 
P 1 
|p| 2 |a—a| —|el— |b] > 5la—dl, 


we indeed get that |a’ — d’| < 3|b’|. The claim follows and the lemma is proved in 
the case k = 2. 
For an arbitrary k > 2 and fixed 1 < p< q < k, the map 


M(F) > M2(F) : (xy) & i) 
Xap Xaq 


is Ad SL(2, F)-equivariant. So, an Ad SL(k, F)-invariant mean m on M;(F) is 
supported on {(xj) € MCF) | Xpp = XqqsXpq = Xqp = O}. Since FI is the 
intersection of these sets, m is supported on FI. Oo 


5 Weak Amenability of Rigid C*-Tensor Categories 


Following [26, Definition 5.1], a rigid C*-tensor category is called weakly amenable 
if there exists a sequence of completely bounded (cb) multipliers gy, : Inr(@) > C 
(see Definition 3.2) converging to 1 pointwise, with lim sup,, ||@n||cb < oo and with 
@, finitely supported for every n. 

Recall from the first paragraphs of Sect. 3 the definition of the tube *-algebra </ 
of @ with respect to a full family of objects in @. To every function g : In(@) —> C, 
we associate the linear map 


0: & > A:O(V) = g(a) V_ forall V € (ia, aj) . 
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We define ||6,||-p by viewing ./ inside its reduced C*-algebra, i.e. by viewing 
of © B(L?(@,Tr)), where Tr is the canonical trace on .. We also consider the 
von Neumann algebra ./” generated by ./ acting on L?(o/,Tr). 

In the following result, we clarify the link between the complete boundedness of 
¢ in the sense of Definition 3.2 and the complete boundedness of the map 0,. 


Proposition 5.1 Let @ be a rigid C*-tensor category. Denote by & the tube *- 
algebra of © with respect to a full family of objects in @. Let y : In(@) > C be 
any function. 

Then, ||@|lcb = ||9gllev. If this cb-norm is finite, we can uniquely extend 0, to a 
normal completely bounded map on &" having the same cb-norm. 


Proof For any family J of objects, we can define the tube *-algebra .% and the 
linear map oH : &; — of,. By strong Morita equivalence, we have || lle = |[9olleb 
whenever J is full and we have || 62 llcb < ||@o||cb for arbitrary J. Also, using standard 
solutions for the conjugate equations, we get natural linear maps (ia, wj) > (ja, Wi) 
and they define a trace preserving *-anti-isomorphism of onto 4. Defining 
p : Inr(@) > C by O(a) = y(@) for all w € Irr(@), it follows that ||@||co = [9glleb 
and it follows that @, extends to a normal completely bounded map on .” if and 
only if 6g extends to ./”. 

So, it suffices to prove that ||¢||cb = ||@g||-p and that in the case where ||¢||b < 
oo, we can extend 05 to anormal completely bounded map on ./”. First assume that 
|Oz lev < «. Fix arbitrary objects a, B € @ and write WB = Wi B.0l 8° We prove 
that ead B lb < K. Since a, B were arbitrary, it then follows that ||@||.4 < k. 

Note that (#8, af) is a finite dimensional C*-algebra. Consider the following 
three bijective linear maps, making use of standard solutions of the conjugate 
equations. 


m: CD ((a,ax) & (xB, B)) > (eB. a8): m(V ® W) = (V@®N)A@W) , 


meélrr(@) 
m: G) ((a,ar) ® (xB.)) > GD ((az.a) & (8,7) : 
melrr(@) m€lnr(@) 


mVEW)=VE1N1®s) OB @SY)U®W), 


m3: CD ((ai.a) ® (B,B)) > Spa i ns(V®W) =(1@V)\(W@1) . 
melrr(@) 


A direct computation shows that 7 := 13 0 72 0 iG is a unital faithful «-homomor- 
phism of (wf, wf) to the tube *-algebra g,. One also checks that ae on = no vB . 
So, we get that 


|W glles < OF lleo < [I gllen < « - 
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Conversely, assume that ||g||.5 < «. Define the ind-objects p, and p2 for @ 
given by 


p= QB ai and ~o= QB Qa. 


a,i€lr(@) aclr(@) 


Define the type I von Neumann algebra .@ of all bounded endomorphisms of / (2. 
Note that for all a, i, B € Irr(@), we have the natural projection py ® pi ® pp € @ 
and we have the identification 


(Pa ® Pi @ pp) (Py ® Pj ® ps) = (aiB, yj8) 


for all a, i, B,y,j,6 € In(@). By our assumption, there is a normal completely 
bounded map W : .@ — -@ satisfying 
W(V) = wrapvis) forall V € (aif, yjé) . 


We have ||W||.4 < K. 
Consider the projection gq € -@ given by 


a= > pa®Pi®pa- 
a,i€lr(@) 


Since W(qTq) = q¥(T)q for all T € -@, the map W restricts to a normal completely 
bounded map on ¢.@@ with ||W|4.aqlloo < K- 

Denote by & the tube *-algebra associated with Irr(@) itself as a full family 
of objects. We construct a faithful normal *-homomorphism © : .&/” — g.@q 
satisfying Wo O = © o 5. Once we have obtained @, it follows that ||@5 ||.» < « 
and that 0; extends to a normal completely bounded map on /”. 

To construct ©, define the Hilbert space 


H= @D Gia.j) 


ai jeln(@) 


and observe that we have the natural faithful normal *-homomorphism z : ¢.@q > 
B(.#) given by left multiplication. Also consider the unitary operator 


U:L?(a,Tr) > 4: U(V) =d(a)"/7 (1 @V)(tz @ 1) forall V € (ia, aj) . 


We claim that © can be constructed such that 7(@(V)) = UVU* for all V € &/. To 
prove this claim, fix i,a,j € Irnr(@) and V € (ia, aj). For all y, B € Inr(@), define 
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the element Wy, € (viy, BjB) given by the finite sum 


Wyp= >. dB)? dy)'?U@1@ZU@V@I)Ze1el1), 1) 
Zeonb(ya.B) 


where Z = (ER: i) ® Z* ® 1)(s, @ 1) belongs to (y, wf). A direct computation 
shows that 


(x(W,,p) U(X), U(Y)) = (V-X, ¥) 


for all X € (jB, Bk) and Y € (iy, yl). So, there is a unique element O(V) that 
belongs to (1 ® p; ® 1)¢-@q(1 ® p; ® 1) and satisfies 


(py ® Pi @ py) O(V) (Pz ® Pj @ pg) = Wyp 


for all y, B € Irr(@) and 2(@(V)) = UVU*. 
We have defined a faithful normal *-homomorphism 0 : &” > gq. It 
remains to prove that Yo © = © o Og. Using (5.1), it suffices to prove that 


we 


Flopvaip @V@N)=9@1level. (5.2) 


The left hand side of (5.2) equals 1 ® Waal) ® 1. Since V € (ia, aj), we can 


uniquely write V = (T ® 1)(1 @ 1 ® sg) with T € (i, aja). We then have 


Daa v) = (T ® 1) Dee @1@ Sa) = (T ® Hd @18 Poa cle (Sa) 
= 9(@) (T ® 1)(1@1® sz) = o(@)V. 
So (5.2) holds and the proposition is proven. Oo 


6 Weak Amenability of @(K < G) 


Theorem 6.1 Let G be a totally disconnected group and K < G a compact open 
subgroup. Denote by © the rigid C*-tensor category of finite rank G-L®(G/K)- 
L®(G/K)-modules. 

Then © is weakly amenable if and only if G is weakly amenable and there exists a 
sequence of probability measures @, € Co(G)* that are absolutely continuous with 
respect to the Haar measure and such that O, — 5 weakly” and ||@,0Adx—@p || > 
0 uniformly on compact sets of x € G. 

In that case, the Cowling-Haagerup constant A(@) of @ equals A(G). 


In order to prove Theorem 6.1, we must describe the cb-multipliers on @ in terms 
of completely bounded multipliers on the C*-algebra Cy(G) >, 4 G. 
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We denote by Pol(G) the *-algebra of locally constant, compactly supported 
functions on G. Note that Pol(G) is the linear span of the functions of the form 1,, 
where y € Gand L < Gis acompact open subgroup. Also note that for any compact 
open subgroup Ko < G, Pol(Ko) coincides with the *-algebra of coefficients of finite 
dimensional unitary representations of Ko. We define &(G) = Pol(G)* as the space 
of all linear maps from Pol(G) to C. Note that €(G) can be identified with the space 
of finitely additive, complex measures on the space .¥(G) of compact open subsets 
of G. 

When Kop < Gis a compact open subgroup, we say that a map jz : G > &(G) is 
Ko-equivariant if 


w(kxk’) = w(x)o Adk! forall k,k’ € Ko. 


Note that this implies that p(x) is Ad(Ko N xKox_')-invariant for all x € G. 

As in (3.4), we associate to every x € Gand zw ¢€ Irr(K M xKx~') the irreducible 
object (z,x) € Irr(@) defined as the irreducible G-L°(G/K)-L®(G/K)-module 
H# such that w is isomorphic with the representation of KN xKx7! on ly: H > lex. 
The formula 


g(a, x) = dim(r)! w(x) (Xx) (6.1) 


then gives a bijection between the set of all functions g : Inr(@) — C and the set of 
all K-equivariant maps “ : G > &(G) with the property that (x) is supported on 
K 1 xKx"! for every x € G. 

Denote by Y = Pol(L™(G) aq G) the dense *-subalgebra defined in (3.3). We 
always equip Y with the operator space structure inherited from Y C L(G) Maa 
G. As in Sect.5, to every function g : Irr(@) — C is associated a linear map 
6, : & —> of on the tube *-algebra & of @. We now explain how to associate to 
any Ko-equivariant map wp : G > &(G) a linear map W, : Y > Y. When g and wu 
are related by (6.1) and © : & > F is the *-anti-isomorphism of Theorem 3.1, it 
will turn out that Y%, o © equals © o 6, so that in particular, ||, ||» equals ||%|lcb- 
We will further prove a criterion for Y%, to be completely bounded and that will be 
the main tool to prove Theorem 6.1. 

Denote A : L®(G) — L®(G x G): A(F)(g, h) = F(gh). For every uw € &(G), 
the linear map 


Wu : Pol(G) > Pol(G) : v,(F) = (u ® id) A(F) 


is well defined. When jz : G > &(G) is Ko-equivariant with respect to the compact 
open subgroup Ko < G, we define 


Wy: P > PYF uz pr) = Wu (F) ux Pi 


for every F € Pol(G), x € Gand open subgroup L < Ko. 
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Lemma 6.2 Denote by 0 : & — F the x-anti-isomorphism constructed in 
Theorem 3.1 between the tube *-algebra & and Y = Pol(L*®(G) xq G). Let 
gy : Inr(@) — C be any function and denote by 1 : G — &(G) the associated 
K-equivariant map given by (6.1) with (x) supported in K 0 xKx"! for all x € G. 
Then, U0 O = Oo Oy. 


Proof The result follows from a direct computation using (3.7). oO 
We prove the following technical result in exactly the same way as [10]. 


Lemma 6.3 Let Ko, K < G be compact open subgroups and uw: G > &(G)a 
Ko-equivariant map. Let k = 0. Then the following conditions are equivalent. 


1. W,, extends to a completely bounded map on Co(G) x, G with ||Yulled < Kk. 

2. W,, extends to a normal completely bounded map on L(G) aq G satisfying 
lulled <x. 

3. There exists a nondegenerate *-representation m : Co(G) xh G —> B(#) and 
bounded maps V,W : G + such that 


© V(kxk’) = m(k)V(x) and W(kxk’) = 2(k)W(x) for all x € G,k € Ko and 
k’ € K, 

© (zy !)(F) = (2 (F)x(zy_!) VQ), W(2)) for all F € Pol(G) and y,z € G, 

: IV lloo | Whoo <k. 


In particular, every [4(x) is an actual complex measure on G, i.e. L(x) € Co(G)*. 


Proof | => 3. Denote P = Co(G) x), G and consider the (unique) completely 
bounded extension of Y, to P, which we still denote as W,,. Define the nondegener- 
ate *-representation 


t:P > B(L(G)) : C((F) = F(e)1 and f(u,) = Ax 


for all F € Co(G), x € G. Then € o W,, : P > B(L?(G)) has cb norm bounded by « 
and satisfies 


(Fo Wy) (upSuy) = Ax (Fo Mu)(S) Av 


for all S € P,k,k’ € Ko. By the Stinespring dilation theorem proved in [4, Theorem 
B.7], we can choose a nondegenerate *-representation z : P > B(.%) and bounded 
operators V7, W : L?(G) > # such that 


* (CoW,)(S) = W*n(S)¥ forall S € P, 
© VA, = m(kK)¥ and Wi, = n(k)W for all k € Ko, 
© IAI = Walla SK. 


We normalize the left Haar measure on G such that A(K) = 1 and define the maps 
V.W:G—> & given by V(y) = V (yx) and W(z) = W(1,x). By construction, 3 
holds. 
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3 > 2. Write P” = L®(G) x,q G. Denote by 2, : P” > B(L?(G x G)) the 
standard representation given by 


(-(F)E)(g,h) = Flhgh™)E(g,h) and (x-(uxJE)(g,h) = E(g.x'h) 
for all g,h,x € G, F € L™(G). 
For every nondegenerate *-representation 2 : Cy(G) xh G —> B(.#), there is a 
unique normal *-homomorphism z : P’ > B(# @ L?(G x G)) satisfying 
U(F) = (17 @2,)A(F) and (uy) = w(x) ® 7,(x) 


for all F € Co(G), x € G. Given V and W as in 3, we then define the bounded 
operators V, W : L?(G x G) > # ® L’(Gx G) by 


(VE)(g.h) = E(g,h)V(h) and (WE)(g.h) = &(g,h)Wih) 


for all g,h € G. Note that ||¥|| = ||V]loo and ||W|| = ||Wlloo. Since W,(T) = 
W*x(T)V for all T € A, it follows that 2 holds. 
2 => | is trivial. oO 


We are now ready to prove Theorem 6.1. We follow closely the proof of [20, 
Theorem A]. 


Proof of Theorem 6.1 We define 2(G) as the set of all maps uw : G > &(G) 
satisfying the following properties: 


e there exists a compact open subgroup Ko < G such that jz is Ko-equivariant, 

¢ for every x € G, we have that u(x) € Co(G)*, u(x) is compactly supported and 
L(x) is absolutely continuous with respect to the Haar measure, 

° |e lleb < Oo. 


Writing ||| := ||Mulleo, we call a sequence 4, € Z(G) a cbai (completely 
bounded approximate identity) if 


° lim sup, I|Hallep < OO, 

¢ for every F € Co(G), we have that jz,(x)(F) > F(e) uniformly on compact sets 
of x € G, 

¢ for every n, we have that jz, has compact support (i.e. ,(x) = 0 for all x outside 
a compact subset of G). 


If a cbai exists, we define (G) as the smallest possible value of lim sup, ||nllcb. 
where (fz,) runs over all cbai. Note that this smallest possible value is always 
attained by a chai. 

First assume that @ is weakly amenable. By Proposition 5.1, we can take a 
sequence of finitely supported functions g, : Inr(@) — C converging to 1 pointwise 
and satisfying lim sup, || 9, |lcb = A(@) where 0, : & — & as before. Define the 
K-equivariant maps 1, : G > &(G) associated with , by (6.1). 
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For a fixed n and a fixed x € G, there are only finitely many z € Irr(K N xKx~') 
such that @,(7,x) 4 0. So, n(x) is an actual complex measure on K MN xKx"! 
that is absolutely continuous with respect to the Haar measure (and with the Radon- 
Nikodym derivative being in Pol(KNxKx_!)). By Lemma 6.2, ||%,, |leo = ||, lle < 
oo. So, tn € BG) and the sequence (jz,) is a cbai with lim sup, ||Un|lcn < A(@). 
Thus, '(G) < A(@). Write x = '(G)"”?. 

For every map 4 : G > &(G), we define 


BH: G— &(G): W(x)(F) = (Mer!) 0 Ad(Qx“!))(F) . 


If 2 is Ko-equivariant, also jz is Ko-equivariant and ¥;(T) = (W,(T*))* for all 
T € FP. So, || lob = ||Llleb- Also, if ({4,) is a cbai, then ({Z;) is a cbai. 

Since '(G) = x? < oo and using Lemma 6.3, we can take a cbai (1,), a 
nondegenerate «-representation 2 : Co(G) xh G — B(#) and bounded functions 
Vi»W,n: G—> # asin Lemma 6.3.3 with 


lim || Vn loo =K= lim |Wrlloo - 


Replacing [tn by (ftn +n) /2, we may assume that {tn = Ty for all n. It then follows 
that both formulas 


Mn(zy')(F) = (1 (F)x(zy')Vn(y), Wn(z)) and 
Unlzy')(F) = (x (F) (zy!) Wry), Va(2)) 


hold for all F € Co(G) and y, z € G. 

Put 7, := [n(e). We prove that || 7,0 Ad x — 7, || — 0 uniformly on compact sets 
of x € G. To prove this statement, fix an arbitrary compact subset C C G and an 
arbitrary sequence x, € C. Define 


bn 2 G—> E(G) : Cy (%) = Mn(%nx) 0 Ad xy . 


Since %,(T) = u* W,, (ux,T), it follows that (¢,) is a cbai. Also note that for all 


Xn 


y,z € Gand F € C)(G), we have 


bn(zy')(F) = (x ((Adx,)(F)) 1 (Xnzy_') VQ), Wr (%n2)) 
= (n(F)x(zy7')Vn(y), Wi (2)) « 


with W) (z) = 1(n)* Wa(%nz). Then also (Un + €,)/2 is a cbai satisfying 


1 
5 (Hn + Gu) (ey ')CF) = (ae) ey ")Valy), (Wale) + Wa())/2) 
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for all y,z € Gand F € Co(G). We conclude that 


° < liminf || Villoo (Wn + W;,)/2lloo = « liminf |(W, + W;,)/2lloo 
1. 
<« limsup ||(W, + W,,)/2lloo SK 5 lim sup(||Walloo + || Wrlloo) = «°? . 


Therefore, lim» ||(Wn + W/)/2|loo = k. So, we can choose z, € G such that 


lim || (Wn En) + Wy (En))/2I| = 


Since also lim sup, ||W,(Zn)|| < « and lim sup, ||W/(zn)|| < «, the parallelogram 
law implies that lim, ||W,(z,) — W/(Zn)|| = 0. 
Since for all F € Co(G), 


Enle\(F) = Sanz )(F) = (0(F)VnZn), Win) and 
Unle)(F) = bn (2nZ_ | )(F) = (1(F)Va(Zn), Wa(Zn)) ; 
it follows that lim, ||¢,(e) — {4n(e)|| = 0. This means that 


lim || Mn(%n) 0 Ad x, — Hn(e)|| = 0. 


Since the compact set C C G and the sequence x, € C were arbitrary, we have 
proved that lim, || (4, (x) — Un (e) 0 Ad x! || = 0 uniformly on compact sets of x € G. 

Reasoning in a similar way with ¢, : G > &(G) : &(x) = pn(xx;!), which 
satisfies 


tn(zy')(F) = (2 (F) (zy!) Vi,(y), Wn(Z)) 


with V/(y) = 2(%n)* Vn (any), we also find that lim, || n(x) — n(e)|| = 0 uniformly 
on compact sets of x € G. Both statements together imply that || 7,0 Adx—1,|| > 0 
uniformly on compact sets of x € G. 

We next claim that for every H € Pol(G) with H(e) = 1 and ||H|lo = 1, we 
have that lim, ||N, -H — n|| = 0. To prove this claim, define 


bn: G > E(G) : Sn(x)(F) = bn(x) (AF) . 
Since f,(zy~')(F) = (2 (F)a(zy')Vn(y), W,(2)) with Wi,(z) = 2(H)*W,(z) and 
because the function H € Pol(G) is both left and right Ko-invariant for a small 


enough compact open subgroup Ko < G, it follows from Lemma 6.3 that 


[ISnlleb < I Valloo || Wrlloo < [| Vnlloo || Wnlloo = IIHallen - 
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So again, (fn) and (Wn + ¢n)/2 are cbai. The same reasoning as above gives us a 
sequence z, € G with lim, ||W,(z,) — W/(z,)|| = 0, which allows us to conclude 
that lim, || n(e) — ¢,(e)|| = 0, thus proving the claim. 

Altogether, we have proved that 7,, € Co(G)* is a sequence of complex measures 
that are absolutely continuous with respect to the Haar measure and that satisfy 


* |lnn — 1 0 Adx|| > 0 uniformly on compact sets of x € G, 
* In- 12 —1n|| — 0 for every compact open subset L C G with e € L, 
* 1n,(F) > F(e) for every F € Co(G). 


In particular, liminf, ||yn|| > 1. But then @, := ||Nnl\7! |mn| is a sequence of 
probability measures on G that are absolutely continuous with respect to the Haar 
measure and satisfy @, — 6. weakly* and ||@, o Adx — @,|| — 0 uniformly on 
compact sets of x € G. 

By Lemma 6.3, the maps W,,, extend to normal cb maps on L®(G) xq G. 
Restricting to L(G), we obtain the compactly supported Herz-Schur multipliers 


L(G) > L(G): uy yn(x)u, forall xEeG, 


where y,, : G — C is the compactly supported, locally constant function given by 
Vn(x) = [n(x)(1). So, G is weakly amenable and 


A(G) S lim sup ||, |4@@|leb < lim sup ||%,, | < AC) . 


Conversely, assume that G is weakly amenable and that there exists a sequence 
of probability measures w, € Co(G)* that are absolutely continuous with respect 
to the Haar measure and such that w, — 6, weakly* and ||@, 0 Adx — w,|| > 0 
uniformly on compact sets of x € G. 

Since G is weakly amenable, we can take a sequence of K-biinvariant Herz- 
Schur multipliers ¢, : G > C having compact support, converging to 1 uniformly 
on compacta and satisfying lim sup, ||fn||cb = A(G). 

Denote by Pol(G)* the set of positive, locally constant, compactly supported 
functions on G. Denote by h € Co(G)* the Haar measure on the compact open 
subgroup K < G. Approximating w,, we may assume that w, = h- &, where 
£, is a sequence of Ad K-invariant functions in Pol(K)*. Define the representation 
1 : Co(G) «,, G > B(L?(G)) given by 


((F)E)(g) = F(g)&(g) and (a(a)E)(g) = A(@)"/? EC | gx) 
for all F € Co(G), € € L?(G) and x, g € G. We then define the K-equivariant map 
Mn? G > Co(G)* = Un@)(F) = En) (1 (F(a) En. En) « 


Since &, is an AdK-invariant element of Pol(K) and z(x)&, is an Ad(xKx !)- 
invariant element of Pol(xKx~!), we get that z,(x) is an Ad(K M xKx~!)-invariant 
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complex measure supported on K M xKx~! and having a density in Pol(K N xKx7') 
with respect to the Haar measure. Since moreover ¢, is compactly supported, it 
follows that the functions g, : Inr(@) — C associated with jz, through (6.1) are 
finitely supported. 

Since ||@, o Adx — @,|| > 0 for every x € G, we have that ||7(x)&, — &,|| > 0 
for every x € G. Since w, — 5. weakly*, we have that (2(F)&:,&:,) — F(e) for 
every F € Co(G). Both together imply that y,, — 1 pointwise. 

To conclude the proof of the theorem, by Lemma 6.2, it suffices to prove that 
lim sup, ||Hnllev < A(G). 

Since ¢, is a K-biinvariant Herz-Schur multiplier on G, we can choose a Hilbert 
space % and K-biinvariant functions V,, W, : G—> % such that 


Vinlloo Wrlloo = I!Enllen and tn(zy') = (Vi(y), Wn(z)) (6.2) 


for all y,z € G. We equip L?(G) ® % with the *-representation of Co(G) xh G 
given by z(-) ® 1. We define the bounded maps 

tM, 2.G> L(G) ® XH: Vy) = &, ® V»(y) and 

Wn: G—> L(G) ® H : Wily) = En ®@ Wn(y) - 


One checks that 


Ln(zy_')(F) = ((x(F) (zy!) ® 1) %aly), Ha(2)) 


for all y, z and that all other conditions in Lemma 6.3.3 are satisfied, with ||%rlloo = 
Villoo and ||Palloo = ||Wnlloo. So, we conclude that 


lim sup || /4n|lcb < lim sup ||f, [les = A(G) 


and this ends the proof of the theorem. Oo 


Example 6.4 Taking G as in Example 4.4, the category @ is weakly amenable with 
A(@) = 1. Indeed, G is weakly amenable with A(G) = 1 and the probability 
measures /1, constructed in Example 4.4 are absolutely continuous with respect to 
the Haar measure, so that the result follows from Theorem 6.1. 

Taking G = SL(2,F) as in Proposition 4.2, we get that @ is not weakly 
amenable, although G is weakly amenable with A(G) = 1. 
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Decomposable Approximations Revisited 


Nathanial P. Brown, José R. Carrién, and Stuart White 


Abstract Nuclear C*-algebras enjoy a number of approximation properties, most 
famously the completely positive approximation property. This was recently sharp- 
ened to arrange for the incoming maps to be sums of order-zero maps. We show 
that, in addition, the outgoing maps can be chosen to be asymptotically order-zero. 
Further these maps can be chosen to be asymptotically multiplicative if and only if 
the C*-algebra and all its traces are quasidiagonal. 


1 Introduction 


Approximation properties are ubiquitous in operator algebras, characterizing many 
key notions and providing essential tools. In particular, and central to this note, a 
foundational result of Choi-Effros [10] and Kirchberg [18] describes nuclearity of a 
C*-algebra in terms of completely positive approximations. Precisely, A is nuclear 
if and only if there exist finite dimensional algebras (F;) and completely positive 
contractive (c.p.c.) maps 
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that approximate the identity in the point-norm topology, i.e. 
lim Ildi(vitx)) —x|| = 0, xeA. (1.2) 


Some 30 years later, via Connes’ celebrated work on injective von Neumann 
algebras [9], this approximation property was shown to imply a stronger version 
of itself: one can always take every ¢; to be a convex combination of contractive 
order-zero maps [16]. This has proved crucial to applications to near inclusions (for 
example, [16, Theorem 2.3]). In this note we observe a further improvement: every 
w; can be taken to be asymptotically order zero, meaning that if a,b € A are self- 
adjoint and ab = 0, then 


lim || ¥i(a) Wi(b)|] = 0. (1.3) 


It was known that (1.3) could be arranged under the stronger hypothesis of finite 
nuclear dimension [29, Proposition 3.2] and this proved vital to various applications 
(cf. [7, 21, 26, 27]). 

Our proof follows the strategy in [16] by obtaining suitable factorizations of 
the canonical inclusion A <> A** with respect to the weak* topology; then 
adjusting these to take values in A; and finally applying a Hahn-Banach argument 
to get asymptotic factorizations in the point-norm topology. To do this in general, 
however, we require some quasidiagonal ideas. Indeed, the main technical hurdle 
is showing that if A is quasidiagonal and all traces on A are quasidiagonal in the 
sense of [6], then one can take every y; to be asymptotically multiplicative (see 
Theorem 2.2), while retaining the decomposition of ¢; as a convex combination 
of contractive order zero maps. This should be compared with Blackadar and 
Kirchberg’s characterization of nuclear quasidiagonal C*-algebras in [3] as those 
with approximations (1.1) and (1.2) with y; asymptotically multiplicative. 

Since all traces on nuclear quasidiagonal C*-algebras in the UCT class are 
quasidiagonal [24], our result improves the Blackadar-Kirchberg characterization 
in this case. Cones over nuclear C*-algebras are quasidiagonal [25] and satisfy 
the UCT, so all their traces are quasidiagonal (though we show how Gabe’s work 
[14] gives a simpler proof of this fact in Proposition 3.2). Thus we obtain our main 
theorem for general nuclear A by taking an order-zero splitting A — CA, applying 
the improved approximation maps on CA, then using the quotient map CA — A to 
get back to A (see the proof of Theorem 3.1 for details). 


2 Quasidiagonal Traces 


In this note, a trace on a C*-algebra means a tracial state. Write T(A) for the 
collection of all traces on A. Various approximation properties for traces were 
studied in [6]; of particular relevance here is the notion of quasidiagonality for 
traces. 
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Definition 2.1 A trace t on a C*-algebra A is quasidiagonal if there exist finite 
dimensional algebras F’;, tracial states tr; on F; and c.p.c. maps 6;: A — F; such that 
tr; 0 6; > t in the weak* topology and 


lim ||6;:(ab) — 6;(a);(b)|| = 0 (2.1) 


for all a,b € A. Write Tya(A) for the set of quasidiagonal traces of A. 


When A is unital the maps 6; can be taken to be unital and completely positive 
(u.c.p.). Theorem 3.1.6 of [6] lists several other characterizations of amenable 
traces. 

The main technical result of this note is the following. 


Theorem 2.2 Let A be a separable and nuclear C*-algebra. Then A is quasidiag- 
onal and T(A) = Tga(A) if and only if there exist a sequence of finite-dimensional 
C*-algebras (F,,) and c.p.c. maps 


Ae A (2.2) 


such that 


1. |\(bn 9 Wn) (a) — al| > O for alla € A; 
2. every $, is a convex combination of finitely many contractive order zero maps; 
and 


3. ||Wn(ab) — Wn(aWn(b)|| = O for alla, b € A. 


Only one implication of this theorem requires much work. Indeed, if A has 
approximations with properties 1-3, then A is quasidiagonal (this is an easy 
implication in [3, Theorem 5.2.2]; the maps y; are approximately multiplicative 
by 3, and | ensures that they are approximately isometric). It is equally routine to 
check that all traces are quasidiagonal. Indeed, since a trace composed with an order- 
zero map is a trace by [28, Corollary 4.4], and each ¢, is a convex combination of 
order zero maps, given a trace t4 € T(A), it follows that t, o ¢, defines a trace on 
F,,. Then condition | ensures that (t4 0 @n) © Wy > Ta weak”. 

In order to prove the reverse implication it will suffice to prove a o-weak version 
for the canonical inclusion 1: A <> A**. Namely, we prove the following proposition 
in the remainder of this section. 


Proposition 2.3 Let A be a separable nuclear, and quasidiagonal C* -algebra with 
T(A) = Tga(A). Then there are nets of finite-dimensional C*-algebras (Fi) and of 
c.p.c. maps 


ASF % a” (2.3) 
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such that 


1. ($5 ° Wi)(a) > U(a) in the o-weak topology for every a € A; 
2. 9; is an order zero map; 


3. || Wi(ab) — wi(a)Wi(b)|| > 0 for every a,b € A. 


With this proposition in hand we prove Theorem 2.2 by following the same steps 
used to prove [16, Theorem 1.4] from the preparatory lemma [16, Lemma 1.3]. 
Indeed, using the notation of Proposition 2.3, first apply Lemma 1.1 of [16] to see 
that for every i there is a net of contractive order zero maps (@;,,: F; > A), such that 
$i.a(x) converges o-weakly to ¢;(x) for every x € F;. We may therefore assume that 
the image of ¢; is contained in A for every i. The argument now ends with a familiar 
Hahn-Banach argument, similar to the one used to prove the completely positive 
approximation property of a C*-algebra from the assumption that its enveloping 
von Neumann algebra is semidiscrete (see [5, Proposition 2.3.8]). Briefly, given 
a finite subset Y of A and e > 0, let Ky C (A) be the collection of all c.p.c 


maps 0:A — A which factorize as A S F 4s A, where y is a c.p.c. map with 
| (ab) — W(aW(b)|| < € for all a,b € F, and ¢ is a contractive order zero map. 
Since the identity map on A lies in the point-weak closure of Ko, it lies in the point 
norm closure of the convex hull of Ko. As a convex combination of maps in Kp can 


be factorized in the form A 4 F x A, where y is a c.p.c. map with ||W(ab) — 
w(aw(b)|| < € for alla,b € ¥ and ¢ a convex combination of contractive order 
zero maps, we can find such w and @ additionally satisfying ||(y(a)) —al| < € for 
a € F. Theorem 2.2 follows by using a countable dense subset of A to produce the 
required sequence of maps. 

The proof of Proposition 2.3 requires some lemmas and will first be carried out in 
the case when A is unital. We will split A** into two pieces, the finite and properly 
infinite summands, and then handle each piece separately.'! The properly infinite 
case is handled by a combination of Blackadar and Kirchberg’s characterization of 
NF-algebras in [3] and Haagerup’s very short proof that semidiscreteness implies 
hyperfiniteness for properly infinite von Neumann algebras [15, Section 2]. 

Recall that if p is a normal state on a von Neumann algebra M, the seminorm 
|| - 3 is given by 


* * 1/2 
XX" + X"X 
lIxll5 = 0 (a) , xeM. (2.4) 


It is a standard fact (see e.g. [4, III.2.2.19]) that if {p;} is a separating family of 
normal states on M, then the topology generated by {|| - 33 agrees with the o- 
strong* topology on any bounded subset of M. This will be used in both of the 
following lemmas. 


‘Recall that a von Neumann algebra is finite if it admits a separating family of tracial states, and 
properly infinite if it has no finite summand. 
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Lemma 2.4 Let A be a unital, quasidiagonal and nuclear C*-algebra. Let Too : 
A — M be the properly infinite summand of the universal representation of A. Then 
there are nets of finite-dimensional C*-algebras F; and nets of c.p.c. maps 


A+FSu (2.5) 


such that 


1. (¢;.° Wi)(@ > Too (a) in the o-strong* topology (and hence also in the o-weak 
topology) for every a € A; 
2. ; is a *-homomorphism for every i; and 


3. ||Wi(ab) — Wi(a)Wi(b)|| > 0 for every a,b € A. 


Proof Fix € > 0,a finite subset .¥ of unitaries in A, and finitely many normal states 
P1s--+» Pm on M. We will produce a factorization 


AS PSU (2.6) 


where F is a matrix algebra, @ is a *-homomorphism and y is a u.c.p. map, such 
that 


(rw) — ull’, < 22 Qa) 

and 
ly (uv) — Pwy(v)I| <€, (2.8) 
for allu,v € Y andi = 1,...,m. In this way we obtain the desired net indexed 


by finite subsets of unitaries, finite subsets of normal states and tolerances e€. By 
working with p = > an p;, and replacing € by €/m, it suffices to obtain the 
single estimate 


(ru) — ull8 < 22, we F, (2.9) 
in place of (2.7). 


Since A is nuclear and quasidiagonal, it is NF by [3, Theorem 5.2.2] and so, by 
part (vi) of that theorem, there exists a matrix algebra F and u.c.p. maps 


v 6 
A->FoA (2.10) 
such that 


(Fo w)(u) —ull <e€ (2.11) 
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and 


Iv(uv) — Vw) <e, (2.12) 


for all u, v € #. The estimate in (2.11) gives 


|| 700 (A(W(u)) — u)II5 <€, (2.13) 


for allu € F. 

We now follow the proof of [15, Theorem 2.2]. As M is properly infinite, we 
can fix a unital embedding 1 : F — M. Then by [15, Proposition 2.1] there exists 
an isometry v € M such that O(x) = v*i(x)v for all x € F. If v is a unitary 
(which is impossible, in general), then we’re done because Ad(v) 01 is the desired *- 
homomorphism. Since the o-strong closure of unitaries in any von Neumann algebra 
is the set of all isometries (cf. [23, Lemma XVI.1.1]), the remainder of the proof 
(which follows the estimates on page 167 of [15]) amounts to approximating v with 
a suitable unitary. 

We may assume that M is concretely represented on some Hilbert space # so 
that p is a vector state, given by a unit vector € ¢ %. Using the identity ||xé||? + 
\x*E||? = 2(\xll7)2, which is valid for all x € M, and Eq. (2.13) we have 


I (o* Lr W)v = moo(w))El| < 27 (2.14) 
and 
Iv" WW)" = zt00(u" EI] < 27e. (2.15) 
This implies 
H(i (We (w))vE, vIc(u)é) > 1 — 22€ (2.16) 
and 
(L(y (u)*)vE, v7 (u*)E) > 1 — 22. (2.17) 


Now choose a unitary w € M such that, for allu € F, 


R(e(W(u)) WE, wrt (u)é) > 1 — 2€ (2.18) 


and 


R(L(W (u)* WE, wr (u*)E) > 1 — 2e. (2.19) 
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Then, since ||¢(y(u))wé|| < 1 and ||c(W(u*))wé|| < 1, we have 


lle (WWE — wate (w)E ||? < 2 — Wu (w))WE, wat0(u)E) <4e (2.20) 


and 


lle (u*) WE — wrt (u" JE II? < 2 — WU") WE, wr U")E) < 4, 


(2.21) 

for allu €¢ FY. Then d = Ad(w*) 01: F > M is a *-homomorphism with 
PV) — tow); < 4e)?, we F, (2.22) 
as required. oO 


Next we deal with the finite part of A**. We need the following standard 
uniqueness fact. Let A be a separable nuclear C*-algebra, and N a finite von 
Neumann algebra. Then it is well known, though most often stated when N is a 
factor (see [17] and [1] which give converse statements), or when N has separable 
predual (see [11, Theorem 5]) that two *-homomorphisms ¢1,¢2 : A > N are o- 
strong* approximately unitarily equivalent in that there is a net of unitaries u; such 
that u;¢,(a)u* — (a) in the o-strong* topology for all a € A if and only if 
t o gj = TO ¢» for all normal traces t on N. Indeed, ¢; and ¢2 extend to normal 
representations ¢/*,@;* : A** — N that agree on traces. Since A** is injective, it 
is hyperfinite,” so there is an increasing net of finite dimensional subalgebras (F) 
that is o-strong* dense in A**. For each 4, the condition that to f}*|r, = to do lz 
for all normal traces t on N gives a unitary ua with Ad(u,) o Oy" |r, = $3" |F,- 
The net of unitaries (u,) witnesses the o-strong* approximate unitary equivalence 
of ¢** and @5* and hence also of ¢; and ¢o. 


Lemma 2.5 Let A be a separable, unital and nuclear C*-algebra and assume 
T(A) = Tya(A). Let man:A — M be the finite summand of the universal 
representation of A. Then there are nets of finite dimensional C*-algebras F; and 
of c.p.c. maps 


AS pS (2.23) 


such that 


1. (¢;0%;) (a) > Tin (Q) in the o-strong* topology (and therefore also in the o-weak 
topology) for every a € A; 


>See [12] for the extension of Connes’ theorem to the non-separable predual case used here. 
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2. ; is a *-homomorphism for every n; and 
3. ||Wi(ab) — vila) witb) || > 0 for every a,b € A. 


Proof Recall that M has a separating family of normal tracial states. As pointed 
out in the remarks preceding Lemma 2.4, on any bounded subset of M the o- 
strong* topology agrees with the topology generated by the family of seminorms 
{|| - lz.c} (where t runs through all normal tracial states of M). As in the proof of 
Lemma 2.4, the required nets of finite dimensional C*-algebras and c.p.c. maps will 
ultimately be indexed by finite subsets .F of A, positive numbers ¢, and finite subsets 
{T1,..., Tm} of normal tracial states of M. Moreover, the same argument found in 
the proof of Lemma 2.4 shows that it suffices to consider a single normal trace t (by 
considering t = + )°”, 1), which we fix for the remainder of the proof. 

Write N for ,(A)”. We claim it is enough to obtain finite dimensional algebras 
F; and maps y;:A — F; and ¢;: F; — N (as opposed to ¢;: F; > M) satisfying (2), 
(3), and 


(bio Wi)(a) — 1, (a)|l2,7 > 9. (2.24) 


For this, first note that J = {x € M: t(x*x) = O} is a (closed, two-sided) ideal of M, 
and therefore of the form Mp for some central projection p € M. Using the fact that 
tT is a faithful trace on both N and M(1 — p), we get that N ~ M(1 — p) (extending 
the identity on A/J A). Identifying N with this direct summand, it follows that 
||7¢- (a) — 14in(a)||2,. = 0, which proves the claim. 

Being finite, N is the direct sum of a (finite) type I von Neumann algebra and 
type II, von Neuman algebra. We can therefore deal with each summand separately, 
and combine the two approximations to prove the lemma. To ease the notation, we 
may as well assume that AN itself is type I or type IT,. 

First assume JN is finite type I, so of the form N = 6;L°(X;) ® M,, for some 
n; € N and measure spaces X;. Write 1,(a) = @ (a). If the direct sum is infinite 
then, by normality of t, 2, (a) is the limit in || - ||2,, of the finite sums ora? (a), 
and so it suffices to prove the result when the sum N ~ @;L™(X;) ® M,, is finite. 
In this case N is a (non-separable) AF C*-algebra, so given a finite subset ¥ of the 
unit ball of NV and € > 0 there exists some finite dimensional C*-subalgebra F C N 
such that for each x € ¥, there exists a contraction y, € F with ||x — y,|] < €. 
Fix any conditional expectation y : N — F (an expectation exists by Arveson’s 
Extension Theorem) and note that for x,,x. € F 


Il ¥ Cee) — WO) v 2) I] S [12 — YxYx2l] + [lt — Yell + [leo — yal 
< 4e. (2.25) 
Also, yw composed with the inclusion map ¢: F <> N is the identity on F, so that 


ld (Ww ()) —x|| < 2€ for x € F. Thus the required approximations exist in the finite 
type I case. 
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Assume now that N is type II). The center Z(N) of N is an abelian von Neumann 
algebra with faithful normal state t, so of the form L™ (X, jz), where ju is induced by 
t. Let E: N > L™(X, 4) denote the center valued trace. Let (aj); be a sequence of 
positive contractions in A that is dense in the unit ball of A, and such that ||a;|| < 1 
for all j. 

Fix k € N. Given a k-tuple i = (i,...,i,) € {1,..., kK}, let p; be the projection 
in L™ (X, jt), whose characteristic function is the set 


wex:4 (a)))(x) < j= ee 3 (2.26) 


These are pairwise orthogonal and )°; p; = Ly. Some of the p; may be zero; in what 
follows we only work with and sum over those indices i for which p; 4 0. Note that 


ij 1 
E(,(q;)) — p;|\| 00 <-,j=1,...,k. 2:27 
|E@r(a)) — >> P Iku) S ral (2.27) 


i 


Now, any normal trace on N is of the form t(f-) for some f € L!(X, 4)+ with 
Il fllz1(x,u) = 1. For such an f, 


(Fra) = e(fE (ea) 1 ECU), F= bes (2.28) 


i 


Also, for each index i, 
i 
It (pitts (aj)) — T(pdzI S radeon j=l,...,k. (2.29) 


Now, for each i = (i;,...,i), the map app tHe )pi) is a tracial state on A. 
Because all traces on A are quasidiagonal, there exist matrix algebras F;,; and u.c.p. 
maps Wi: A —> Fi such that 


1 
pitt(a)))| < ge Gadel (2.30) 


ttn. (Vaila)) — a ) t( 


and 


(i in) — Vel Vela dil<é, jij2 =1,...,%. (2.31) 


Combining (2.30) and (2.29) gives 


(2.32) 


IA 
al 


tr, (Wxi(aj)) — 


alo 
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Define Fy, := QQ; Fy; and We := ®y;; so that (3) holds. Since each p;Np; is type 
II,, there exists a unital *-homomorphism ¢;; : Fx; > piNp; (see e.g. [5, Lemma 
2.4.8]). Define gy : Fy > N by de = Gidyj. This is a unital *-homomorphism. 
Further, for each f € L'(X, 2) + with ||f ||; (x,y) = 1, we have 


t(fo(Vla))) = So rUfpittr,, w@)) 


L 
(2.32) i, 
=2 DY) tpt 


t 


(2.28) ; 
RA t(far(aj)), j=l,...,k. (2.33) 


Thus the sequence of maps (¢; ° Wx) satisfies 


jim, sup |x (fbx(We(aj))) — t(f-(a)))| = 0, JEN. (2.34) 
7% rel XE 
lite a= 


Write N® for the ultraproduct of N with respect to some fixed free ultrafilter 
w € BN \ N (defined with respect to tT). We claim that the sequence (¢, 0 Wx) 
induces a *-homomorphism, call it 6: A + N®, that agrees on traces with @ (the 
composition of 7; with the canonical embedding of N into N”). Indeed, this follows 
as in the proof of Lemma 3.21 of [2]: fix j and write xj, = :(Wx(aj)) — m,(a;). As 
E(xjx — E(xj,x)) = 0, [13, Theorem 3.2] gives yj, and z,,; in N for? = 1,...,10 
such that 


10 


Xie — EQ) = Dine Gal (2.35) 


[+1 


with |lyerl] < 12]lajxe — EQyx)|| and ||z.7|| < 12. These estimates ensure that 
(vjee and (z; 1x represent elements y;, and z;; in N®. Since 


EQ = sup |c(Fdi(velaj))) — (fr (aj) 
fELM Xp) 4 
I llagw y=! 


; (2.36) 


it follows that (E(xj,.))x represents 0 € N® and so (xj), represents the finite sum of 
commutators Se Ly. Zz] in N° and hence is zero in all traces on N®. 

By the remark preceding the lemma, @ and z® are o-strong* approximately 
unitarily equivalent. Because A is separable and we work in an ultrapower, a 
standard reindexing argument (using Kirchberg’s €-test from [20, Appendix A]) 
shows that 6 and z® are actually unitarily equivalent. That is, there exists a sequence 
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(ux) of unitaries in N such that 
lim |lux(be © Wi) (aug — re(A)|lnc=0, a EA. (2.37) 
Let oj, = Ad uz © y. Passing to a subsequence, if necessary, we obtain 
Jim Geo W)(@) — 7@lax =0, aed, (2.38) 


as was to be proved. oO 


Proof of Proposition 2.3 For unital C*-algebras, one just takes direct sums of the 
maps provided by Lemmas 2.4 and 2.5. The non-unital case follows from the unital 
case as follows. 

Assume A is non-unital and T(A) = Tga(A). Then by [6, Proposition 3.5.10] we 
have T(A) = qd (A), too, where A is the unitization of A. Hence we can find nets of 
finite-dimensional C*-algebras (F;) and c.p.c. maps 


A4S Fr, % @™ (2.39) 


such that 


1. (di ° Wi)(a) > 14 (Q), in the o-weak topology for all a € A 

2. every ¢; is a convex combination of finitely many contractive order zero maps; 
and 

3. ||Wi(ab) — W;(a)W;(b)|| > 0 for all a,b € A. 


The short exact sequence 0 > A > A > C = 0 induces a canonical isomorphism 
(A)** = A*™ @ C. The desired maps are now gotten by restricting each y; to A 
and using the o-weakly continuous projection (A)** — A** to push the ¢;’s back 
into A**. o 


3 The Main Theorem 


Theorem 3.1 Let A be a nuclear C*-algebra. Then there exist nets of finite-dimen- 
sional C*-algebras (F;) and c.p.c. maps 


ASRS A G.1) 


such that 


1. \\(@° W)(@) — all > O for alla € A; 
2. every gj is a convex combination of finitely many contractive order zero maps; 


3. ||Vi(@vi(b)|| > 0 for all a,b € Ax that satisfy ab = 0. 
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To prove Theorem 3.1 we will apply Theorem 2.2 to the cone CA = Co(0, 1] @A 
of A. We will need to know that all traces on CA are quasidiagonal for nuclear 
A. While this follows from [24, Corollary 6.1],° it is really the case that the 
required statement is a recasting of the “order zero quasidiagonality result” of 
[22, Proposition 3.2] used as the starting point in [24]. More generally, Gabe’s 
“order zero quasidiagonality” of amenable traces [14, Proposition 3.5] can also be 
expressed in this language, as set out below. 


Proposition 3.2 (Gabe, cf. [14, Proposition 3.5]) Let A be a C*-algebra. Then 
every amenable trace on CA is quasidiagonal. In particular if A is nuclear, then all 
traces on CA are quasidiagonal. 


Proof \tis well known that traces of the form 6; @ ta, where 6; is evaluation at some 
t € (0, 1] and ty is a trace on A, generate the Choquet simplex of traces on the cone 
CA.‘ Since the amenable traces on CA form a face ({19, Lemma 3.4], see also [5, 
Proposition 6.3.7]) and the set of quasidiagonal traces is a weak*-closed, convex 
subset of T(A) [6, Proposition 3.5.1], it suffices to show that any amenable trace on 
CA of the form 6, ® t, for some t € (0, 1] and some trace t, on A is quasidiagonal. 

Note too that if 5, ® t, is an amenable trace on CA, then t, is amenable on A. 
This follows from [6, Theorem 3.1.6] by checking that the tensor product functional 
[4r, on the algebraic tensor product A © A®? given by [tz,(a @ b°?) = ta(ab) is 
continuous with respect to the minimal tensor product. Let g € C(0, 1] be a positive 
contraction with g(t) = 1. Then jz,, factorizes as 


a@®b°P. a byeP Qt, 
10.2 SE Screen (3.2) 


the first of these maps is the tensor product of two c.p.c. maps, so contractive with 
respect to the minimal tensor product, while contractivity of 13,@7, follows from the 
assumption that 6, ® t4 is amenable. 

At this point, if A is not unital, then we can unitize A, and ty, (since the unitization 
of an amenable trace remains amenable). As a final reduction, by considering the 
map CA — Co((0, t], A) given by restriction, and then identifying Co((0, ¢], A) with 
CA (by rescaling), we may as well assume that tf = 1. Then [14, Proposition 3.5] 
gives ac.p.c. order zero map W : A > Q,, (where @ denotes the universal UHF 
algebra and &,, its ultrapower) such that 


to, (W(a)W(l4)"") = ta(a), ae A, neN. (3.3) 


By the correspondence between order zero maps from A and *-homomorphisms 
from CA (see [28, Corollary 4.1]) we obtain a *-homomorphism w: CA > 2, such 


>The cone CA is quasidiagonal by [25] and satisfies the UCT, since it is contractible. 
‘That is, any trace on CA lies in the weak* -closed convex hull of the specified traces. 
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that y(id(o,1] ® a) = (a) for every a € A. Then for every a € Aandn EN, 


to, (W(id’o) ® a) = ta, (W(a)¥(a)” ") 
ta(a) = (6; @ ta)(id(p,1) @ 2). (3.4) 


II 


Thus w witnesses the quasidiagonality of the trace 6; @ T,. oO 


Proof of Theorem 3.1 Let ¥ C A be finite and « > 0. Then there is a separable 
nuclear subalgebra B of A containing . Write. : B — A for the canonical inclusion 
map. 

Let 6:B — CB be the c.p.c. order zero map b +> id(,1; ® b. Notice that CB 
satisfies the hypotheses of Theorem 2.2: it is certainly separable and nuclear, it is 
quasidiagonal by a theorem of Voiculescu [25], and all of its traces are quasidiagonal 
by Proposition 3.2 (as CB is nuclear, all traces are amenable). Then there are a finite 
dimensional algebra F and c.p.c maps fy: CB — F and @: F — CB such that 


1. (6° W(x) — PAI <« 


2. ¢ is a convex combination of finitely many contractive order zero maps; and 
3. V(O@)O0)) — ¥OG)V¥OO))Il < 


for all x,y € ¥. Let n:CB — B be given by the point evaluation at 1 so that 
no @ = idg. 

Define ac.p.c. map w:A —> F by extending wo to A (using Arveson’s extension 
theorem) and set @ = tonog: F — A. Then ¢ is a convex combination of contractive 
order zero maps (because 107 is a *-homomorphism), || (¢0 W) (x) —x|| < € for every 
x € ¥, and ||\W(x)W(y)|| < € if x,y € F are orthogonal positive elements. Oo 


Remark 3.3 As with the approximations in [16], attempting to merge the approx- 
imations of Theorem 3.1 with the nuclear dimension by additionally asking for a 
uniform bound on the number of summands in the decompositions of ®; as a convex 
combination of order zero maps is very restrictive. By the main result of [8], such 
approximations only exist for AF C*-algebras. 
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Exotic Crossed Products 


Alcides Buss, Siegfried Echterhoff, and Rufus Willett 


Abstract An exotic crossed product is a way of associating a C*-algebra to 
each C*-dynamical system that generalizes the well-known universal and reduced 
crossed products. Exotic crossed products provide natural generalizations of, and 
tools to study, exotic group C*-algebras as recently considered by Brown-Guentner 
and others. They also form an essential part of a recent program to reformulate 
the Baum-Connes conjecture with coefficients so as to mollify the counterexamples 
caused by failures of exactness. 

In this paper, we survey some constructions of exotic group algebras and 
exotic crossed products. Summarising our earlier work, we single out a large 
class of crossed products—the correspondence functors—that have many properties 
known for the maximal and reduced crossed products: for example, they extend to 
categories of equivariant correspondences, and have a compatible descent morphism 
in KK-theory. Combined with known results on K-amenability and the Baum- 
Connes conjecture, this allows us to compute the K-theory of many exotic group 
algebras. It also gives new information about the reformulation of the Baum-Connes 
Conjecture mentioned above. Finally, we present some new results relating exotic 
crossed products for a group and its closed subgroups, and discuss connections with 
the reformulated Baum-Connes conjecture. 
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1 Introduction 


Given a C*-dynamical system (A, G,a), there are two classical ways to assign a 
C*-algebra to it which reflect important properties of the system: the universal (or 
maximal) crossed product A ¥y 4 G, which is universal for covariant representations, 
and the reduced crossed product A ™,, G defined as the image of A yg. G under 
the regular representation. If A = C we recover the maximal and reduced group 
C*-algebras C}(G) and C*(G) of the group G. 

Recently there has been a growing interest in studying more general “exotic” 
group algebras Ci (G) and crossed products A x, G which are defined as 
completions of the convolution algebra C,(G) (resp. C.(G, A)) with respect to C*- 
norms which lie between the full and reduced norms ||- ||, and ||- ||. For exotic group 
algebras, this started with the work [4] of Brown and Guentner: given a discrete 
group G and an (algebraic) ideal E in /°°(G), Brown and Guentner assign an exotic 
group algebra C7; ,(G) by looking at representations of G that have ‘enough’ matrix 
coefficients in E. Later work of Okayasu [32] shows that this theory is extremely 
rich: If G is a discrete group which contains the free group F2 on two generators 
as a subgroup, then there are uncountably many different exotic group algebras 
C;,(G) of this type. Wiersma [36] subsequently extended the framework of Brown 
and Guentner to general locally compact groups, and showed an analogous result to 
Okayasu’s for the connected group SL(2, R). Motivated by the work of Brown and 
Guentner, the paper [25] of Kaliszewski, Landstad and Quigg introduced a second 
construction of exotic group algebras based on the dual pairing of C*(G) with the 
Fourier-Stieltjes algebra B(G), and studied the connection to coactions. We shall 
give a detailed introduction to exotic group algebras in Sect. 2 below and we use this 
opportunity to clarify the differences between the approaches of Brown-Guentner 
and of Kaliszewski-Landstad-Quigg. 

Work on exotic crossed products starts also with Brown-Guentner [4] and 
Kaliszewski-Landstad-Quigg [25] who both indicated ways to associate exotic 
crossed-products (A, a) +> A xq, G to appropriate spaces of matrix coefficients E. 
The constructions of exotic group algebras of Brown-Guentner and of Kaliszewski- 
Landstad-Quigg are closely related, but their constructions of exotic crossed 
products are fundamentally quite different in nature; nonetheless, it was observed 
later [3, 6] that both constructions are functorial in the sense that every G-equivariant 
*-homomorphism ® : A — B between two G-algebras (A, ~) and (B, 8) descends 
to a *-homomorphism ® x, G: A Mo, G— Bg, Gin a canonical way. 

Such exotic crossed product functors were formally introduced by Baum, Guent- 
ner, and Willett in [3] as part of a program to “fix” the Baum-Connes conjecture for 
computing the K-theory of crossed products. The original conjecture (in the general 
version with coefficients) claimed that for each system (A, G, a) a certain assembly 
map 


asig.a) : Ke?(G;A) > Kx (A ax G) 


www.TechnicalBooksPDF.com 


Exotic Crossed Products 63 


0} 


should always be an isomorphism, where Ky?(G;A) is the topological K-theory 
of G with coefficient A (we refer to [2] for the construction of this group and 
for a discussion of the far reaching consequences for groups G that satisfy the 
conjecture). Unfortunately, the conjecture is not true for all groups: the known 
counterexamples are all related to the failure of G being exact in the sense of 
Kirchberg and Wassermann. In order to fix the conjecture, the main idea of Baum, 
Guentner, and Willett was to replace the reduced crossed-product functor by the 
smallest exact Morita compatible crossed-product functor (A, a) > A Xg,¢ G. Here 
Morita compatibility basically means that the construction preserves stabilisation 
which is needed to construct an E-theory descent used for the construction of a 
direct assembly map 


asic.) : Kx’ (G:A) > Kx(A ™a,8 G); 


exactness and Morita compatibility are both predicted on the level of K-theory by 
the conjecture, so are natural assumptions. The new conjecture asserts that this map 
is always an isomorphism. In fact, Baum, Guentner, and Willett show in [3] that 
several of the known counterexamples for the original conjecture satisfy the new 
conjecture and, so far, there are no known counterexamples for the reformulated 
conjecture. 

Motivated by the above described developments, the authors of this paper started 
in [9] a more systematic study of various functorial properties of exotic crossed- 
product functors (A, @) +> A Xg,,, G. Recall first that a correspondence between two 
C*-algebras A and B consists of a Hilbert B-module &g equipped with a left action 
@® : A — Lp) of A on Sz. In case of the universal or reduced crossed-products 
x, Or X;, respectively, it has been known for a long time that they are 


1. functorial for generalised homomorphisms in the sense that any G-equivariant 
*-homomorphism ® : A — .@(B) canonically induces *-homomorphisms 


@x,G:Ar%y,G> W(B™,, G), ifw=uorp=r. 


2. functorial for correspondences: This means that any G-equivariant A — B 
correspondence 6g admits a descent & x, G which is an A xX, G— Bg, G 
correspondence and this construction preserves composition of correspondences. 

3. functorial for Kasparov’s KK-theory: This simply means that there is a descent 
homomorphism 


fe : KK°(A, B) > KK(A Map GBxg,G), iff =uorp =r, 


which is compatible with taking Kasparov products. 


In Sects. 3-5 we give a survey of the general theory of exotic crossed products 
and, in particular, the results obtained in [9] in which we give characterisations 
of crossed products which enjoy strong functorial properties as described above. 
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As a sample, it turned out that functoriality for generalised homomorphisms is 
equivalent to the ideal property which asserts that for each G-invariant ideal J C A 
the inclusion 1 : J <> A descends to a faithful morphism i x, G : I x, G @ 
A x, G. Similarly, functoriality for correspondences is equivalent to the projection 
property which asserts that for every G-invariant projection p € .@(A) the inclusion 
t : pAp <> A descends to an inclusion : x, G : pAp x, G — A ™, G. Another 
useful characterisation of correspondence functors is functoriality with respect to 
G-equivariant completely positive maps, and as an application of this we show here 
as a new result that correspondence crossed products behave well with respect to 
taking tensor products with nuclear C*-algebras: If x,, is a correspondence functor, 
then 


(A ® B) Ma@idp.p G2(A Xo, G) @B 


for any nuclear C*-algebra B. As an application, we can show that under suitable 
assumptions it turns out that any crossed-product functor which is faithful in the 
sense that it does not send nonzero objects to {0} must dominate the reduced crossed 
product functor. This motivates the requirement that exotic crossed products lie 
between the maximal and the reduced ones. 

It is straightforward to see that the functors constructed by Brown-Guentner and 
Kaliszewski-Landstad-Quigg (which we shall call BG-functors or KLQ-functors, 
respectively) satisfy the ideal property. Moreover, all KLQ-functors are correspon- 
dence functors, but a BG-functor is a correspondence functor if and only if it 
coincides with the universal crossed-product functor. 

It was shown in [9] that every correspondence functor admits a descent in KK- 
theory. Adapting ideas of Cuntz and Julg-Valette from [11] and [23] this fact has 
then been used to show that for any K-amenable group in the sense of Cuntz and for 
any correspondence functor x,,, the canonical morphisms 


AxauG—>A Map G—-A™arG 


are KK-equivalences. In particular, this implies that for G = F,,, the free group in 
n generators, n € N U {oo}, all of the uncountably many different exotic group 
algebras Ci (F;,) corresponding to nontrivial G-invariant ideals E C B(G) are KK- 
equivalent. The result would be false without the assumption that EF is an ideal, and 
indeed it is crucial for us that an exotic group algebra is of the form C ™, G fora 
correspondence functor x, if and only if it is of the form C#(G) for a G-invariant 
weak*-closed ideal E in B(G). 

We also report on the result that the minimal exact Morita compatible functor 
x¢ coincides, at least on separable systems, with the minimal exact correspondence 
functor xg, ,.,, whose existence is shown in [9]. Hence our results allow one to use 
the full force of Kasparov’s equivariant KK-theory for the study of the reformulated 
Baum-Connes conjecture. 

In the remaining sections (Sects. 6-8) we report on some new results about the 
relation of crossed-product functors of a group G with crossed-product functors 
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of closed subgroups H of G. Based on Green’s imprimitivity theorem we give a 
procedure of restricting crossed-product functors from G to H. Conversely, given 
a crossed-product functor =, for H, we describe two different ways to assign 
a crossed-product functor for G to it: one is the induced functor nq, and one 
is the extended functor x,x;,. All these constructions preserve the ideal property 
(hence functoriality for generalised morphisms) and send correspondence functors 
to correspondence functors. Restriction and extension preserve exactness in general, 
but this can fail for induction. After introducing the restriction, induction and 
extension procedures in Sect. 6 we show in Sect. 7 that the restriction of the minimal 
exact correspondence functor x &%, of G to a closed normal subgroup N of G 
always coincides with the minimal exact correspondence functor én, of N. 
Using results of Chabert and Echterhoff from [10] this implies that the ‘validity of 
the reformulated Baum-Connes conjecture for G always passes to closed normal 
subgroups N C G. Another result in this direction (obtained in Sect. 6), shows that 
for a cocompact closed subgroup H C G the induction of x el, t0 G coincides 
with Xo. 

Finally, 1 in Sect. 8, we close this paper with some questions and remarks related 
to induction, restriction and extension in connection with more general permanence 
properties of the reformulated Baum-Connes conjecture. Unfortunately, so far it 
seems that we have more questions than solutions! 


2 Exotic Group Algebras 


Let G be a locally compact group equipped with a fixed left invariant Haar 
measure. We are interested in C*-algebras connected to strongly continuous unitary 
representations u: G > WY(#) of G, which we call simply representations of G. 
Let C.(G) denote the space of continuous, compactly supported, complex-valued 
functions on G, which is a *-algebra when equipped with the product and involution 


Sf * g(t) = [foo ds and f*():= A() fC), 


where A : G — (0,00) is the modular function. Any representation u : G > 
UW (#) integrates to a *-representation u : C.(G) > £() defined by 


iu(f) = i f(s)us ds. 


In what follows we shall usually omit the tilde in our notations, thus using the same 
notation for the unitary representation u and its integrated form. 

The following two completions of C,(G) are intimately tied to the representation 
theory of G, and for this and other reasons have been widely studied. 
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Definition 2.1 The universal group algebra C;(G) is the completion of C.(G) with 
respect to the norm 


| fllu := sup{||u(f)|| : uw a representation of G}. 


Let A: G—> Y(L7(G)) be the left regular representation: A,(&)(t) := &(s~'t). The 
reduced group algebra C* (G) is the completion of C.(G) with respect to the norm 


fll: = IAI. 


Remark 2.2 As every C*-algebra A admits a faithful nondegenerate representation 
on some Hilbert space, every strictly continuous homomorphism u:G > WY. (A) 
integrates uniquely to a nondegenerate *-homomorphism C*(G) — -@(A). 
Conversely, every such homomorphism is the integrated form of a representation 
of G and this universal property characterises C*(G) up to isomorphism. 


Definition 2.3 A group algebra C/(G) is any C*-algebra completion of C.(G) for 
a C*-norm || - ||,, such that for all f € C.(G) 


IFllo = fll = I Flle- 


A group algebra C7 (G) is exotic if ||-||,, is not equal to either the maximal or reduced 
norms. 


It is perhaps not immediately clear that interesting examples exist! There have 
been two recent approaches to this in the literature that we discuss below, the first 
due to Brown and Guentner [4], and the second due to Kaliszewski, Landstad, and 
Quigg [24, Section 3]. We first discuss the construction of Brown-Guentner, and 
then describe theorems of Okayasu and Wiersma that show that the theory of exotic 
group algebras is very rich. 


Definition 2.4 Let D be a set of complex-valued functions on G. A representation 
u:G—> UY(#) of Gis called a D-representation if there exists a dense subspace 
HO of H such that for all &,7 € #4, the matrix coefficient 

G>C, gt (&,ugn) 
is in D.' Define a C*-seminorm on C,(G) by 


lf \lo.a¢ := sup{||u(f)|| | ua D-representation}, 


and then define C7, ,,(G) to be the Hausdorff completion of C,(G) for the seminorm 
Il + lloec. 


‘We always assume inner products on Hilbert spaces to be linear in the second variable. 
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Remark 2.5 


1. In the original version of their definition [4, Definition 2.2], Brown and Guentner 
work only with discrete groups, but their definition extends in an obvious way 
to all locally compact groups as already pointed out by Wiersma [36, Section 
3]. They moreover assume that D is an algebraic ideal in the space /°°(G); 
this is important for their applications. It is clear, however, that the definition 
makes sense without these additional assumptions; we left them out as the extra 
generality seems harmless, and is occasionally useful. 

2. Let B(G) denote the Fourier-Stieltjes algebra of G: the space of all matrix 
coefficients of G, which turns out to be a *-algebra of bounded functions on 
G for the natural pointwise operations; we will have more to say on this below. 
The C*-algebra C7, g4(G) clearly only depends on the intersection DM B(G). It is 
often convenient to pass to this intersection as it is the algebraic and topological 
properties of DM B(G) as a subset of the algebra B(G) that are really relevant 
for the structure of Cj p¢(G). For example, when Brown and Guentner use that 
D is an ideal in /°°(G) for certain of their applications, what is really relevant is 
that DN B(G) is an ideal in B(G); the latter is a strictly weaker property. On the 
other hand, the passage from /°°(G) to B(G) also loses some concreteness, as it 
is generally difficult to tell when a given function is in B(G). 

3. The completion Cj gg(G) is a group C*-algebra in our sense if and only if ||-||p.c 
dominates the reduced norm. For this, it is sufficient (for example) that D contains 
all compactly supported functions in B(G). 


We now turn to a natural class of examples based on decay of matrix coefficients. 
For p € [1, 00), write C; (G) as shorthand for C7, (¢) gg(G). Note that if p < q then 
L?(G) N B(G) © L(G) NM B(G) and thus the identity map on C,(G) extends to a 
surjective *-homomorphism 


C*(G) > C*(G). (2.1) 


The following theorem is due to Okayasu for F [32] and Wiersma for SL(2, R) 
[36]: it shows in particular that the construction above gives rise to many interesting 
exotic group algebras. 


Theorem 2.6 Say G is either the free group F2 on two generators, or SL(2, R). Let 
D > q = 2. Then the canonical quotient map in line (2.1) above is not injective. 


Remark 2.7 


1. All the C*-algebras C)(SL(2,R)) for p € (2,00) are in fact abstractly 
isomorphic, as one can see by combining Wiersma’s analysis [36] with Milicic’s 
description of the structure of C*(SL(2, R)) [31]. We do not know if CG (F2) is 
abstractly isomorphic to CA (F2) for any distinct p, g in (2, oo). 

2. The key ingredients in the proof of Theorem 2.6 are quite deep facts from 
harmonic analysis: for F the result relies on Haagerup’s study of C*(F2) in [18], 
while for SL(2, R) the proof relies on aspects of the Kunze-Stein phenomenon 
[30]. 
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3. The result of Okayasu extends to all (non-amenable) discrete groups that contain 
F) as a subgroup, and conceivably to all non-amenable discrete groups. However, 
Wiersma’s result certainly does not extend to all non-amenable connected groups. 
Indeed for any n > 2, it follows from results of Scaramuzzi [34, Theorem 
III.3.3] (see also the discussion in [19, Section V.3.3]) that if G = SL(n,R), 
then C> (G) = Cj(G) for all p,q € (n, 0). 


Having established that many interesting exotic group algebras exist, let us turn 
to the construction of Kaliszewski-Landstad-Quigg. This gives another perspective 
that will be especially convenient when we come to discuss exotic crossed products. 
In order to do this, we need a little more background on the Fourier-Stieltjes algebra 
B(G). Recall that B(G) consists of all matrix coefficients of G, that is, functions 
o¢:G— C of the form ¢(g) = (&, ugn) for some representation u: G > Y(#) 
and vectors €,n € #; note that elements of B(G) are necessarily bounded and 
continuous. Straightforward algebraic checks based on the fact that one can take 
direct sums, contragredients, and tensor products of representations show that B(G) 
is a *-algebra under the usual pointwise operations. Note also that B(G) is invariant 
under the G-actions on functions induced by the left and right translation actions of 
G on itself. For brevity, we say that a collection EF of functions on G is translation 
invariant if it is preserved by the actions on functions induced by the left and right 
translation actions of G on itself. 

There is a pairing between C,(G) and B(G) defined by 


ineis= [ fls)o(s)ds, f € C.(G).@ € BG). 


This clearly extends to a bilinear pairing between C*(G) and B(G). Moreover, it 
follows from the identification of unitary representations of G and *-representations 
of C*(G), together with the GNS construction, that this pairing identifies B(G) with 
the dual space C*(G)’ of C¥(G). We equip B(G) with the norm, and also weak* 
topology, coming from this identification. See [15] for more information on B(G). 

Let now Y (.@(C%(G))) be the unitary group of the multiplier algebra of C¥(G). 
There is a universal representation ug : G > &@(.4(C;(G))) defined on elements 
of C.(G) by 


(uc(Of)(s) =f(t"'s),  (fuc())(s) = f(s AE"). (2.2) 
The following lemma is straightforward to check directly; it is essentially the same 


as [24, Lemma 3.1]. 


Lemma 2.8 Let E be a subspace of B(G), and I := {a € CX(G) | (a,¢) =O Vode 
E} be its pre-annihilator. Then the following are equivalent: 


1. E is translation invariant; 
2. I is invariant under left and right multiplication by the image of G under uc; 
3. Tis an ideal in Cy (G). 
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Here then is the definition of Kaliszewski-Landstad-Quigg. 


Definition 2.9 Let E be a translation invariant subspace of B(G). Let /g be the pre- 
annihilator of E, which is an ideal by Lemma 2.8. Define a C*-algebra 


Cr xto(G) = C}(G)/Tr. 


This construction actually gives rise to all exotic group algebras (and indeed to 
all quotients of C*¥(G) if we do not impose further restrictions on E). To make this 
statement precise, recall that for us a group C*-algebra is essentially the same thing 
as a C*-algebra norm on C,(G) that dominates the reduced norm, and is dominated 
by the universal norm. If || - || is such a norm, write Ej. for the elements of B(G) 
that are continuous for that norm; conversely, if E is a translation invariant subspace 
of B(G), write || - |lz,xzo for the norm on CF x7,9(G) restricted to C,(G). Let B,(G) 
denote the elements of B(G) that are continuous for the reduced norm, so B,(G) 
identifies canonically with C*(G)’. It also coincides with the weak* closure of 
B-(G) := C-.(G) N B(G) in B(G) by [24, Lemma 3.9]. 


Proposition 2.10 The assignments 
Et |l-llexco,  Il-l  Eq 


define mutually inverse bijections between the set of weak* -closed, proper, transla- 
tion invariant subspaces of B(G) that strictly contain B,(G), and the set of exotic 
group algebra norms on C,(G). 


Proof Recall first that if X is any Banach space, then taking annihilators and pre- 
annihilators gives a bijective correspondence between closed subspaces of X and 
weak*-closed subspaces of the dual X’. Specialising this to X = C*(G) and using 
Lemma 2.8 gives a bijective correspondence between translation invariant weak*- 
closed subspaces of X’ = B(G) and closed ideals of C*(G). Specialising yet further 
gives a bijective correspondence between the weak*-closed, proper, translation 
invariant subspaces of B(G) that strictly contain B,(G), and the closed nonzero 
ideals in C*(G) that are strictly contained in the kernel of the canonical quotient 
map C*(G) — C(G). The latter are clearly in bijective correspondence with 
C*-semi-norms on C*(G) that restrict to exotic group algebra norms on C,(G) by 
associating an ideal to the corresponding quotient norm and vice versa. Following 
these correspondences through gives the result. oO 


It is worth noticing that by [24, Lemma 3.14] the condition B,(G) C E is 
automatic, if E is a non-zero weak* closed translation invariant ideal in B(G). 

For a translation invariant space D of functions on G containing B.(G) = B(G)N 
C.(G) it is asserted in [24, Lemma 3.5] that Cp gg(G) = Cz xxo(G) if we define 
E := DMB(G). However there seems to be a gap in the proof of [24, Lemma 3.5] and 
it is not clear to us whether the conclusion of that lemma holds. So our next goal is 
to clarify the relationship between the Brown-Guentner and Kaliszewski-Landstad- 
Quigg constructions. We denote by P(G) the collection of continuous positive type 
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functions on G, which is a cone in B(G). The following proposition is closely related 
to [36, Propositions 4.1 and 4.3]. 


Proposition 2.11 Say D is a translation invariant subspace of the vector space 
of complex-valued functions on G. Then E := span(D M P(G)) is a translation 
invariant subspace of Ae Moreover, the identity map on C,(G) extends to an 
isomorphism Ch gg(G) = Cr x1g(G). 


Proof As P(G) is contained in B(G), it is clear that EF is a subspace of B(G); we 
must show that it is translation invariant. We will focus on the left action; the case 
of the right action is similar. 

For a function ¢ : G > C ands € G, write ,¢ for the left-translate defined by 
so: t> (s_!), and ¢; : t+ (ts) for the right translate. It suffices to show that 
if 6 € P(G)N Dands € G, then s@ is in E. As ¢ is in P(G), we may write 


b(t) = (&, we) 


for some representation u: G> Y(#/) and é € #. It follows that 


3 
(0) = (Bsik) = (ugk. mk) = 7 Blk + BE, ule + #8) 
k=0 


Write oi (t) = (usE + HE, u,(usé + iKE)); as each gy is in P(G), it suffices to show 
that each is in D. Note, however, that 


Put) = (usE, urls&) + (us, uE) +E, usé) + (E, m8) 
= shs(t) + EO) +79.) + 00, 
and so ¢,; is in D because D is translation invariant. 


To see that the identity map on C,(G) induces an isomorphism C7 p4(G) = 
Cz xio(G), it suffices to check that 


Iz = ( \{kernel(u :Ci(G) > L(H)) |u: G> U(H) a D-representation} 


Say first a € Iz, and letu: G > W(#) be a D-representation with associated 
dense subspace .% giving rise to a dense set of matrix coefficients in D. Then for 
any €§ € .#%, if b(s) = (&, us&) then ¢ is in DM P(G) C E and we have that 


(§, u(a)é) = (a, ¢) = 0. 


As .% is dense, this forces (yn, u(a)n) = 0 for all 7 € #, and thus a to be in the 
kernel of (the integrated form of) u. Hence 


Ip Cc ( \{kernel(w : Ci(G) > L(H)) |u: G> Y(H) a D-representation}. 
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For the converse inclusion, say a € C*(G) \ Ig. Then there is an element ¢ of 
E such that (a,@) 4 0. As E is spanned by DM P(G), we may assume moreover 
that ¢ is in DM P(G). Let (u, #, &) be the GNS triple associated to ¢, and note that 
u:G—> WY(#) is a D-representation: indeed, since D is translation invariant we 
may take # = span{u,& | s € G}. Hence (&,u(a)&) = (a,¢), which is non-zero, 
and thus a ¢ kernel(u : C¥(G) > 2(#)). Oo 


Corollary 2.12 Let E C B(G) be a translation invariant subspace of B(G). Then 
the following are equivalent: 


1. Eo = span(E N P(G)) is weak* dense in E. 
2. The identity map on C,(G) extends to an isomorphism Cp gg(G) = CE x19(G). 


Proof It follows from the definition of KLQ-group algebras together with Proposi- 
tion 2.10 that CE. ¢9(G) = Ce x19(G) if and only if the weak* closures of Eo and 
E coincide. Combining this with Proposition 2.11 gives the equivalence of (1) and 
(2). Oo 


At the time of writing we do not know whether span(E M P(G)) is weak* dense 
in E£ for all translation invariant subspaces of B(G), but it seems likely that there are 
counter examples. The following lemma gives some results: 


Lemma 2.13 Suppose E C B(G) is a translation invariant subspace which satisfies 
one of the following conditions: 


1. E is closed with respect to the supremum-norm on B(G) C C;(G). 

2. E is closed in the norm on B(G) coming from identifying B(G) with the dual 
space C*(G)’. 

3. E is weak* closed. 


Then the identity map on C,(G) extends to an isomorphism CF gg(G) = CF x1o(G). 


Proof We show that in all three cases every element in F can be written as a linear 
combination of positive elements in E. Having done this, all three cases then follow 
from Proposition 2.11. For this let s > (s) = (&,us7) be a nonzero element 
of E for some unitary representation uu : G > W(#). By passing to HH = 
Span(u(G)&) N span(u(G)n) and the images of &, 7 under the orthogonal projections 
to , if necessary, we may assume without loss of generality that both vectors £, 
are cyclic vectors for u. Approximating € by elements in span(u(G)n) and observing 
that (s > (€,usn’)) € E for any 7’ € span(u(G)n) by translation invariance of E, it 
follows from any of the conditions (1), (2), (3) that (s H (€,u,&)) € E, and a similar 
argument gives (s +> (7,uUs7)) € E. But then every summand in the polarisation 
identity 


DoE + En, us(E + En) 


k=0 


(§, Us) = 


lies in E. This finishes the proof. Oo 
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Example 2.14 The above lemma applies to Ey := Co(G) M B(G), which is closed 
in B(G) under || - ||oo. We do not know whether the conclusion of the above lemma 
applies to Dy := L?(G) N B(G), so we do not know whether C>(G) = Cp, ag(G) 
equals Cp, xio(G). However, if we replace D, by E, := span(L’?(G) M P(G)) we 
get G (G) = CE, xio(G). 


Convention 2.15 In what follows we shall often use the notation “C;(G)” for the 
KLQ group algebra attached to E. Recall that we have C7,(G) = CHG) if E denotes 
the weak* closure of E in B(G). We shall be careful to write Cz ,,(G) whenever we 
want to talk about the BG-group algebra attached to E in cases where it does not 
obviously coincide with CZ (G) by any of the above results. 


Remark 2.16 It will be relevant to us that algebra properties of EF are reflected 
in coalgebra properties of C;(G). The basic result in this direction is due to 
Kaliszewski, Landstad and Quigg [24, Corollary 3.13 and Proposition 3.16]. To 
describe it, let ug : G > W(-(C}(G))) be the universal representation of G as in 
line (2.2) above. Define the comultiplication homomorphism 


8: C}(G) > M(Cy(G) ® CVG) 
to be the integrated form of the diagonal representation s > ug(s) ® ug(s), which 


exists by Remark 2.2. Consider the following diagram, where the horizontal arrows 
are induced by the canonical quotients: 


Cu(G) Ci(G) Cz (G) 


| | 
6 | | 
Y Y 


M(Cy(G) @ Ci(G)) —> (CG) @ CG) —> (CEG) ® C7(G)). 


Then E is a subalgebra of B(G) if and only the rightmost dashed arrow can be filled 
in; and E£ is an ideal in B(G) if and only if the central dashed arrow can be filled in. 


We close this section with three theorems which show that exotic group C*- 
algebras allow new characterisations of classical notions from non-abelian harmonic 
analysis. For discrete groups, these results can be found in [4, Sections 2 and 
3], although (1) if and only if (2) from Theorem 2.17 is much older, and due 
to Hulanicki [21]. The general cases can be proved by slight elaborations of the 
arguments given there: see also [22] for the result on the Haagerup property in the 
general case. 


Theorem 2.17 The following are equivalent: 


1. Gis amenable; 
2. C.(G) N B(G) is weak* dense in B(G), i.e. CX (G) = C*(G); 
3. E, = span(L?(G)NP(G)) is weak* dense in B(G) for some p < 00, i.e. CX(G) = 
C*(G). 
P 
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Theorem 2.18 The following are equivalent: 


1. Ghas the Haagerup approximation property; 
2. Eo := B(G) M Co(G) is weak* dense in B(G), i.e. C}(G) = Cz, (G). 


The proof can be done as the proof of Corollary 3.4 in [4], where a similar 
result is shown for discrete G and Coa@)eo(©)- By Example 2.14 we know that 
this algebra coincides with Cz, (G). The third theorem is about property (T): 


Theorem 2.19 The following are equivalent: 


1. Ghas property (T); 

2. If E is a translation invariant ideal of B(G) such that Ey := span(E M P(G)) is 
weak* dense in B(G), then E = B(G); 

3. If E is a translation invariant ideal of B(G) such that C}(G) = Cz gg(G), then 
E = B(G). 


Proof The equivalence between (2) and (3) follows from the above discussions, 
since Cr gg(G) = Cz,(G) = C;,(G) equals C*(G) if and only if Ey = B(G), where 
Ep denotes the weak* closure of Eo. 

An analogue of the equivalence between (1) and (3) has been shown for discrete 
G in [4, Proposition 3.6], but with B(G) replaced by °° (G). The proof of the general 
case follows along similar lines: Assume that G has property (T) and let E be a 
translation invariant ideal of B(G) such that Cf gg(G) = Cj} (G). Then there exists 
a faithful E-representation u: G > Y(#), e.g., take the direct sum of all GNS- 
representations attached to elements in E M P(G). Then 1g is weakly contained in 
u, and therefore, by property (T), 1g is a subrepresentation of u. Hence there exists 
aunit vector € € # such that u,é = & for all s € G. Since uw is an E-representation, 
there exists a sequence (&,,) of unit vectors in .# which converges to & and such that 
St> by(s) = (En, UsEn) lies in EM P(G) for all n € N. It follows that ¢, — 1g in the 
norm topology of B(G). Since B(G) is a Banach algebra, it follows that E M P(G) 
contains an invertible element of B(G). Thus E = B(G). 

For the converse direction we can use the same arguments as given in the proof 
of [4, Proposition 3.6]. oO 


3 Exotic Crossed Products 


More details on the standard material on universal and reduced crossed products in 
this section can be found in [12], [14, Appendix A], and [35]. 

Let (A, a) be a G-C*-algebra, i.e. A is a C*-algebra equipped with a homomor- 
phism @ from G to the *-automorphisms of A such that the map s > a@(a) is (norm) 
continuous for all a € A. The natural class of representations of (A, a) are covariant 
pairs: pairs (7, u) consisting of a *-representation of A and a (unitary) representation 
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of G on the same Hilbert space .# that satisfy the relation 
Us 1 (a)Us = 1(a;(a)) (3.1) 


foralla € Aands €G. 
Let C.(G,A) denote the space of norm continuous, compactly supported func- 
tions from G to A, equipped with the *-algebra operations: 


f* g(t) = [forte ds and f*(1):= A(t) 'a,(f(t"'))*. 


Note that any covariant pair (7, u) integrates to a *-representation 2 xu of C.(G, A) 
via the formula 


nu(f) = [ r(f (5) us ds. 


It will be useful for later purposes to note that this generalises to actions on 
Hilbert modules and multiplier algebras in a natural way. Precisely, if & is a 
Hilbert B-module then a covariant pair (,u) for (A,@) on & consists of a *- 
representation z : A > &(&) from A to the adjointable operators on &, and 
a (strongly continuous, unitary) representation u : G > W(é&) from G to the 
group of unitary operators on & satisfying the compatibility relationship in line (3.1) 
above. Regarding a C*-algebra D as a Hilbert module over itself, the isomorphism 
M(D) = £(D) shows that covariant representations into multiplier algebras with 
strongly continuous unitary part are special cases of covariant representations on 
Hilbert modules. 

Analogously to the case of group algebras, the following two completions of 
C.(G, A) have been very widely studied. 


Definition 3.1. The universal completion A xy. G is the completion of C.(G, A) 
with respect to the norm 


| fllu <= sup{||z x u(f)|| : (st, uw) a covariant pair}. 


Let z be the representation of A on the Hilbert A-module L7(G, A) defined by the 
formula (s(a)&)(s) = a,-i(a)&(s). Let A ® 1 be the representation of G on this 
Hilbert module defined by ((A ® 1),£)(s) = &(t7's). These representations define a 
covariant pair (zr, A @ 1) on the Hilbert module L(G, A). 

The reduced crossed product Ay _,G is, by definition, the completion of C.(G, A) 
for the norm 


fll: = |x x AB DAI. 


The universal crossed product has the universal property that any covariant pair 
(zr, u) with values in a Hilbert module & (in particular, in a Hilbert space) for (A, a) 
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integrates to a *-homomorphism 
TXyU:AXyyG> L(E) 


to the bounded (adjointable) operators on the Hilbert space (module) and, con- 
versely, that every nondegenerate *-representation o of A xq. G is the integrated 
form of some (nondegenerate) covariant representation: There is a universal covari- 
ant representation (t4, 4c) of (A, G) into “(A xy, G) such that o = a x u with 
=o 0l, andu =o 0 lg. On the level of C.(G, A) the universal covariant pair is 
given by the formulas 


ta(a)f(s) = af(s), taf (s) = a f(s). (3.2) 


Analogously to the group case, an exotic crossed product is roughly a completion 
of C.(G,A) for a norm between the maximal and reduced norms. Motivated by 
both examples and applications, it seems reasonable to ask for some compatibility 
between such exotic crossed products as A varies. The minimal reasonable require- 
ment here seems to be compatibility with *-homomorphisms (we will discuss some 
stronger requirements later): to make this precise, note that if @ : A > Bis a G- 
equivariant *-homomorphism then the function 


¢ x. G:C.(G,A) > C.(G,B), frdgof (3.3) 


is a *-homomorphism, and moreover, the assignment ¢@ +> @ x, G is functorial. 


Definition 3.2 A crossed product is an assignment to each G-C*-algebra (A, a) of 
acompletion A ™y,,, G of C.(G,A) for a C*-norm || - ||,, such that: 


1. for all f € C.(G,A), 


fllu = fle = UW flles 


2. for any equivariant *-homomorphism ¢ : (A, a) > (B, 6) the *-homomorphism 
o x. G of line (3.3) extends to a *-homomorphism 


bx, Gi: Arg, G> Bg, G. 


A crossed product is exotic if the associated norm differs from the maximal and 
reduced norms (on at least one G-C*-algebra each). 


Thus a crossed product is a functor from the category of G-C*-algebras 
and equivariant *-homomorphisms to the category of C*-algebras and *- 
homomorphisms that sits between the universal and reduced completions in some 
sense. One might wonder why we only consider completions of C.(G, A) by norms 
|| - ||. which dominate the reduced norm ||- ||-. We come back to this point in Sect. 4.4 
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There are natural extensions of both the Brown-Guentner and Kaliszewski- 
Landstad-Quigg exotic group algebra constructions to exotic crossed products. Here 
is the Brown-Guentner construction. 


Definition 3.3. Let Ci(G) be a group C*-algebra as in Convention 2.15, and (A, «) 
a dynamical system. The Brown-Guentner crossed product A Xq.z,, G (for short: 
BG crossed product) is the completion of C,(G, A) for the norm 


| fllego t= sup{||z  u(f)|| | (, u) a covariant pair such that u extends to Cz(G)}. 


In order to define the Kaliszewski-Landstad-Quigg construction of crossed 
products, we need a little more notation. Let (t4, tg) be the universal covariant 
representation of (A,G) into .4@(A xo. G) as in line (3.2) above. Let ug:G > 
Md (C*(G)) be the universal representation of G as in line (2.2) above (that is, ug 
coincides with ig : G > WMC y G) if we identify C¥(G) with C =, G). Then 
the maps 


4 @1:A> AWA Xun G® C*(G)), 1g @ug: G> UM(A Xen G ® Ci(G)) 


define a covariant pair for (A,q@) (here and throughout the rest of the paper, 
“@” denotes the spatial tensor product of C*-algebras). The integrated form of 
this covariant pair (which exists by the universal property of A xq, G) is a *- 


homomorphism 
& >A Xan G > M(A Xun G ® CF (G)) (3.4) 


called the dual coaction associated to (A, a). 


Definition 3.4 Let Cz(G) be a group C*-algebra, and (A, a) a dynamical system. 
Let gz : Ci (G) > C;(G) denote the canonical quotient map, and let 


id ® qx: M(A Xan G® C*(G)) > MA Xan G® Cx(G)) 


denote the extension of the canonical tensor product *-homomorphism to the 
multiplier algebras. 

The Kaliszewski-Landstad-Quigg crossed product A Xw,£x,. G is the completion 
of C.(G, A) for the norm 


IIflléxo = ||Gd @ gz) o &(f)I). 


The properties of the BG and KLQ crossed products that we will use are recorded 
below. We will discuss some more properties of these functors in the next section. 
Proofs of these results (in a slightly different form) and other basic facts about BG 
and KLQ crossed products can be found in [3, Appendix A], [24, Section 6], and [6, 
Section 5]. 
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Proposition 3.5 Let C7(G) be an exotic group algebra. The following facts hold 
for the associated BG and KLQ crossed products. 


1. The BG and KLQ crossed products are both functorial for equivariant *-homo- 
morphisms, and in particular are crossed products in the sense of Definition 3.2. 

2. The correspondences E +> gy, and Mpg, t® (C zy, G)! are mutually 
inverse bijections between the collection of all BG functors and all weak*- 
closed translation invariant subspaces of B(G) that contain B,(G). In particular, 
CE, G identifies with Ci (G) via a *-isomorphism that extends the identity map 
on C,(G). 

3. The correspondences E +> XEx,9 aNd XE 9 +> (CMEx19 GY’ are mutually inverse 
bijections between the collection of all KLQ functors and all weak*-closed 
translation invariant ideals in B(G) that contain B,(G). In particular, for any 
group C*-algebra C;(G), C MExz9 G identifies with Cir) (G) via a*-isomorphism 
that extends the identity map on C.(G), where (E) is the weak* -closed ideal in 
B(G) generated by E. 


In the next section, we will study functorial properties of the BG and KLQ 
crossed products in much more detail. 

We conclude this section with some rather unnatural examples that are useful for 
constructing crossed products with ‘bad’ properties. For yet another construction of 
exotic crossed products, see [9, Section 2.4 and Corollary 4.20]. 


Example 3.6 Let Y bea collection of G-C*-algebras. For any G-C*-algebra (A, @), 
define a seminorm on C,(G, A) by 
Il f\l.7.0 := sup{|| xe G(f)|lu : & € Morg(A, B) for some B € .7}, 


where Morg(A, B) denotes the set of G-equivariant *-homomorphisms A > B. We 
then define a norm on C,(G, A) by 


If lly = maxi flr, If ll-7.0- 


If A Xq.7 G is the associated completion, then the assignment (A,@) b A Xq.7 G 
is a crossed product functor (see [9, Lemma 2.5]). 


4 Properties of Crossed Products 


We start this section by discussing some strong functoriality properties that a crossed 
product functor can have and give some useful characterisations of these. We then 
discuss some applications to K-theory computations, duality theory and tensor 
products. We also discuss in Sect. 4.4 “pseudo crossed products’, which are certain 
quotients of the full crossed product that do not necessarily lie above the reduced 
crossed product. 
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Before we start stating the properties of interest, we need to give a brief discus- 
sion about crossed products of G-equivariant Hilbert modules and correspondences. 
If (B, B) is a G-algebra and & is a Hilbert B-module, then a compatible action of G 
on & is a strongly continuous homomorphism y : G > Aut(&) such that 


Ys(xb) = ys(x)Bs(b) and (ys(x), ys(y)) = Bs((x, y)), 


for allx,y € E,a¢ Aands € G.If(A,a) A xy, G is an exotic crossed-product 
functor we may extend this functor to equivariant Hilbert modules as follows: If 
(&, y) is a G-equivariant (B, 8) Hilbert module as above, then there is a well-known 
canonical C,.(G, B)-valued inner product on C,.(G, &) together with a compatible 
right module action of C.(G, B) on C,(G, &) given by 


(xly)cea() = i Bs ((x(s) [y(s)) ads, (x g)() = [ x(s)B,-1 (p(s 't)) ds 


for x,y € C.(G,&) and gy € C.(G,B). If we regard C,(G, B) a subalgebra of 
Bx, G, we obtain a norm ||x||,, = ||(x|x) ||, on C.(G, &). The actions and inner 
products then extend to the j-completions so that we obtain a B xz, G-Hilbert 
module & x), G. 

If (A, @) is another G-algebra, then a G-equivariant (A, a) — (B, B) correspon- 
dence is a triple (&, y, @) in which (&, y) is a G-equivariant (B, 6)-Hilbert module 
and @ : A > L(E) is an a — Ady-equivariant *-homomorphism (possibly 
degenerate). There is a category Cort(G) in which the objects are G-C*-algebras and 
the morphisms are equivalence classes of (A, a) — (B, 6) correspondences, where 
(6, y,b) ~ (6", y’, ¢’) if there is an isomorphism $(A)& ma o'(A)&" of Hilbert B- 
modules commuting the left actions of A. Composition of correspondences is given 
by taking internal tensor products 


(e, Y, PF, v, a) = [(e @B Fy ® vio ® 1)). 


We write Corr := Corr({e}) for the correspondence category of the trivial 
group {e}. Isomorphisms in the correspondence categories are precisely the Morita 
equivalences, i.e. correspondences where ¢ : A > &(&) induces an isomorphism 
A = .#(&). Correspondence categories have been studied extensively in the 
literature (e.g. see [14]), where usually the homomorphisms ® : A > Y(&) are 
assumed to be nondegenerate. But notice that every correspondence in our sense 
is equivalent to a nondegenerate correspondence, so the resulting categories are 
equivalent. 


Definition 4.1 Let (A, a) — A™,,,,G be a crossed-product functor. This functor: 


1. extends to generalised homomorphisms if for any (possibly degenerate) G-equi- 
variant *-homomorphism ¢ : A > .@(B) there exists a *-homomorphism 


ox», G:Ax, G> M(B x, G) 
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which is given on the level of functions f € C.(G,A) by f +» ¢ of in the sense 
that @ x, G(f)g = (¢ of) * g for all g € C.(G, B); 

2. has the ideal property if for every G-invariant closed ideal in a G-algebra A, the 
inclusion map t : J <> A descends to an injective *-homomorphism t x, G : 
Ix,GC Ax, G; 

3. is strongly Morita compatible if for every G-equivariant (A, a) — (B, B) equiva- 
lence bimodule (@’, y), the left action of C.(G, A) on C.(G, &) given by 


($x G(x) = i $(£(9))ys(a(s7'2)) ds 


extends to an action of A xg, Gon & y,,, G such that & »,,, G becomes an 
A xX, G— B xg ,, G equivalence bimodule; 

4. is a correspondence functor if for every G-equivariant (A,a@) — (B, B) corre- 
spondence (&, y, @), the left action of C.(G,A) on C.(G, &) above extends to 
an action @ x, G of A Xq,, Gon & Xy,, G such that (@ xy, G,@ x, G) becomes 
an A xy, G— Bg, G correspondence; 

5. has the (full) projection property if for every G-algebra A and every G-invariant 
(full) projection p € .@(A), the inclusion 1 : pAp <> A descends to a faithful 
homomorphism t x,, G : pAp Mo, G > A Mon G; 

6. has the (full) hereditary-subalgebra property if for every (full) hereditary G-in- 
variant subalgebra B of A, the inclusion 1 : B — A descends to a faithful map 
UX, G: By. GA Xap G; 

7. has the cp map property if for any completely positive and G-equivariant map 
go: A — B of G-algebras, the map 


C.(G,A) > C.(G,B), froof 


extends to a completely positive map from A x,,,, G to B xg ,, G. 


Remark 4.2 Of course, it follows from the requirements for a correspondence 
functor x,, that it extends to a functor x, : Corr(G) — Cort, and similarly a 
functor with the cp map property extends to a functor from the category of G-C*- 
algebras and equivariant completely positive maps to the category of C*-algebras 
and completely positive maps. 


We now record the relationships between these various properties. Proposi- 
tion 4.3 is proved in [9, Section 3], and Theorems 4.4 and 4.5 in [9, Section 4]. 


Proposition 4.3 The following are equivalent for a crossed product functor: 


1. the ideal property; 
2. extension to generalised morphisms. 


www.TechnicalBooksPDF.com 


80 A. Buss et al. 


Theorem 4.4 The following are equivalent for a crossed product functor: 


1. strong Morita compatibility; 
2. the full hereditary subalgebra property; 
3. the full projection property. 


Theorem 4.5 The following are equivalent for a crossed product functor: 


. being a correspondence functor; 

. the projection property; 

. the hereditary subalgebra property; 

. the cp map property; 

. having the properties in Theorem 4.4 and Proposition 4.3. 


MAK wWNHN 


The properties of BG and KLQ functors listed below are proved in [9, Sections 
4 and 5]. 


Example 4.6 The BG crossed product associated to a group algebra CZ(G) always 
has the ideal property. It is strongly Morita compatible if and only if it is a 
correspondence functor, if and only if the canonical quotient map C7 (G) —> Cz(G) 
is an isomorphism. 


Example 4.7 KLQ crossed products are always correspondence functors, and thus 
have all the properties considered above. It is conceivable that all correspondence 
functors are KLQ functors. This seems unlikely, however, partly as there is a 
construction of correspondence functors that are not obviously KLQ functors: see 
[9, Section 2.4 and Corollary 4.20]. 


On the other hand, the ideal property does not always hold, as the following 
example shows. 


Example 4.8 Let consist of Co(0, 1] equipped with the trivial action, and apply 
the construction of Example 3.6 for this 7. Then the inclusion Co(0, 1] > C[0, 1] 
of trivial G-algebras does not induce an injection on crossed products for any non- 
amenable G. 

We do not, however, know if there are strongly Morita compatible crossed 
products without the ideal property (we guess the answer is yes, by an elaboration 
of the above, but the details are currently elusive). 


The following theorem is one of the main applications [9, Section 6] of our 
correspondence functor machinery; it can be regarded as another good functoriality 
property of correspondence functors. 


Theorem 4.9 Say (A,a@) +> A Xa, G is a correspondence functor. Then there 
exists a descent functor x, : KK° — KK that agrees with x, on objects, and 
on morphisms coming from equivariant *-homomorphisms. 
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Moreover, if G is K-amenable, then the canonical quotients 
A Xou G—> A Xo, G > A Xa G 


are KK-equivalences. 


4.1 K-Theory of Exotic Group Algebras 


Corollary 4.10 Let G be a K-amenable group, and let E be a translation invariant 
algebraic ideal in B(G) which contains B.(G) = B(G)NC,(G). Then the canonical 
quotient maps 


Cy (G) > Ce go(G) > CAG), CG) > Cr xre(G@) > CG) 


are all KK-equivalences. 


Proof Using Theorem 4.9, it suffices to show that Cr z¢(G) and Cp ¢,o(G) are of 
the form C x,, G for some correspondence functor x,,. 

For Cz xr9(G), let E be the weak* closure of E in B(G), which is an ideal by 
weak* continuity of multiplication on B(G). Let x,, be the KLQ crossed product 


functor associated to CE xig(®): Proposition 3.5 part (3) implies that C x, G 


identifies with Ce es o®; however CG me 
definition of KLQ group algebras. 

For CF gg(G), let E be the span of P(G) NE, and let F be the weak*-closure of E. 
Then CE gg(G) = Cr xz9(G) by Corollary 2.12. As P(G) is closed under products 
in B(G) and every element in B(G) is a linear combination of elements in P(G), E 
is an ideal in B(G) and F is a weak*-closed ideal. Thus the result follows from the 
result for KLQ group algebras. Oo 


Example 4.11 Say G = F, or G = SL(2,R). Then G is K-amenable, so 
Corollary 4.10 implies that the uncountably many exotic group C*-algebras CG (G) 
from Theorem 2.6 are all KK-equivalent. 


(G) is clearly the same as C7 xz9(G) by 


Example 4.12 It is tempting from the above to guess that if G is K-amenable, then 
all exotic group algebras (or even crossed products) have the same K-theory. This 
is false: in fact any non-amenable group admits an exotic group algebra such that 
the canonical quotient C;(G) — C*(G) does not even induce an isomorphism on 
K-theory. This can be achieved by setting E = B,(G) @ Cl, for example. 

Compare also Remark 4.17 in this regard, which implies that Corollary 4.10 is 
in some sense the best possible result that can be deduced about K-theory of group 
algebras using our correspondence functor machinery. 
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4.2 Duality 


Definition 4.13 A crossed product functor »,, is a duality functor if there is a *- 
homomorphism @, making the diagram below commute 


A mau G — > MA Xan G® CHG) , 


, | 


A Moy G—--— > M(A Xa, G® Ci(G)) 


where & is the dual coaction of line (3.4) above, and the vertical maps are the 
canonical quotients. 


For the proof of the following theorem see [9, Section 6]. 
Theorem 4.14 Correspondence functors are duality functors. 


Remark 4.15 Let Ci (G) be a group algebra as in Convention 2.15. It is not difficult 
to see that the associated BG crossed product is a duality functor if and only if E is 
an ideal in B(G). In particular, it follows from Example 4.6 that Theorem 4.14 is not 
optimal. 


Remark 4.16 Note that every duality functor x,, admits a version of Imai-Takai 
duality: The homomorphism @,, is a coaction and there is a canonical isomorphism 
A May. G Me GZA® KH (L?(G)). We refer to [9, Section 6] for more details on 
this and to [8, 26] for results which show how duality techniques combined with 
Theorem 4.14 can be efficiently used to extend correspondence crossed-product 
functors to other categories like Fell-bundles over G or partial G-actions. 


Remark 4.17 If x,, is a duality functor and E is the dual space of C ™, G, thought 
of as a subspace of B(G), then C x,, G = Ci(G) carries a coaction of G and hence 
E is an ideal of B(G) by Remark 2.16. Combined with Proposition 3.5 part (3) and 
Example 4.7, it follows that an exotic group algebra CZ(G) is of the form C x, G 
for a correspondence functor ™,, if and only if the dual space of C;(G) is an ideal 
in B(G). 

In particular, the result of Corollary 4.10 is in some sense the optimal application 
of Theorem 4.9 to computing the K-theory of exotic group algebras. 


4.3 Tensor Products 


As an example of an application of Theorem 4.5 that does not appear in our paper 
[9], here we discuss the relationship of crossed products and spatial tensor products. 
In the next section, we will apply this to discuss the relationship between general 
crossed products and the reduced crossed product. 
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Let x,, be a crossed product for G, which is functorial for generalised morphisms. 
Let (A, a) be a G-C*-algebra, and let (B, id) be a trivial G-C*-algebra. Then there 
is an equivariant *-homomorphism A — -@(A ® B) defined by a Bh a @1l, 
and functoriality for generalised morphisms implies that this integrates to a *- 


homomorphism 
A Xo G—> M(A ® B) Magia. G). (4.1) 


Assume now moreover that either B or A X,,,, G is nuclear. Then as the natural 
*-homomorphism B > .@((A ® B) g@ia, G) commutes with the image of the 
*-homomorphism in line (4.1), our nuclearity assumptions give a *-homomorphism 


(A Xa, G) ®@ B> A ((A @ B) Xu@ia. G); 


checking on generators, it is not difficult to see that the image of this *-homomor- 
phism is in fact in (A @B) Xy@ia,, G, and thus we have a canonical *-homomorphism 


(A Xo, G) @ B= (A @ B) *y@iap G. (4.2) 


Definition 4.18 Let (A,a@) +> A xy, G be a crossed product functor which is 
functorial for generalised morphisms. The functor has the tensor product property 
if whenever B is a trivial G-C*-algebra and (A, a) is a G-C*-algebra such that one 
of B or A &,,,, G is nuclear, the map in line (4.2) above is an isomorphism. 


Since the map in line (4.2) is always surjective the tensor product property is 
equivalent to the injectivity of (4.2). 


Example 4.19 The BG functor associated to a group algebra C7(G) has the tensor 
product property. Indeed, we have already noted that BG functors are functorial for 
generalised morphisms. It suffices to prove that there is a faithful representation 
of (A Xu z,, G) ®B that extends to (A @ B) Xo@ia.z,; G. Now, by definition of the BG 
crossed product and the spatial tensor product, we may take a faithful z of the form 
(o x u) ® p for some covariant pair (o, u) for (A,qa) with u an E-representation, 
and p a representation of B. The desired extension is then the integrated form of 
(o ® p,u@ id), which is a covariant pair for A ® B with u @ id an E-representation. 


Remark 4.20 If Bis unital, then the discussion above makes sense without assuming 
that x, is functorial for generalised morphisms, and thus the map in line (4.2) makes 
sense for any unital nuclear B. At this level of generality, the map in line (4.2) can 
certainly fail to be an isomorphism, even for B = M2(C): use the construction in 
Example 3.6 with .Y consisting of M)(C) equipped with the trivial representation 
(9, Example 2.6]. 


Remark 4.21 On the other hand, the map in line (4.2) is always an isomorphism 
for unital and commutative B, and always an isomorphism for B commutative if x, 
is functorial for generalised homomorphisms [9, Remark 3.7 and Lemma 3.6] (it 
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is false for general commutative C*-algebras without assuming the ideal property: 
compare Example 4.8 above). 


Proposition 4.22 Correspondence functors have the tensor product property. 


Proof We must show that the map in line (4.2) is injective, so assume for 
contradiction that x is a non-trivial element of the kernel of the map above. Then 
there is a state @ on B such that the slice map 


LAr G &® cw) : (A Mau G) ® Bo A Aap G 


is non-zero on x. As the slice map 1, ®¢ : A @B — A is an equivariant completely 
positive map, the cp map property implies that it integrates to a map (14 @ ¢) *, G 
on the jz-crossed products. This gives rise to a diagram 


(A Ma, G) @B— (A ® B) Ma@id.u G 
| lLixy, p.G@o | (11@¢)™y,.G 


A May G SS AMa yy G, 


which commutes by checking on the dense subalgebra C,(G, A) @aigB. As the ‘right- 
down’ composition sends x to zero, and the ‘down-right’ composition does not, we 
have our contradiction. Oo 


4.4 Crossed Products and the Reduced Group C*-Algebra 


Throughout this paper, we only consider exotic group algebras and crossed products 
that dominate the reduced group algebra. Here we discuss the sort of degeneracy 
that can occur if one does not do this; some of the ideas underlying this section 
were pointed out to us by Joachim Cuntz. 

For the purposes of this subsection only, by a pseudo-crossed product functor we 
mean a functor that satisfies all of the conditions of Definition 3.2 except possibly 
that it does not dominate the reduced crossed product norm, and that possibly the 
norm ||- ||,, is only a semi-norm on C,(G, A) for some C*-algebras (A, a). Similarly, 
a pseudo group algebra is a C*-algebra completion of C.(G) that satisfies the 
conditions of Definition 2.3 except that possibly the norm || - ||,, does not dominate 
the reduced norm, and is only a semi-norm on C,(G). Note that the definitions of 
the BG and KLQ crossed products still make sense if we allow pseudo group C*- 
algebras as the input, but then give rise to pseudo crossed products. Note moreover 
that the definitions of functoriality for generalised morphisms, and of the tensor 
product property still make sense. 
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Lemma 4.23 Say x, is a pseudo-crossed product functor that is functorial for 
generalised morphisms, and such that the crossed product Co(G) Xz, G (where 
t is the left translation action) is non-zero. Then C x, G dominates the reduced 
group C*-algebra. 

If moreover *,, has the tensor product property, then x,, dominates x,. 


Proof From generalised functoriality, the unit inclusion C > -@(Co(G)) induces 
a *-homomorphism C ™, G > -@(Co(G) 7, G). If Co(G) x, G is non-zero, 
then it canonically identifies with .% (L?(G)) (the compact operators on L?(G)), as 
this is true for xy, and as .#(L7(G)) is simple. Thus .W@(Co(G) x, G) identifies 
canonically with Y(L7(G)). However, it is easy to see that the composition 


C xy, G > M(Co(G) Xr, G) = L(L’(G)) 


is the integrated form of the regular representation. 

Assume now that in addition x,, has the tensor product property. Then, for any 
G-C*-algebra the canonical inclusion A > .@(A ® Co(G)), at a @ | gives rise, 
by generalised functoriality, to a *-homomorphism 


A Xa G—> M((A ® Co(G)) Ma@r G). 


On the other hand, using the a ® t — id © t-equivariant *-automorphism @¢ of 
A ®Co(G) = Co(G, A) given by 6(f)(g) = a@,-1(f(g)) forf € Co(G, A), the tensor 
product property and the fact (as above) that Co(G) =z, G = # (L7(G)) gives 
M((A ® Co(G)) Ma@r,u G) = M((A &® Co(G)) Mid@r.p G) 
= MA ® (Co(G) Xr, G)) 
= M(A® #(L’(GQ)). 


It is not difficult to check that the composed map 
A Xan G> M(A® #(L*(G))) 


is induced by an integrated form of the regular representation. Oo 


A similar argument can be used for functors without the ideal property whenever 
G admits a unital C*-dynamical system (A,q@) such that the maximal crossed 
product A xy, G is simple. Indeed, say then x,, is a pseudo-crossed product. If 
A Xy, G is non-zero, then the canonical quotient map A xy, G — A q,,, G is 
an isomorphism (and similarly for the reduced crossed product); hence the unit 
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inclusion C — A induces a commutative diagram 


Cx, G <— Cx, G —+> Cx, G 


ff 


A Mgr G === AMqy G === AMQy, G 


from which it follows that the image of 
Cx, GA xy G 


is the reduced group C*-algebra. Hence C x, G dominates C*(G). Such an (A, «) 
exists whenever G is discrete and exact: indeed, one may take A = C(M) where M 
is a minimal subsystem of the Stone-Cech compactification of G, as discussed in 
(27, Sections 1.4—1.5], and apply the result of [1] combined with the fact that the 
action of G on M is amenable, and thus C(M) x, G = C(M) x, G [5, Theorem 
4.3.4]. Plausibly one could adapt such an argument to exact locally compact groups, 
but the necessary ingredients seem to be missing from the literature.” It is not known 
whether an A with the above properties can exist for non exact groups G. 


5 The Minimal Exact Correspondence Functor 


One of the main motivations for considering exotic crossed products is to better 
understand counterexamples to the famous Baum-Connes conjecture. The conjec- 
ture, with coefficients, in its original form claimed that a certain assembly map 


aS{gay 1 Kx” (G;A) > Kx (A ; G) 


should always be an isomorphism. We refer to [2] for the definition of the assembly 
map and the group Kx" (G;A). We will not try to summarise the conjecture here, 
but note that all known failures of the Baum-Connes conjecture for groups with 
coefficients [20] are essentially all down to failures of exactness as in the following 
definition. 


Definition 5.1 A crossed product functor ju is exact if for any short exact sequence 
of G-C*-algebras 


? Added in proof: these ingredients recently appeared for second countable G in a paper of Brodzki, 
Cave, and Li, arXiv. 1603.01829. 
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the corresponding sequence of crossed products 


0 ——+ Ix, G ——+ Ax, G —~> Bx, G —— 0 (5.1) 


is still exact. 


The universal crossed product is always exact, but infamous examples due to 
Gromov [17] (and recently given quite a satisfactory treatment by Osajda and 
others [33]) show that the reduced crossed product can fail to be exact for some 
groups. Groups for which the reduced crossed product is exact were first studied 
by Kirchberg and Wassermann [28], who called them exact groups. The class of 
exact groups includes many interesting classes of groups, such as almost connected 
groups, discrete linear groups, amenable groups, and hyperbolic groups. 

In the sequence in line (5.1) above, the map to B x,, G is always surjective (as its 
image contains the dense *-subalgebra C.(G, B)), and the composition of the two 
central *-homomorphisms is zero (by functoriality). Hence the potential failures 
of exactness are that the map J x, G — A x, G might not be injective, and that 
the kernel of the map A x, G — B x, G might properly contain the image of 
the map J x,, G — A ™, G. The first of these is just the ideal property that we 
already considered in the previous section. The second however, is independent 
of any of the (other) properties we have considered so far: indeed, BG crossed 
products are always exact, while generally failing most of the other properties in the 
previous section. On the other hand, KLQ crossed products have all of the properties 
considered in the previous section, but can fail to be exact as the reduced crossed 
product can fail to be exact. 

Baum, Guentner, and Willett proposed to ‘fix’ the Baum-Connes conjecture 
(for groups, with coefficients) by replacing the reduced crossed product that is 
traditionally used to define the conjecture with an exotic crossed product that is 
automatically exact. Indeed, there is a canonical way to construct an assembly 


as(G. a) : K,°(G; A) > K,(A x G) (5.2) 


for any crossed-product functor x,,, since the original map always factors over 
the K-theory K,(A x, G) of the universal crossed product. It is well known that 
the assembly map for the maximal crossed product, which is exact, fails to be an 
isomorphism in general. So the exact crossed-product functor for the reformulated 
conjecture should be as close to the reduced one as possible. For compatibility with 
Morita equivalences (and also to ensure the existence of a descent functor in E- 
theory) they require their functor to in addition have the following property. 


Definition 5.2 Let .% denote the compact operators on L?(G) @ P(N), equipped 
with the adjoint action A coming from the tensor product of the regular represen- 
tation and the trivial representation on /?(N). As for any G-C*-algebra (A, @), the 
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G-C*-algebras (A ® %G,a@ @ A) and (A ® 4G, @ ® id) are equivariantly Morita 
equivalent, strong Morita compatibility of the universal crossed product can be used 
to give a canonical isomorphism 


(A ® HG) Xe@ Au Ge (A Mau G) &® HG 


(see [9, Corollary 5.4]). A crossed product jz is Morita compatible if this descends 
to an isomorphism 


(A ® 4G) Xe@Ayp G & (A Map G) @ HK. 


In order to define the exotic crossed products used in the reformulations of the 
Baum-Connes conjecture, note that there is a natural order on the collection of all 
crossed products defined by saying ™,, > , if the identity on C,(G, A) extends to 
a *-homomorphism A x,, G — A ™, G for all G-C*-algebras A. Using an idea of 
Kirchberg, Baum, Guentner and Willett prove the following theorem. 


Theorem 5.3 There is a minimal exact and Morita compatible crossed product 
functor xg with respect to the order above. 

This crossed product can be used to reformulate the Baum-Connes conjecture 
with coefficients, asking the assembly map asiG 4) of (5.2) to be an isomorphism for 
all G-algebras (A, a), in such a way that the reformulated conjecture has no (at time 
of writing!) known counterexamples, and such that some of the counterexamples to 
the old conjecture are confirming examples for the reformulated conjecture. 


The minimal crossed product x ¢ is natural to consider here as it is in some sense 
closest to the reduced crossed product, and as it does not change the conjecture 
for exact groups. It also has the advantage that it does not suffer from the property 
(T) obstructions to the version of the Baum-Connes conjecture defined using the 
universal crossed product [3, Corollary 5.7]. 

Using the results of Sect. 4, one can prove an analogue of this result in the setting 
of correspondence functors [9, Section 8]. 


Theorem 5.4 There is a minimal exact correspondence functor g.,., with respect 
to the order above. 

Moreover, this functor agrees with the minimal exact Morita compatible functor 
on the category of separable G-C* -algebras and equivariant * -homomorphisms. 


Combined with the results of the previous section, this shows that one can 
also use the full power of KK© theory to study the reformulated Baum-Connes 
conjecture. 
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6 Restriction, Extension, and Induction to and from 
Subgroups 


Suppose that H is a closed subgroup of G. In this section we want to study relations 
between crossed-product functors on G and crossed-product functors on H. We shall 
define in particular a restriction and extension process between functors for G and 
functors for H. 

We start with the restriction process: Suppose that x, is a crossed-product 
functor for G and suppose that (A,a) is an H-algebra. Consider the induced G- 
algebra (IndG(A, a), Indq@) in which 


F(sh)) = F(s) Vs € G,he H, 

IndS(A,a) := YF 6 C,(G,A) , 
Benet o(GA) Sond (sH + I|F(S)II) € Co(G/H) 

The G-action on Indjj(A,a) is given by (Indas(F))(t) = F(s~'t). Now recall 
Green’s imprimitivity theorem (see [14, Theorem B2] or [35]), which provides a 


natural equivalence bimodule X(A, a) between IndG(A, @) Xmndau Gand A xy 4 A. 
Let 


Iindaaye = Ker (Indfj(A, a) >tndan G > Indfi(A,@) >tndays G). 


By the Rieffel correspondence between ideals in Ind@ (A, @) Mind G and ideals in 
A Xqu H there is a unique ideal J, ,,;,, © A au 4 such that X(A, a) factors through 
an equivalence bimodule X,, (A, w) between Ind& (A, @) XIndo, G and the quotient 


A Xo ply H i= (A Mau A) /To july (6.1) 


Definition 6.1 Let x, be a crossed-product functor for G. Then the assignment 
(A,a@) > A Xq |, H, with A x,,|, H constructed as above, is called the restriction 
of x, to H. 


Remark 6.2 By the definition of the restricted crossed-product functor the following 
version of Green’s imprimitivity theorem holds automatically: If ,, is a G-crossed- 
product functor and if ™,,;,, denotes its restriction to the closed subgroup H of 
G, then Green’s bimodule X(A, @) factors through an equivalence bimodule from 
Ind&(A, Q) MIndap Gto A xy, uly 1. Moreover, this determines the restriction x,,/,, 
and since Green’s imprimitivity theorem holds for both full and reduced norms (see 
[14, Appendix B] for a detailed discussion and references), it follows that *,),, = ™u 
and ™,|,, = ™,. More generally, it follows from [7, Theorem 5.12] that if 4p = wg isa 
KLQ-crossed-product functor for G corresponding to a G-invariant ideal E C B(G), 
then the restriction j|y is the KLQ-functor for H which corresponds to the H- 
invariant ideal Ey of B(A) which is generated by Ely = {fly : f € E}. 
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Theorem 6.3 Let x, be a crossed-product functor for G and let X,|,, be its 
restriction to H. Then the following are true: 


1, (A,@) > A Xq |, H is a crossed-product functor for H. 
2. If x, has the ideal property, the same holds for X,,\,,. 

3. If x, is a correspondence functor, the same holds for x 
4. If x,, is exact, the same holds for x 


Lely 
Hla: 


Remark 6.4 Before we give the proof of the theorem, we need to say some words 
about the connection of the composition y o@ of two *-homomorphisms ¢ : A > B 
and w : B > C and composition in the correspondence category Cott. 

For this observe that ¢ and wy can be represented by the (nondegenerate) A—B and 
B— C correspondences (#(A)B, @) and (W(B)C, w), respectively. The assignment 
sending *-homomorphisms to the equivalence classes of these correspondences is 
functorial, so that the composition y o @ is represented by the correspondence 
(P(A)B @z W(B)C,¢ ® 1). 


Proof Suppose that @ : A — B is a *-homomorphism. In order to show that it 
induces a *-homomorphism ¢ x,,|,, H : A Xq,,|, H > Bg |, H we need to show 
that the composition of the quotient map gz.,,|,, : B Xgu H > Bg ,,|,, H with the 
descent $ x, H: A Xy H > B xg, H factors through A x, ,,|,, H. 

For this we consider the following diagram in the correspondence category Cott: 


X(A,a)* G 
AMgy H —> Ind? (4,e) Xndau G 


oun | | inag oxyG 


X(B,B)* e 
B Bu H —~> Ind7(B, B) nd Bu G 


ania | | 


XiBA)* 
B 1B ly H —— Ind7(B, B) Ind 6, G. 


It is shown in [14, Chapter 4] that the upper square of this diagram commutes (in 
[14] only reduced crossed products are considered, but the same arguments work 
for full crossed products as well). It follows from the definition of ™,,),, that the 
lower square commutes. Hence the outer square commutes as well. This implies that 
the kernel Jinagx,,G Of the composition of the right vertical arrows in the diagram 
corresponds to the kernel J¢»,,|,, Of the composition of the left vertical arrows 
via the Rieffel correspondence induced from X(A,a@). By assumption we have 
Jind ¢™ WG ES Tinda,u Since the Rieffel correspondence preserves inclusions, it follows 
that Jgx,),,4 S Lo, hence the left vertical arrows factor through A x H. This 
proves (1). 

Assume now that J is an H-invariant ideal of A with inclusion map z : J — A and 
let Q: A > A/I denote the quotient map. It is well known (and trivial to check) that 


Klin ele 
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the corresponding sequence 


0 —> IndS(I,a) “S IndS(A, a) ““$ IndS(A/I, 0) —> 0 


is a short exact sequence of G-algebras. We then get the following commutative 
diagram in Cott: 


Xu (L.a)* 


TX yj,  ——>  IndS(,a) nda G 
ola [inag oc 

A Mg pie dt ae, Ind§(4,@) Mnda,u G 
Oxy,| ot [ina Ox,G 
ID Sige hs nd a) Rien 


If x, has the ideal property, Ind@ t™,, G is injective. It follows from the commutativ- 
ity of the upper square that ¢ x,,),, H is injective as well. Hence %,,,, also satisfies the 
ideal property. If x,, is exact, then the commutativity of the whole diagram implies 
that x,,),, is exact. This proves (2) and (4). 

Finally, the commutativity of the diagram 


X,(L,a)* 


Bx H ——~> Ind§(B,@) *indau G 


oH 
nial | {tnag. on, 


X(4,B)* 


A™ H ——> Ind§(4,@) nda, G 


abl 
where B is an H-invariant hereditary subalgebra of A—which makes Ind& (B,a)a 
G-invariant hereditary subalgebra of Ind& (A, ~)—and where: : B — A denotes the 


inclusion map, implies that the hereditary subalgebra property passes from ,, to 
Xu|- By Theorem 4.9 in [9] this implies (3) and finishes the proof. oO 


As a direct consequence of the above result, we get the following well-known, 
but non-trivial result (the original proof by Kirchberg and Wassermann in [29] uses 
similar ideas as used in the above theorem): 


Corollary 6.5 Every closed subgroup of an exact group is also exact. 


Proof A locally compact group G is exact if and only if the minimal exact 
correspondence functor x eg equals the reduced G-crossed-product functor x. 


But this implies that if H C G is a closed subgroup, then «| = x! is exact by 
Theorem 6.3(4). ia 


www.TechnicalBooksPDF.com 


92 A. Buss et al. 


The restriction of a crossed-product functor to a subgroup also has good 
properties with respect to the Baum-Connes assembly map: 


Proposition 6.6 Suppose that x, is a crossed-product functor for a second count- 
able locally compact group G and let H be a closed subgroup of G. Let (A, a) be 
any separable H-algebra. Then the following are equivalent: 


1. The assembly map je : Ky? (H, A) > Ky(A Me,| 1) is an isomorphism. 
2. the assembly map 8S ind 4,6) : Ky(G, Ind@ A) —> kK, (Indg A XInda,p G) is an 
isomorphism. 


In particular, if G satisfies BC for all x,,-crossed products, then H satisfies BC for 


all x,|,,-crossed products. 


Proof It is shown in [10, Theorem 2.2] that there is an isomorphism Ind@ 
Ky" (H,A) — Kx?(G;IndG A) which by [10, Proposition 2.3] commutes with the 
assembly maps for H and G in the sense that the following diagram commutes: 


as" 


K°°(H,4) ——> K,(A XH) 


ind | [~m 


Ke"(G, Indy A) —_> Ke (Indy A Xtndas G), 


where the right vertical arrow is induced from Green’s Morita equivalence. But the 
arguments used in the proof of [10, Proposition 2.3] can easily be adapted to show 
that the following diagram 


ashtl# 


Ke?(H,A) —> Ka (A Maul 


ind | [~ 


Kx" (G, Ind A) ——> Ky (Ind§ A nda. G). 
as: 


commutes as well. This finishes the proof. Oo 


In view of the above proposition it is interesting to study the question whether the 
restriction of the minimal exact correspondence functor for G to a closed subgroup 
H will always give the minimal exact correspondence functor for H, since this would 
then imply that the reformulated conjecture passes to closed subgroups. We shall 
show in the following section that this is indeed true whenever H is normal in G, but 
we do not know the answer in general. 

We are now going to construct crossed-product functors for G out of crossed- 
product functors for a closed subgroup H. There are actually (at least) two 
possibilities for doing this. We start with what we call the extension of a crossed- 
product functor to G: 
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Definition 6.7 Suppose H is a closed subgroup of G and let (B, 8B) +> Bg, H bea 
crossed-product functor for H. Then, if (A, @) is a G-algebra, we define the crossed 
product A Xqexty Gas A Xy,exty G = (A Mau G)/J, with 


Jy = N{ker(a =u) : (7, u) € Rep(A Xo.u G) such that w x uly € Rep(A x,y H)}. 


We call x1, the extension of x, to G. 


In other words, A Xext) G is the “largest” G-crossed product such that all 
representations of A ext, G restrict to representations of A x, H. To get a feeling 
for it observe that the extension of the universal crossed-product functor on H is the 
universal crossed-product functor for G, but the extension of the reduced crossed- 
product functor on H will rarely be the reduced crossed-product functor for G. In 
fact, if H is amenable, it will always be the universal one. 


Theorem 6.8 Let x, be a crossed-product functor for H and let Xex, be the 
extension of %, to G. Then the following are true: 


1. (A, a) +> A Xeexty H is a crossed-product functor for G. 

2. If x, has the ideal property, the same holds for exty. 

3. If *y is a correspondence functor, the same holds for Mexty. 
4. If , is exact, the same holds for Mexty. 


Proof In all four cases, we just show that the property of interest can be reformu- 
lated in terms of covariant pairs; having done this, it is then straightforward to verify 
that if v has the given property, then extv also does. 

For functoriality, let @ : A > B be an L-equivariant *-homomorphism for some 
group L. Then for given quotients Ax,,L and Bx,,L of the universal crossed products, 
go % L: A *, L > B x, L descends to a *-homomorphism A x, L > B x,, L if and 
only if for every covariant pair (zr, u) for (B, L) that extends to B x, L, the covariant 
pair (7 o ¢, u) extends to A x, L. 

For the ideal property, let J be an L-invariant ideal in some A and x, a crossed 
product functor for L. For a nondegenerate representation z of /, let z denote the 
canonical extension to A. Note that »,, has the ideal property if and only if z = u 
extends to A x, L whenever the covariant pair (7, u) integrates to a representation 
of A x,, L. 

To check the correspondence functor property, we work with the projection 
property. Let A be an L-algebra and p an L-invariant projection in the multiplier 
algebra of A. Let x,, be a crossed product. For a nondegenerate representation 
of A on a Hilbert space .#%, let m|, denote the restriction of 2 to the corner pAp 
acting on (p).# (where we have also used z for the canonical extension of z to 
the multiplier algebra of A). Recall from [9, Corollary 8.6] that the crossed product 
™,, has the projection property if and only if for any such A and p and any covariant 
pair (7, u) that integrates to A ™,, L, the covariant pair (z|,, u) for (pAp, L) integrates 
to pAp x,, L. 
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Finally, let 
O-I-A>B-0 


be a short exact sequence of L-C*-algebras and x,, a crossed product. As we have 
already considered the ideal property, it remains to characterise exactness of the 
sequence 


0>Ix,L>Ax,L>Bx,L>0 


at the middle term. For a representation z of A that contains J in its kernel, let 7 
denote the representation of B canonically induced by z. Note that the sequence 
above is exact at the middle term precisely when for any representation (sz, u) that 
integrates to A x,, L such that z contains J in the kernel, the representation (zr, u) 
integrates to B x, L. 

As a sample, we give the proof of (3) and leave the other assertions to the reader. 
For this let p € -@(A) be a G-invariant projection and let (z,u) be a covariant 
representation of (A, G, a) that integrates to A ex, G. Then, by definition of Xexty, 
(x, u|z) integrates to A x, H. The projection property for >, implies that (z|,, u|#) 
integrates to pAp x, H, which then implies that (z|,,, u) integrates to pAp™x1)G. 0 


We are now going to describe an alternative procedure to construct a crossed- 
product functor on G from a functor x, on a closed subgroup H of G which we 
call the induced crossed-product functor. For this recall that if we start with a G- 
algebra (A, ) and restrict the action to H, then the induced algebra Ind@(A, @) is 
G-isomorphic to A ® Co(G/H) equipped with the diagonal action, where G acts 
on G/H by the left-translation action t (e.g., see [12, Remark 6.1]). Then Green’s 
imprimitivity theorem provides us with an equivalence bimodule X(A, w) between 
A Magy H and (A ® Co(G/A)) ee@ru G. Given a crossed-product functor x, for H 
with corresponding ideal Ig,, © A Xa, H, we can consider the ideal [4gcy(G/H),5 in 
(A @ Co(G/H)) Xae@ru G which corresponds to 4, via the Rieffel correspondence 
for the bimodule X(A, a). Let (A ®Co(G/H)) Xu@x,5G denote the quotient of the full 
crossed product by this ideal. Let j4 : A > -@(A ® Co(G/H)) denote the canonical 
inclusion and let 


qs : (A ® Co(G/H)) Xa@ru G > (A ® Co(G/H)) Ma@r.5 G 


denote the quotient map. We then introduce the following: 


Definition 6.9 Let H be a closed subgroup of G and let x, be a crossed-product 
functor for H. Then the induced crossed-product functor *t,q, for G is defined as 


A Xandv G2= G5 © Gis Mu G)(A Mau G) C M((A ® Co(G/H)) Maer, G). 
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Example 6.10 The crossed-product functor induced from the reduced H-crossed 
product x! is the reduced G-crossed product x. This is because Green’s imprim- 
itivity bimodule Xf(A,«) factors through the reduced norms and the canonical 
homomorphism A x, G > .@((A ® Co(G/H)) x, G) is an embedding for every 
G-algebra A. 

In particular, if H is amenable (and in particular if H is the trivial group), we 
always get the reduced G-crossed product functor by induction from the (unique) 
H-crossed product functor. This also means that induction from the universal norm 
does not always give the universal norm. 


We have the following general properties for the induced crossed-product 
functors. 


Theorem 6.11 Let x, be a crossed-product functor for H. Then the following are 
true: 


1. (A,@) A My Inay G is a crossed-product functor for G. 

2. If x, has the ideal property, the same holds for ™nav. 

3. If ¥y is a correspondence functor, the same holds for pay. 

4. If x, is exact and G/H is compact, then Xjpqy is exact as well. 


Proof Exactly the same arguments as used in the proof of Theorem 6.3 show that 
the assignment (A, G,a) (A ® Co(G/A)) Xu@x,5 G is a functor from the category 
of G-algebras into the category of C*-algebras which preserves suitable versions of 
the ideal property or exactness, if this holds for the given functor on H. Then similar 
arguments as used in the proof of [9, Corollary 4.20] imply items (1), (2) and (3). 
For the proof of (4) we consider the diagram 


Ix, H ——— Ax, H —— A/I x, H 


~a | = ~a| = =~ 


C(G/H,1) x; G ——> C(G/H, A) x; G ——> C(G/H,A/D x; G 


a] al Joo 


I Xray G ————_> A Mindy G ————_ A/I Xnav G 


in which. : A — C(G/H,A) maps a € A to a: |g/q. The upper horizontal row 
is exact by exactness of =, and then the middle horizontal row is exact since the 
upper half of the diagram commutes in the correspondence category (compare with 
the proof of Theorem 6.3). But then a standard argument (see proof of Theorem 8.1 
in [12]), using an approximate unit of C(G/H, J) = G consisting of elements in 
C.(G, 1) © I Xjnay G shows that the lower horizontal row is also exact. This finishes 
the proof. Oo 
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Remark 6.12 If H = {e} is the trivial subgroup of G, then the (unique) G-crossed- 
product functor induced from {e} is just the reduced crossed-product functor (see 
Example 6.10). In particular, the induced functor will not be exact if G is not exact, 
which shows that a functor induced from an exact crossed-product functor does not 
have to be exact in general. 


Lemma 6.13 Let H be a closed subgroup of G and let x, be a crossed-product 
functor on G, Then Xpa(ujy) = ucoG/n? where Xuco(c/m is the functor constructed 
from X,, by tensoring with D = Co(G/H) as in [9, Corollary 4.20]. 


Proof Let (A, a) be a G-algebra. Then Ind{ A is isomorphic to A @ Co(G/H) via the 
isomorphism which sends a function F € Ind@ A to the function (g ae (F(g))) € 
Co(G/H,A). It follows that A ™,,|,, H is the unique quotient of A x, H such that 
Green’s (A @ Co(G/HA)) xy G — A x, H equivalence bimodule factors through an 
(A ® Co(G/H)) x, G—AX,,|,, H equivalence bimodule. But it follows then from the 
definition of the induced functor >jnqcj,|,,) that A nai.) G 1s precisely the quotient 
of A x, G by the kernel of the canonical homomorphism from A x, G into .# ((A ® 
Co(G/H)) ™,, G), hence it coincides with A yy, G: Oo 


Corollary 6.14 Let H be a cocompact closed subgroup of G. Then 


x =x 
Ind E65 EGore 

Proof It follows from [9, Corollary 8.9] together with Lemma 6.13 that the functors 

Mina(ES, ln) and ™ eS, coincide. Since x 6, ln is an exact correspondence 

functor for H, it dominates » él . Hence x eg = MnqieG___|,,) dominates 


Minde#. + Since 4 él is an exact correspondence functor by “Theorem 6.11, 

. Cor Cor 

it dominates » 6s , hence both must be equal. Oo 
Cor ” 


Again, the above result can be used to yield the following well-known conse- 
quence: 


Corollary 6.15 [fa locally compact group G contains an exact cocompact closed 
subgroup H, then G is exact. 


Proof If H is exact, then it means that » ,# = »! is the reduced crossed- 


Corr 
product functor. But since the induced G-crossed-product functor from x” is »@ 


(see Example 6.10), it follows from Corollary 6.14 that x26 = »°, so G is 


Core 


exact. oO 


7 Normal Subgroups 


In this section we want to show that if N is a closed normal subgroup of G and 
if xg := & &%, denotes the minimal exact correspondence functor for G, then 
the restriction él y Of xg to N is the minimal exact correspondence functor for 
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N. Thus, as a consequence, it follows from Proposition 6.6 that the validity of the 
reformulated version of the Baum-Connes conjecture due to Baum, Guentner, and 
Willett will pass to closed normal subgroups. In order to prove the result we need 
some preparations. As a first step, we show that the minimal crossed-product functor 
behaves well with respect to automorphisms of the group: 


Lemma 7.1 Let g : G — G be an automorphism of the locally compact group 
G and let a : G — Aut(A) be an action. Let a? : G — Aut(A) be the action 
a? := ao! and let 8g € (0,00) be the module of y for the Haar measure of 


G, i.e., we have te v(g)dg = dy Je wv (g~!(g)) dg for all w € C.(G). Then the 
mapping 


P : C.(G,A, a) > C.(G,A, a”); P(F)(8) = Spf (P(g) 


extends to * -isomorphisms 


Di Ai CSA Swi GC, 
®, :A XgrG—>AXqv,G, and 


De :AXyeG A Mave G. 


Proof It is straightforward to check that ® is a *-isomorphism between the dense 
*-subalgebras C.(G,A,a@) and C.(G,A, a®) of the respective crossed products (the 
entries a and a indicate the different operations on C,(G, A)). To see that it extends 
to an isomorphism ®, : AXquG a Ay uG we just observe that we have a bijective 
correspondence between covariant representations of (A,G,a) and of (A, G,a®) 
given by (sz, u) + (a, u%) with u? := uo g! such that 2 xu? (®(f)) = 2 xu(f). 
This implies that 


|P(P)llu = sup lz > u?(O(F))|| = sup || » w(f)| = II flu. 


(z,u) (s0,u) 


For the reduced crossed products recall from Definition 3.1 the construction of 
the regular representation A = z x (A ® 1) of (A, G,a@) on the Hilbert A-module 
L?(G,A) with (x(a)é)(g) = a,-1(a)&(g) fora € A,g € Gandé € L°(G,A). 
Similarly, the C*-part 2? of the regular representation A? = 2? x (A @ 1) of 
(A, G, a) is given by (7° (a)E)(g) = Oy-1(.-1) (a)E(g). An easy computation then 
shows that the unitary operator 


W : 12(G,A) > 2°(G,A); WE(g) = [8,8((9) 


intertwines the regular representation A? with A, » AG. Hence, up to unitary 
equivalence, the above described correspondence of covariant representations of 
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(A,G,a) and (A,G,a?) sends A to A?’ which proves that ® extends to an 
isomorphism of the reduced crossed products. 
To see that ® also extends to an isomorphism 


De :AXeGo>AnrqeG 


we argue as follows: Let @:A Mau G > A Xqv.¢ G denote the surjective *- 
homomorphism given by composing ®, with the quotient map 


q? tA Mav u G->A Mav & G. 
Let A xy. 29 G:= (A yy G)/ ker ®. It is straightforward to check that 
(A,a) > A Xq eo G 


is an exact correspondence functor for G, hence it must dominate A x, ¢ G in the 
sense that the identity on C,(G, A) induces a surjective *-homomorphism 


q: A ™u,g9 G—> A qe G. 


In other words, this shows that the inverse @7! : C.(G,A,a?) > C.(G,A, a) 
extends to a surjective *-homomorphism A Xye,¢ G —> A Xq.¢ G. Conversely, if 
we replace ¢ by its inverse g~! and apply the above results to the action a’, we 
see that ® extends to a surjective *-homomorphism A xy ¢ G —> A Moe.¢ G. This 
combines to show that ® extends to the desired *-isomorphism ®e. Oo 


We now want to extend the above result to automorphisms g := (94, GG) of 
the system (A, G,a). This means that yg, : A > A is a *-automorphism of A and 
Gq : G > Gis an automorphism of G such that 


Ope(s)(Ya(a)) = Galas(a)) VseG,aeA. (7.1) 


Note that if @ : G — Aut(A) is an action and N C G is a normal subgroup of 
G, then every g € G determines an automorphism yy := (ag,C,) of (A, N, a) 
with a, : A — A the given action of the element g € Gand C, : N — N the 
automorphism given by conjugation with g: C,(n) = gng'. It is well-known that 
every automorphism ¢ of (A, G, ) induces automorphisms ¢, and ¢, on Ay 4G and 
A Xq+ G, respectively, both extending the *-isomorphism @ : C.(G, A) > C.(G, A) 
given by the formula 


(A(N)(s) = Sopa foG'(9). f € Co(G.A),8 € G, (7.2) 
where 6, denotes the module of the automorphism gg. The proof follows easily 


from Lemma 7.1 and the arguments given in the proof of the following lemma in 
the case of the x¢-crossed products: 
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Lemma 7.2 [f 9 = (4, Qc) is an automorphism of (A, G, a), then the *-isomor- 
phism @ : C.(G, A) — C,.(G, A) extends to a *-automorphism gg of A Xq,¢ G. 


Proof Leta? := ao GG" be the action of G on A ‘twisted’ by gg. Lemma 7.1 shows 
that ® : C.(G,A,a) > C.(G,A, a”) given by B(f)(s) = Sef (GG' (s)) extends to an 
isomorphism ®¢ : A xy ¢ G A Xqe.¢ G. On the other hand it follows from (7.1) 
that the automorphism g, : A — A is a? — @ equivariant. By functoriality of x¢ it 
therefore induces an isomorphism g4 4G : A Xyo,.¢ G > A ™y,¢ G given on C,(G, A) 
by sending a function f to g, of. The composition yg := (g4 * G) o ®g is then an 
automorphism of A yg ¢ G which extends @ : C,(G,A) > C,(G,A). Oo 


Example 7.3 We should note that the argument of the lemma works for any crossed- 
product functor x, for G such that an analogue of Lemma 7.1 holds for xy, i.e., 
the isomorphism ® : C.(G,A,a) — C.(G,A,a?) of that lemma extends to an 
isomorphism ®,, : A xq, G =A “av, G. Hence it applies in particular for the full 
and reduced crossed products. 

But we should point out that analogues of Lemmas 7.1 and 7.2. do not even hold 
for all KLQ crossed-product functors. For this let G be any non-amenable group 
and let EF C B(G x G) be the weak” closure of the ideal consisting of all coefficient 
functions ¢@ that are supported in a set of the form G x K, where K is a compact 
subset of G. Then a unitary representation v : Gx G > W(#) integrates to the 
exotic group algebra C#(G x G) if and only if its restriction to the second factor is 
weakly contained in Ag. Let gy : Gx G > G x G be the flip automorphism and let 
v = uc ® Ag where ug denotes the universal representation of G. Then v factors 
through C%(G x G) but v og = Ag @ ug does not. Hence ¢ does not ‘extend’ to an 
automorphism of C7(G x G) and the corresponding KLQ-functor fails Lemmas 7.1 
and 7.2. 


Lemma 7.4 Let x, be a crossed-product functor for G and let N be a closed normal 
subgroup of G. Further let (A,G,a) be a G-system. Then the action y" of G on 
C.(N, A) defined on the level of C.(N, A) by the formula 


(ve (Pm) = 3eay( f(g 'ng)), 


where 5, denotes the module for the automorphism C,(n) = gng' of N, extends to 
an action y* : G— Aut(A Xn), N). 


Proof Recall that A ,,,,;, N is defined as the quotient (A xy N)/J,, where J, is 
the ideal in A xy, N which corresponds to the ideal 


K,, := ker(Ind§ A xtndau G > Ind A nda, G) 


via Green’s imprimitivity bimodule. Since A is a G-algebra, the induced algebra 
IndG A is G-isomorphic to A ® Cy)(G/N) equipped with the diagonal action 
a ® t, where t denotes the left-translation action. Let 8, denote the automorphism 
of (A ® Co(G/N)) a@r,u G which is induced from the action id, ® og of g € Gon 
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A ® Co(G/N), where og denotes the right translation action on Co(G/N). Note that 
By exists since id, ® o, commutes with a ® tT. It follows then from functoriality 
of x, that 6, factors through an automorphism of (A ® Co(G/N)) Xv@ry G. In 
particular, the kernel K,, of the quotient map from (A ® Co(G/N)) Xv@ru G onto 
(A ® Co(G/N)) e@r,n G is Bg-invariant. Now it is part of [13, Theorem 1] that 
there is a By — y,-compatible automorphism vz of X (A, a). Since J,, corresponds to 
K,, via the Rieffel correspondence for the bimodule X(A, q), it follows that B.(K,.) 
corresponds to y? (J,,) by Rieffel correspondence. Since this correspondence is one- 
to-one, and since K,, = Bg(K,,) we also get J, = ye (J). Thus Y¢ factors through 
an automorphism yz of A x, y:\y N. Oo 


We now turn to the problem of showing that the restriction xg), of the minimal 
exact correspondence functor ¥¢ := ™ eg,,, to any closed normal subgroup N of G 
coincides with the minimal exact correspondence functor x éN, _ for N. We need 


Lemma 7.5 Let H be a closed subgroup of G and ™,, a ee ee on 
H. Then, for any G-algebra (A, a), the canonical mapping i, * ig|y : A XH > 
MA ™, G) factors to a well-defined *-homomorphism 


ie x ig’ \H iA my H-> MA Mextv G). 


If H is open in G, this map takes its image in A Mext, G. 


Proof It follows from the definition of .x, that in x ig” | is well defined and it 
is clear that it takes image in A X.x1) Gif H is open in G. oO 


Just for the records we show as a corollary of this lemma and Theorem 6.8 that 
the minimal exact correspondence functor x¢,,,, enjoys the following property 
for arbitrary closed subgroups which is well-known for the maximal and reduced 
crossed-product functors: 


Corollary 7.6 Let H be a closed subgroup of G, and let (A, a) be a G-C*-algebra. 

Then the canonical mapping i, Xig\|q: AMyH — (A™,G) factors to a well-defined 

*-homomorphism 
ag 


Ee . 
MIG?’ |wAX ey H> M(Aregc  G). 


Proof This follows from Lemma 7.5 together with the fact (shown in Theorem 6.8) 
that the extension X,,,.27 to G is an exact correspondence functor and hence 
: Corr 
dominates X.c__. Oo 
Core 


Remark 7.7 It is not clear whether the homomorphism 
Ke MIG | AM ge = H> MA G 
A G us bs te 7 ( Nee tr ) 


is injective in general, even if H is open in G. 
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Suppose now that x, is a crossed-product functor for G and let N be a closed 
normal subgroup of G. Then, if (A, a) is a G-algebra, we get a canonical *-homo- 
morphism 


i, Xigly 1A Meu N > A ((A @ Co(G/N)) Xea@ru G), (7.3) 
given as the composition 
fe) ((ida ® ley(G/n)) xy G) ° (i x iglw), 


with i x ily : A Mau N —- (A au G) the canonical homomorphism, 
(id, ® loyG/n)) xu G:A Mou G-> M((A ® Co(G/N)) Ma@ru G) induced 
from id, ® login) : A > W(A ® Co(G/N)) by functoriality for generalized 
homomorphisms of xy, and g,, : (A®Co(G/N)) Xv@ruG > (A®Co(G/N)) Me@r,uG 
the quotient map. 


Lemma 7.8 The homomorphism of (7.3) factors to a faithful *-homomorphism 
i, Xig\n 2 A Moly N > (A ® Co(G/N)) Xe@x,n G). 


Proof Let p x v be a covariant representation of A ™y, N which factors through a 
faithful representation of A >, ,,|, N. Then the induced representation IndG (p xv) 
of (A, G, a) can be defined by first inducing p = v to (A ® Co(G/N)) Xge@ru G via 
Green’s imprimitivity module X(A,@), which by assumption factors to a faithful 
representation Ind*4(p » v) of (A ® Co(G/N)) Me@r,. G, and then composing 
this representation with the canonical embedding 


(ida ® legen) Mu G2 A Mau G > M((A ® Co(G/N)) ev@ru G). 


(e.g., see [12, §6 and §9] and in particular [12, Remark 9.5] for more details). 
The restriction Res¥(IndG(p x v)) of IndG(p x v) to A Xeu N is then given by 
the composition Ind* 4 (p xv) 0 (id4 ® 1) xy Go (ij i¢|y). Since Ind*4% (px v) 
factors through a faithful representation of (A®Co(G/N)) Mv@r,.G, we may identify 
it with the quotient map q,,, and it follows that J, := ker (Resi (Indy (p x v))) 
coincides with the kernel of (7.3). On the other hand, if J,, denotes the ideal 
ker(p x v) = ker(A gy N > A yy), N), then by [12, Proposition 9.15] we 
get 


I, = ker(Res¢(Ind@(p x v))) = ( \evetker(p xv)):g EG} 
=( \(vgGu) + 8 € G, 
where ve :G— Aut(A xy, N) is the decomposition action of Gon A xy, N. Since 


this action factors through A gq, ,,,, N by Lemma 7.4, it follows that y¥(VJ.) = Jy 
for all g € G. Thus J,, = J,,. Since J, is the kernel of (7.3), the result follows. oO 


www.TechnicalBooksPDF.com 


102 A. Buss et al. 


Recall that a Co(X)-algebra is a C*-algebra A equipped with a nondegenerate 
*-homomorphism g : Co(X) > &.@(A), where X is a locally compact space and 
& (A) denotes the centre of the multiplier algebra of A. Then, for each x € X, the 
fibre A, of A over x is defined as the quotient A, := A/J, with J, := @(Co(X \ {x}))A. 
For each a € A we get an assignment x +> a, := a+ I, € Ax, hence we may regard 
A as an algebra of sections of a bundle < of C*-algebras over X with fibres A,. An 
action w : G — Aut(A) is called fibre-wise, if o,(,) = I, for all g € G,x € X and 
hence the action induces actions wa* : G > Aut(A,) for each x € X in a canonical 
way. Note that w being fibre-wise is equivalent to a being Co(X)-linear in the sense 
that a,(p(f)a) = g(f)a,(a) for all g € Gand f € Co(X). For more information on 
Co(X)-algebras we refer to [35, Appendix C]. 


Lemma 7.9 Suppose that a : G — Aut(A) is a fibre-wise action of G on the Co(X)- 
algebra A with structure map @ : Co(X) > &-M@(A). Suppose further that ™,, is an 
exact crossed-product functor for G. Then A Xq,,G is a Co(X)-algebra with structure 
map i, 9p: Co(X) > BMA Mo, G) and fibres Ay Xqx,, G. 

Proof As a composition of nondegenerate homomorphisms, i, 0 g is well defined 
and nondegenerate, and one easily checks on the generators of A X,_,, G that it maps 
Co(X) into ZM(A gq, G). To see that (A xy, G), & Ay Mgr, G for all x € X we 
first observe that for all open U C X we get 


in © p(Co(U))(A *, G) = (P(Co(U))A) my G, 


since by the ideal property (which follows from exactness) both coincide with the 
closure of C,(G,@(Co(U))A) inside A x,, G. Hence, if U = X \ {x} and J, := 
g(Co(X \ {x}))A, it follows from exactness of ,, that 


Ax Mex G = (A Xa,n G)/ (Te Ma, G) = (A Ma. G)x- 


oO 


Remark 7.10 The above lemma is not true for non-exact crossed products in 
general. Indeed, it is not true for the reduced crossed product of a non-exact group 
G by [28, Theorem on p. 170]. 


As a corollary of Lemma 7.9, we get 


Lemma 7.11 Suppose that x,,, i = 1,2, are two exact crossed-product functors 
for G. Suppose further that A is a Co(X)-algebra equipped with a fibre-wise action 
a:G— Aut(A) such that A Xo, G = A Xa,u. G. Then Ax Moxy, G = Ax Mox,. G 
forallx € X. 


Proof This follows from Lemma 7.9 together with the fact that a Co(X)-linear 
isomorphism between two Co(X)-algebras always induces isomorphisms of the 
fibres. oO 
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We want to apply the above result to the following example: Suppose that 
N C Gis a closed normal subgroup of G and let (B, 8) be an N-C*-algebra. 
Then the induced G-algebra Ind¢ B becomes a Co(G/N)-algebra with respect to 
the nondegenerate *-homomorphism g : Co(G/N) > &.@(Ind§ B) given by 


(9(f)F)(g) =f(gN)F(g), Vf € Co(G/N), F € Indy B, g € G. 


Then each fibre (Ind¥ B) gy identifies with B via the evaluation map F +> F(g). It 
is easy to check that the restriction of the G-action Ind 6B to N is Co(G/N)-linear, 
hence fibre-wise. For the unit fibre eN, it follows that the N-action on the fibre 
B = (Ind& B).y coincides with the action B : N > Aut(B) we started with. This 
follows from the equation 


(Ind Bn(F))(e) = F(n™') = B,(F(e)), VF € Ind’ B 


Using this, we get 


Lemma 7.12 Suppose that N is a closed normal subgroup of G and that xy,, i = 
1,2, are two exact crossed-product functors for N. Suppose further that X,, = ™y, 
when restricted to the category of G-C*-algebras. Then x,, = ™,,. 


Proof Let (B, B) be any N-algebra. Then, by assumption, we have IndG Bx,,N= 
IndG B™,,, N. But then the above discussion together with Lemma 7.11 implies that 
Bx, N=Bx,, N. Oo 


v2 


We are now ready for the main result of this section: 


Theorem 7.13 Let N be a closed normal subgroup of the locally compact group 

G. Then the minimal exact correspondence functor Xv _ for N is equal to the 
Core 

restriction x 68, jy Of the minimal exact correspondence functor x éS,, _Jor G. 


Proof We show fhe the restriction of ,,, éN,,, 0 N equals x éN Since exten, 
is an exact correspondence functor by Theorem 6.8 it dominates 66, . Hence the 
desired equation would imply that the restriction of x 6G, 10 N, which is an exact 
correspondence functor by Theorem 6.3, would be dominated by x EN ee But then 
they must coincide. ~ 


By Lemma 7.12 it suffices to show that the restriction of x...’ to N coincides 
Core 

Corr’ Let 

oe de (G/N) ig) denote the canonical maps from (A, Co(G/N), G) into the aes 


algebra .@((A® Co(G/N)) Xe@x,, G). It follows then from Lemma 7.8 that i, 476 | 
factors through a faithful *-homomorphism 


with x éN,,, ON every G-C*-algebra (A,q). Let us write uw := ext&N’ 


i, Xiglv : A Xely N > @(A ® Co(G/N)) Xe@r,n G). (7.4) 
On the other hand, we know from Lemma 7.5 that we have a homomorphism 


(i ® ign) *iG|w | (A®CoG/N)) Xy,x,_ N > M((A®Co(G/N)) *e@x,G)- 
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Since ™,|, 18 an exact crossed-product functor, it follows then from minimality of 
en _ that there is a surjective *-homomorphism A x N>AXy en _N. 
Co 


jv Core 


Hence we get a chain of *-homomorphisms 


Ax N > Amy, gi _N> (A® C(G/N)) My eu 


a, LIN 


(7.5) 
= M((A ® Co(G/N)) Ma@r,p G), 


in which the second homomorphism is given by functoriality for the generalised 
homomorphism A > .@(A ® Co(G/N));a  a® 1. It is then easy to check on 
the generators that the composition of the maps in (7.5) coincides with the faithful 
map (7.4). Hence the first morphism A ™y_,,|,, N > A MBN N in (7.5) must be 
faithful, too. Hence the result. oO 


8 Some Questions 


There are actually many open questions related to the study of exotic crossed 
products and, in particular, the study of the minimal exact correspondence crossed- 
product functor x &%, . Many of those have been formulated and discussed in the 
papers [3] and [9] ‘and we therefore want to restrict here to questions related to 
restriction, extension, and induction of functors from and to subgroups. The first 
question is quite obvious: 


Question 8.1 Suppose H is a closed subgroup of the locally compact group G. Is 
it always true that the restriction xc __|,, of the minimal exact correspondence 
ig Corr 
functor xc _ for Gis equal to the minimal exact correspondence functor ™ .x 
Core Corr 
for H? 


If the answer is “yes” then it follows from Proposition 6.6 that the validity of 
the reformulated version of the Baum-Connes conjecture due to Baum, Guentner, 
and Willett would pass from a group G to any of its closed subgroups. The previous 
section gives a positive answer if H is normal in G. At an earlier stage we thought 
that we have a positive answer at least for open subgroups H of G, but, unfortunately, 
we found a gap in our arguments. Any progress in this direction would be very 
appreciated by the authors. 

To formulate our next question, we start with a lemma. 


Lemma 8.2 Suppose that N © G is a closed oe subgroup of G and that a : 
G —> Aut(A) is an action. Then there is an action y® : G > a yen N) (with 
Men = Aen ? such that for each g € G the automorphism ve is given on the 
level of C, (N, "A) by the formula 


(vg (A) ) = Sete (f(g 'ng)), 


where 5, denotes the module for the automorphism C,(n) = eng! of N. 
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Proof It follows directly from Lemma 7.2 applied to the automorphism y, = 
(@g,C,) of (A,N,a) that aa automorphisms ye exist for all g € G and one 
easily checks that g b> ye is a homomorphism. Since for each f € C.(N,A) the 
map G b> C,(N,A);f tb ve ( f) is continuous with respect to the inductive limit 
topology on C,(N, A), the action y* : G > Aut(A x, ¢n N) is strongly continuous. 

oO 


Remark 8.3 Note that there are analogous actions y" : G > Aut(A xy, N) and 
y': G => Aut(A ,, N) extending the action on C,(N, A) as in the above lemma. 
These actions are known as the decomposition actions of G on the respective crossed 
products by N. Indeed, if i, : N > U-M(A Xo N) and iy : N > UA Xq1 N) 
are the canonical maps, then the pairs (y", ix) and (y", 2) are twisted actions in the 
sense of Green [16] of the pair (G,N) on A xy N and A xq, N, respectively, and 
we get canonical isomorphisms 


(A Meu N) x(n, it).u (G, N)& A Xu G and (A xg. N) xy, it) (G, N)& A X17 G 


(see [16, Proposition 1] for the full crossed products and [29, Proposition 5.2] for 
the reduced case). Of course, if is :N—> UM(A™M «8%, N) denotes the canonical 


map, then (y“, is) i is also a Green-twisted action of (G. "N) onA Xx, éN, N and we 
may wonder tee a similar decomposition isomorphism holds for the minimal 
exact correspondence functors. Note that by [13, Theorem 1] we know that every 
twisted action of (G, NV) is Morita equivalent to an ordinary action of G/N. Using 
this it is not difficult to extend any strongly Morita compatible crossed-product 
functor for G/N to the category of twisted (G, N)-algebras (e.g., see [8, Definition 
4.13]). 


Thus it is natural to ask 


Question 8.4 Suppose (A,@) is a G-algebra and N is a normal subgroup of G. Is 
there always a canonical decomposition isomorphism 


(A xy en N) x yo ig BoM (G,N) > Ax, 6G, @ 


Is it at least true if G = N x H is the direct product of two closed subgroups? 


Unfortunately we did not succeed in proving such result even in the case where 
G is a direct product N x H. 

Note that the candidate for the isomorphism in Question 8.4 can be described 
on the level of functions with compact supports, but the precise description is a bit 
tedious and we refer to [16, Proposition 1] for the details. In case where G = N x H 
is a semi-direct product group, the twisted action of G/N & H can be replaced by an 
untwisted crossed product by H and the desired decomposition isomorphism should 
then be given on the level of compactly supported continuous functions by 


® : C.(N x HA) > Co(H, CAN, A)); ®(A)(h) = f(A). (8.1) 
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We believe that positive answers to Questions 8.1 and 8.4 would give the 
main steps for extending the permanence results for the classical Baum-Connes 
conjecture as obtained in [10] to the reformulated conjecture in the sense of 


Baum, Guentner, and Willett. Note that we always have x éN = Mes ly by 
Theorem 7.13. If G = N x H it follows also that xe = xzo _,. Thus in this 


case the above question may be generalised to al — 

Question 8.5 Suppose (A,a@) is an N x H-algebra and »,, is a crossed-product 
functor for G = N x H. Let ® : C.(N x H,A) > C,.(H,C,(N,A)) be given by 
®(f)(h) = f(-, h). Does ® always extend to a *-isomorphism 

H? 


A Moy (N x A) = (A yn yp N) Xqit 


ly Hla 


The answer is positive for the full and reduced crossed products but we know 
very little about the general case. Note that it follows from our Lemma 7.4 that for 
any crossed-product functor ™,, for G, any closed normal subgroup N C G, and any 


G-algebra (A, ~) there is a twisted action (y“, a) of (G,N) on A Xqy |, N. Hence 
any crossed product functor x, for G/N allows a decomposition crossed product 
(A Xo uly N) ™ (G, N). Thus we may ask: 


(re il)v 


Question 8.6 Given a crossed-product functor x,, for G is there always an associ- 
ated crossed-product functor x, for G/N such that 


(A My | N) yu fly.» (G,N) YA xq, G? 


It is actually not clear to us how to relate crossed-product functors for G/N to 
crossed-product functors for G in a “canonical” way if G does not decompose as a 
semi-direct product N x H. 
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On Hong and Szymanski’s Description 
of the Primitive-Ideal Space of a Graph Algebra 


Toke M. Carlsen and Aidan Sims 


Abstract In 2004, Hong and Szymanski produced a complete description of the 
primitive-ideal space of the C*-algebra of a directed graph. This article details 
a slightly different approach, in the simpler context of row-finite graphs with no 
sources, obtaining an explicit description of the ideal lattice of a graph algebra. 


1 Introduction 


The purpose of this paper is to present a new exposition, in a somewhat simpler 
setting, of Hong and Szymariski’s description of the primitive-ideal space of a graph 
C*-algebra. Their analysis [7] relates the primitive ideals of C*(E) to the maximal 
tails T of E—subsets of the vertex set satisfying three elementary combinatorial 
conditions (see page 111). In previous work with Bates and Raeburn, Hong and 
Szymanski had already studied the primitive ideals of C*(E) that are invariant 
for its gauge action. Specifically, [1, Theorem 4.7] shows that the gauge-invariant 
primitive ideals of C*(E) come in two flavours: those indexed by maximal tails 
in which every cycle has an entrance; and those indexed by breaking vertices, 
which receive infinitely many edges in E, but only finitely many in the maximal 
tail that they generate. Hong and Szymariski completed this list by showing in 
[7, Theorem 2.10] that the non-gauge-invariant primitive ideals are indexed by pairs 
consisting of a maximal tail containing a cycle with no entrance, and a complex 
number of modulus 1. 

The bulk of the work in [7] then went into the description of the Jacobson, 
or hull-kernel, topology on Prim C*(£) in terms of the indexing set described in 
the preceding paragraph. Theorem 3.4 of [7] describes the closure of a subset 
of Prim C*(£) in terms of the combinatorial data of maximal tails and breaking 
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vertices, and the usual topology on the circle T. (Gabe [6] subsequently pointed out 
and corrected a mistake in [7, Theorem 3.4], but there is no discrepancy for row- 
finite graphs with no sources.) The technical details and notation involved even in 
the statement of this theorem are formidable, with the upshot that applying Hong and 
Szymaniski’s result requires discussion of a fair amount of background and notation. 
This is due to some extent to the complications introduced by infinite receivers in 
the graph (to see this, compare [7, Theorem 3.4] with the corresponding statement 
[7, Corollary 3.5] for row-finite graphs). But it is also caused in part by the numerous 
cases involved in describing how the different flavours of primitive ideals described 
in the preceding paragraph relate to one another topologically. 

Here we restrict attention to the class of row-finite graphs with no sources 
originally considered in [2, 9, 10]; it is a well-known principal that results tend 
to be cleaner in this context. The C*-algebra of an arbitrary graph E is a full 
corner of the C*-algebra of a row-finite graph Ez, with no sources, called a Drinen— 
Tomforde desingularisation E [5], so in principal our results combined with the 
Rieffel correspondence can be used to describe the primitive-ideal space and the 
ideal lattice of any graph C*-algebra. But in practice there is serious book-keeping 
hidden in this innocuous-sounding statement. 

We take a somewhat different approach than Hong and Szymariski. We start, 
as they do, by identifying all the primitive ideals (Theorem 3.7)—though we take 
a slightly different route to the result. Our next step is to state precisely when a 
given primitive ideal in our list belongs to the closure of some other set of primitive 
ideals (Theorem 4.1). We could then describe the closure operation along the lines 
of Hong and Szymanski’s result, but here our approach diverges from theirs. We 
describe a list of (not necessarily primitive) ideals Jy,» of C*(E) indexed by ideal 
pairs, consisting of a saturated hereditary set H and an assignment U of a proper 
open subset of the circle to every cycle with no entrance in the complement of H. 
We describe each Jy y concretely by providing a family of generators. We prove that 
the map (H, U) +> Ju. is a bijection between ideal pairs and ideals, and describe 
the inverse assignment (Theorem 5.1). Finally, in Theorem 6.1, we describe the 
containment relation and the intersection and join operations on primitive ideals in 
terms of a partial ordering and a meet and a join operation on ideal pairs. 

One can recover the closure of a subset X C PrimC*(E), and so Hong 
and Szymariski’s result, either by using the characterisation of points in X from 
Theorem 4.1, or by computing () X using Theorem 6.1 and listing all the primitive 
ideals that contain this intersection. To aid in doing the latter, we single out the ideal 
pairs that correspond to primitive ideals (Remark 5.3), and identify when a given 
Juv is contained in a given primitive ideal (Lemma 5.2). 

We hope that this presentation of the ideal structure of C*(EZ) when E is row- 
finite with no sources will provide a useful and gentle introduction to Hong and 
Szymanski’s beautiful result for arbitrary graphs; and in particular that it will be 
helpful to readers familiar with the usual listing of gauge-invariant ideals using 
saturated hereditary sets. 
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1.1 Background 


We assume familiarity with Raeburn’s monograph [12] and take most of our notation 
and conventions from there. We have made an effort not to assume any further 
background. 

We deal with row-finite directed graphs EF with no sources; these consist of 
countable sets E°, E! and maps r,s : E! — E® such that r is surjective and 
finite-to-one. A Cuntz—Krieger family consists of projections {p, : v € E°} and 
partial isometries {s, : e € E'} such that SSe = Ps(e) and py = yes Sess. We 
will use the convention where, for example, for v € E° the notation vE! means 
fe ¢ E! : r(e) = vt. A path of lengthn > 0 is a string w = e)...e, of edges 
where s(e;) = r(e;+1), and E” denotes the collection of paths of length n. We write 
E* for the collection of all finite paths (including the vertices, regarded as paths of 
length 0), and set vE* := {uw € E* : r() = v}, E*w = {yu € E* : s() = w} and 
vE*w = vE* 1 E*w when v,w € E°. 


2 Infinite Paths and Maximal Tails 


Our first order of business is to relate maximal tails in a graph with the shift-tail 
equivalence classes of infinite paths (see also [8]). 
Recall that a maximal tail in E® is a set T C E® such that: 


(Tl) ife¢ E' and s(e) €T, then r(e) € T; 
(T2) if v €T then there is at least one e € vE! such that s(e) € T; and 
(T3) ifv,weT then there exist jz € vE* and v € wE® such that s(w) = s(v) €T. 


If T is a maximal tail, there is a subgraph ET of E with vertices T and edges 
E'T := {e € E!: s(e) € Th. 

An infinite path in E is a string x = e,e2e3--- of edges such that s(e;) = r(e;+1) 
for all i. We let r(x) := r(e1). Two infinite paths x and y are shift-tail equivalent if 
there exist m,n € N such that 


Xitm = Yitn for allie N. 


This shift-tail equivalence is (as the name suggests) an equivalence relation, and we 
write [x] for the equivalence class of an infinite path x. 

Shift-tail equivalence classes [x] of infinite paths correspond naturally to irre- 
ducible representations of C*(E) (see Lemma 3.2). However, the corresponding 
primitive ideals depend not on [x], but only on the maximal tail consisting of vertices 
that are the range of an infinite path in [x]. The next lemma describes the relationship 
between shift-tail equivalence classes of infinite paths and maximal tails. 


Lemma 2.1 Let E be a row-finite graph with no sources. A set T © E° is a maximal 
tail if and only if there exists x € E® such that T = [x]° := {r(y) : y € [x]}. 
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Proof First suppose that T is a maximal tail. List T = (v1, v2,...). SetA; = fi = 
v; € E*, and then inductively, having chosen pj) € v;-2E* and Aj) € v;-,E* 
with s(A;-1) = s(j2), use (T3) to find 4; € vi, E* and A; € v,E* such that s({4;) = 
s(A;) € T. We obtain an infinite path x = 1) 2p13---. Since each AjM4j41i42°°° 
belongs to [x], we have T C [x]°. For the reverse containment, observe that if v € 
[x]°, then there exists y € [x] such that v = r(y). By definition of [x] there are m, i 
such that s(ym) = s({4;). Since 4; € T, m applications of (T1) give r(Q1) € T. Oo 


We divide the maximal tails in E into two sorts. Those which have a cycle with 
no entrance, and those which don’t. The main point is that, as pointed out in [7], 
if T contains a cycle without an entrance, then it contains just one of them, and is 
completely determined by this cycle. 

A cycle in a graph E is a path w = 1... 4, € E* such that r(jz1) = s(n) and 
S(i) # s(4j) whenever i A j. Each cycle yz determines an infinite path ~°° := 
[4j-++ and hence a maximal tail T,, := [w%]°; it is straightforward to check that 


Ty, = {r(A) 1A € E*r(w)}. 


Given a cycle 2 € E* and a subset A of E° that contains {r(jz;) : i < |u|}, we 
say that x is a cycle with no entrance in A if fe € r(j)E! : s(e) € A} = {;} for 
each 1 <i < |p|. 


Lemma 2.2 Let E be a row-finite graph with no sources. Suppose that T C E° is a 
maximal tail. Then either 


a) there is a cycle ys with no entrance in T such that T = T,,, and this js is unique 
up to cyclic permutation of its edges; or 
b) there is no cycle 2 with no entrance in T. 


Proof Suppose that there is a cycle jz with no entrance in T. Lemma 2.1 implies 
that T = [x]° for some infinite path x. So there exists y € [x] such that r(y) = r(j), 
and since shift-tail equivalence is an equivalence relation, we then have T = [y]°. 
Since yz has no entrance in T, the only element of E° lying entirely within T and 
with range r(j2) is uw. Soy = w%, and T = [u™]° = Ty. 

If v is another cycle with no entrance in T = T,, then r(v)E*r() € @, say 
A € r(v)E*r(y2). Since v has no entrance in T, we have Aju = vf? --+ vP° for some 
k. In particular Ve ull ++: vp° = yt, and we deduce that v = fj-** MyyjMiss* Min, 
where i = k + 1 (mod |p)). Oo 


We call a maximal tail T satisfying (a) in Lemma 2.2 a cyclic maximal tail 
and write Per(T) := |u|. We call a maximal tail T satisfying (b) in Lemma 2.2 
a aperiodic maximal tail, and define Per(T) := 0. 
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3 The Irreducible Representations 


In this section, we show that every primitive ideal of C*(£) naturally determines a 
corresponding maximal tail, and then construct a family of irreducible representa- 
tions of C*(E) associated to each maximal tail of E. 

The following lemma constructs a maximal tail from each primitive ideal of 
C*(E). It was proved for arbitrary graphs in [1, Lemma 4.1] using the relationship 
between ideals and saturated hereditary sets established there and that primitive 
ideals of separable C*-algebras are prime. Here we present instead the direct 
representation-theoretic argument of [3, Theorem 5.3]. Recall that a saturated 
hereditary subset of E® is a subset whose complement satisfies axioms (T1) and (T2) 
of a maximal tail. 


Lemma 3.1 ([1, Lemma 4.1]) Let E be a row-finite graph with no sources. If 1 is a 
primitive ideal of C*(E), then T := {v € E®: py ¢ I} is a maximal tail of E. 


Proof The set of v € E® such that p, € J is a saturated hereditary set by [12, 
Lemma 4.5] (see also [2, Lemma 4.2]). So its complement T satisfies (T1) and (T2). 
To establish (T3), fix v,w € T. Take an irreducible representation z : C*(E) > 
B (AC) such that ker(z) = I. Since v € T, we have p, ¢ I, and so 1( py) H F {0}. 
Fix € € m(p,)H with ||&|| = 1. Since p, ¢ J, the space m(py)# is also a 
nontrivial subspace of #. Since z is irreducible, & is cyclic for 7, and so there 
exists a € C*(E) such that m(py)a(aE = m(pyapy)é is nonzero. In particular, 
we have 2(pyapy) # 0. Since C*(E) = span{s,s> : s() = s(v)}, and since 
PwSp5,Pv F O only if rw) = w and r(v) = v, we have 


T(PwaPy) € Span{z(sysy) : r(M) = w.r(v) = v, s(u) = s(v)} \ {0}. 


So there exist 4, v € E with r(w) = w, r(v) = v, s() = s(v), and 2 (sy ps(y)55) = 
1(s,s,) # O. In particular, (psn) A 0, giving psy) ¢ I. So s(u) € T satisfies 
WwE* s(t), VE* s(t) A O. Oo 


Next we show how to recover a family of primitive ideals from the shift-tail 
equivalence class of an infinite path. 


Lemma 3.2 Let E be a row-finite directed graph with no sources. For x € E® and 
z € T, there is an irreducible representation m,,, : C*(E) > &(£?([x])) such that 
for ally € [x], v € E° ande € E', we have 


Tx,2( Py) by= : at and Tx,z(Se)5y = oe #rOr) = ste) 


otherwise 0 otherwise. 


We have {v € E®:: py ¢ ker(mx.z)} = [x]°. 


Proof It is easy to check that €7([x]) is an invariant subspace of ¢?(E%) for 
the infinite-path space representation of [12, Example 10.2] (with k = 1). So 


www.TechnicalBooksPDF.com 


114 T.M. Carlsen and A. Sims 


the infinite-path space representation reduces to a representation on 4(¢7([x])). 
Precomposing with the gauge automorphism y, : se +> Zse of [12, Proposition 2.1] 
yields a representation z,., satisfying the desired formula. 

To see that z,,, is irreducible, first observe that for each x, the rank-1 projection 
6... onto Cé, is equal to the strong limit 


6. = lim my-(Sy,.-%, 8” . 
oS xc (Sx up ae 


If y,z € [x], then y = yw and z = vw for some yz, v € E* and w € [x]. Thus the 
rank-1 operator 0, , from Cé, to Cé, is in the strong closure of the image of 7, .: 


v|- * : v|- * 
by. = Zul Vl se 2(Sy) Ov wFx2(8*) = im, Tx 2(z La Prete ae 


So #(€7([x])) is contained in the strong closure of z,,,(C*(E)). Thus z,., is 
irreducible. 

If v ¢ [x]°, then v # r(y,) for any y € [x], and so the formula for 7,,, shows 
that p, € ker(z,,,). On the other hand, if v € [x]°, then we can find y € [x] with 
r(y1) = v, and then z,.(py)dy = 5, A 0. Oo 


Next we want to know when two of the irreducible representations constructed 
as in Lemma 3.2 have the same kernel. For the following, recall that if H C F° isa 
hereditary set (i.e., E° \A satisfies axiom (T1) of a maximal tail.), then E \ EH is the 
subgraph of E with vertices E° \ H and edges E' \ E'H. Note that if T is a maximal 
tail, then H := E° \ T is a saturated hereditary set, and then E \ EH = ET. 


Proposition 3.3 Let E be a row-finite graph with no sources. Fix x,y € E™ and 
w,z € T. The irreducible representations mx, and my, have the same kernel if and 


only if [x]° = [y]° and weet) = Pere), 


The crux of the proof of Proposition 3.3 is Lemma 3.5, which we state separately 
because it is needed again later to prove that every primitive ideal is of the form /,,.,. 
Our proof of Lemma 3.5 in turn relies on the following standard fact about kernels 
of irreducible representations; we thank the anonymous referee for suggesting the 
following elementary proof. 


Lemma 3.4 Let A be a C*-algebra, let J be an ideal of A, and let 1, and mz be 
irreducible representations of A that do not vanish on J. Then ker(x) = ker(z) if 
and only if ker(,) NJ = ker(m2) NJ. 


Proof The “ => ” direction is obvious. Suppose that ker(z,) NJ = ker(m2) NJ. 
By symmetry, it suffices to show that ker(z,) C ker(z2). Since z is irreducible, 
ker(z2) is primitive, and hence prime (see, for example, [11, Proposition 3.13.10]). 
By assumption, we have ker(z,) NJ = ker(m2) NJ C ker(m2). Since a does 
not vanish on J, we have J ¢ ker(z2). So primeness of ker(z2) forces ker(7,) C 
ker(z2). Oo 
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Lemma 3.5 Let E be a row-finite graph with no sources, and suppose that T is a 
maximal tail of E. Let H := E® \ T. 


(1) Suppose that T is an aperiodic tail and x is an irreducible representation of 
C*(E) such that {v € E° : 1(py) # 0} = T. Then kerx is generated as an 
ideal by { py : v € A}. 

(2) Suppose that T is a cyclic tail and that jt is a cycle with no entrance in T. 
Suppose that m, and m2 are irreducible representations of C*(E) such that 


{vu : 11 (Pv) # OF = T = {vu : m2(pv) F Of. 


Then each nj restricts to a one-dimensional representation of C*(s,), and 
ker, = kerz if and only if 1(sy) = 12(Sy) as complex numbers. Each 
ker 7; is generated as an ideal by { py: v € H} U {ai(Sp) Pru) — Sp}: 


Proof We start with some setup that is needed for both statements. Let J be the 
ideal of C*(E) generated by {p, : v € H}. This H is a saturated hereditary set. If 
a is an irreducible representation such that {v € E° : x(p,) # 0} = T, then J 
is contained in ker z by definition. By [12, Remark 4.12], there is an isomorphism 
C*(E)/I = C*(E\ ER) that carries p, + / to py for v € E°\H. Since I C ker z, the 
representation 2 descends to an irreducible representation of C*(E)/J, and hence 
determines an irreducible representation 7 of C*(E \ EH) such that 


(pv) = (pv) forv € E\ H. 


Now, for (1), if T is an aperiodic maximal tail, and z is as above, then every cycle 
in E \ H has an entrance in E \ H, and 7 is a representation of C*(E \ EH) such that 
(pv) # 0 for all v € (E \ EH)®. So the Cuntz—Krieger uniqueness theorem [12, 
Theorem 2.4] implies that z is faithful. Hence ker z = J, proving (1). 

For (2), consider the ideal J of C*(E \ EH) generated by p,(,). Then z(J) # 
{0} for i = 1,2. So Lemma 3.4 implies that 7, and 72 have the same kernel if 
and only if ker(z,) NJ = ker(z2) N J. Since J is generated as an ideal by p,,), 
the corner py(y)JPr(y) = Span{syrS%m : m,n € N} is full in J. Rieffel induction 
from a C*-algebra to a full corner is implemented by restriction of representations 
[13, Proposition 3.24]. Since Rieffel induction carries irreducible representations to 
irreducible representations and induces a bijection between primitive-ideal spaces, 
we deduce that each 7; is an irreducible representation of C*(s,,) € J, and that 


ker z, = ker zt —= ker(71) 9 Pr(p)JPr(w) = ker(z2) ND PrP ru): 


Since jz has no entrance, s, is a unitary element of p,(,)JP;(u), SO C*(s,) a 
C(a(s,,)). Since the irreducible representations of a commutative C*-algebra are 
one-dimensional, we deduce that each 7; is a one-dimensional representation of 
C*(sy) © C*(E \ EH) and hence each 7; is a one-dimensional representation of 
C*(s,,) © C*(E). Moreover, 7; and 72 have the same kernel if and only if they are 
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implemented by evaluation at the same point z in o(s,), and hence if and only if 
71 (Sp) = W2(S,). 

For the final statement fix i € {1,2}. Since J is contained in the ideal J’ generated 
by {py : v © AYU {ri(s,)Prw) — Sw}, we have J’ = ker z; if and only if ker 7; 
is equal to the image J” of J'/I in C*(E \ EH). Since Rieffel induction induces a 
bijection on ideal-spaces, ker #; = J” if and only if p,(y) ker Tipr(u) = PrwyJ" Pry): 
Both of these ideals coincide with the maximal ideal corresponding to the complex 
number z7;(s,,) € o(s,,), 80 we are done. Oo 


Proof of Proposition 3.3 Lemma 3.2 implies that if ker 7, = ker z,,., then [x]° = 
[y]°. So it suffices to prove that if [x]° = [y]°, then 


ker 2, = ker my, if and only if wher(B]?) — 7Per([x]°) (3.1) 


For this we consider two cases. First suppose that [x]° is an aperiodic maximal 
tail. Then Lemma 3.5(1) implies that each of ker z, and ker z,, is generated by 
{py : v ¢ T}, and in particular the two are equal. Also, w" ei) = y9 = 1 = P= 
zPer(l*l”) so the equivalence (3.1) holds. 

Now suppose that [x]° is cyclic, and let jz be a cycle with no entrance in [x]°. We 
must show that ker 71, = ker zy, if and only if wit! = zl#l, Since jw has no entrance, 
both zy ( Pru)? (fx) and zy,-( pr.) £7([y]) are equal to the one-dimensional space 
Cé,,cc, and we have 


Txw(Sp)byeo = wll § 00 and Ty (Sp )by00 = ZIHI§ 00. 


So, identifying the image of z,,,(C*(s,,)) with C, we have z,,,(s,) = wit! and 
similarly zy-(s.) = zl, So Lemma 3.5(2) shows that ker, = ker Ty, f and 
only if 2/1 = wi, oO 


We are now ready for our first main result—a catalogue of the primitive ideals of 
C*(E). Proposition 3.3 says that the following definition makes sense. 


Definition 3.6 Let E be a row-finite directed graph with no sources. Suppose that 
T is a maximal tail in E° and that z € {w’"™ : we T} CT. We define 


Tr, := ker yy for any (x, w) € E® x T such that [x]° =Tandw = z, 
Theorem 3.7 The map (T, z) +> Ir, is a bijection from 


{(T, wrerD)) : T is a maximal tail, w € T} 


to Prim C*(E). 
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Proof Lemma 3.2 shows that each /7., is a primitive ideal. Proposition 3.3 shows 
that (T,z) t+ Ir,z is injective. So we just have to show that it is surjective. Fix 
a primitive ideal J of C*(E), let T = {v : py ¢ J}, and let z be an irreducible 
representation of C*(E) with kernel J. Then T is a maximal tail according to 
Lemma 3.1. We must show that J has the form /7.,. 

If T is aperiodic, then Lemma 3.5(1) shows that J = kerma = kerzy1) = Igo) 
for any x such that [x]° = T. 

If T is cyclic, let jz be a cycle with no entrance in T. Lemma 3.5(2) shows that 
a (C*(s,)) is one-dimensional, so we can identify m(s,,) with a nonzero complex 
number z. Since s, is an isometry, |z| = 1. Now Lemma 3.5(2) implies that any 
w € T with w“! = ¢ satisfies ker 7 = ker Mpc w = [po 2. Oo 


4 The Closure Operation 


The Jacobson, or hull-kernel, topology on Prim C* (E) is the one determined by the 
closure operation X = {7 € PrimC*(E) : (\jexJ © I}. The ideals of C*(E) are 
in bijection with the closed subsets of Prim C*(E): the ideal Jy corresponding to a 
closed subset X is 


Ix = (jexJ- 


So the first step in describing the ideals of C* (E) is to say when a primitive ideal 
I belongs to the closure of a set X of primitive ideals. We do so with the following 
theorem. 


Theorem 4.1 Let E be a row-finite graph with no sources. Let X be a set of pairs 

(T, z) consisting of a maximal tail T and an element z of {w?*™” : w € T}. Consider 

another such pair (S, w). Then Mirgex Ir, © Is. ifand only if both of the following 

hold: 

a) SC Urzex T, and 

b) if Sis acyclic tail and the cycle 2 with no entrance in S also has no entrance in 
Uvrgex T then 


w € {z: (S,z) € X}. 


We will need the following simple lemma in the proof Theorem 4.1, and at a 
number of other points later in the paper. 


Lemma 4.2 Let E be a row-finite graph with no sources, let H be a saturated 
hereditary subset of C*(E) and let u be a cycle with no entrance in E® \ H. Let 
Iy be the ideal of C* (E) generated by { p, : v € H}. Then there is an isomorphism 


(PryC* (E) Pru) /(PrwlaPrw)) a PrpyC™ (E \ EH )pru) 
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carrying Sy, +Pr(wtHPr(w) 0 Sy, and there is an isomorphism of p,(y)C* (E\ EH) p(y) 
onto C(T) carrying s,, to the generating monomial function z +> z. 


Proof Remark 4.12 of [12] shows that there is an isomorphism C*(E)/I & C*(E\ 
EH) that carries 5. + Jy to s. ife € E ! \E 'H and to zero otherwise. This restricts to 
the desired isomorphism p,(,)C* (E) pri) /Pr(wlaPriy) & PrwyC* (E \ EX) pr). The 
element 5, € Pr(wyC* (E \ EH)pr(u) satisfies sis = Pru) = SyS,, because jz has 
no entrance in E° \ H. So it suffices to show that the spectrum of S, calculated in 
Pr(yyC*(E \ EH)p,(y) is T. To see this, observe that the gauge action y satisfies 
Yw(Sp) = wll(s,,). So for A,w € T, Apry) — Sy, is invertible if and only if 
YwAPrHp) — Su) = Wel(wlHlAp,qs — Su) is invertible. That is, o(j1) is invariant 
under rotation by elements of the form wil, which comprise all of T. Since the 
spectrum is nonempty, it follows that it is the whole circle. Oo 


Proof of Theorem 4.1 We first prove the “if” direction. So suppose that (a) and (b) 
are satisfied. We consider two cases. First suppose that S is an aperiodic tail. Then 
Per(S) = {0}, and so w = 1. For each maximal tail T of E, let 


T_ := T \ {v: v lies on a cycle with no entrance in T}, 


and let I7_ be the ideal generated by { p, : v ¢ T_}. If T is a cyclic maximal tail and 
jt is acycle with no entrance in T, and if z € {we ; w € T}, then Lemma 3.5(2) 
shows that J7,, is generated by {p, : v ¢ T} U {zpry) — Sp}. So Ip, © Ip_. So it 
suffices to show that 


M\ergextr- SIs. 


For this it suffices to show that U7 ex T- 2 S. We fix v € FE’\ UernexT- and 
show that v ¢ S.If v ¢ T for all (T,z) € X, then it follows from (a) that v ¢ S. 
So we may assume that v € (Ur.yexT) \ (Ucrzyex T_-): In particular, there exist 
pairs (T,z) € X such that v € T. Fix any such pair. Since v ¢ T_, it must lie in a 
cycle jz in T with no entrance in 7. Property (T1) shows that jz is contained entirely 
in T, and then Lemma 2.2 then gives T = [u®]° = r(E*v). So yu has no entrance in 
r(E*v), and the only pairs (T, z) € X with v € T satisfy T = r(E*v). Thus yw has no 
entrance in U7 ex T. Since S © Ucr.yex T, and every cycle in S has an entrance 
in S, we deduce that jz does not lie in S and hence v ¢ S as required. 

Now suppose that S is cyclic and yz is a cycle with no entrance in S. Let V be the 
set of vertices on 4. Lemma 2.2 gives S = {r(a) : s(a) € V}. Since SC Up yexT, 
there exists (T,z) € X with r(w) € T. Since T satisfies (T1), we deduce that the 
cycle yt lies in the subgraph ET of E. So there exists (JT, z) € X such that V C T, 
and then S C T because S = {r(q@) : s(a~) € V} and T satisfies (T1). So it suffices to 
show that 


Nargexsertrz CIs. 
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For this, first suppose that there exists (T, z) € X such that T is a proper superset of 
S; say v € T \ S. Since S = {r(@) : s(a) € V}, we see that vE*V = @, and hence 
vE*S = @. So there exists w € T \ S such that VE*w and vE*w are both nonempty. 
Hence 


T D {r(a) : s(a) = w} D {r(a) : s(a@) EVE = SS. 


If T is acyclic tail, the cycle with no entrance that it contains lies outside of S, so the 
final statement of Lemma 3.5(2) shows that all the generators of J7,, belong to Is y; 
and if T is aperiodic, then all the generators of /7,, belong to Js, by Lemma 3.5(1). 
In either case, we conclude that J7., C Is, and hence O\rpexser Trz CI su. 

So it now suffices to show that Mes.ex Is. C Is. Let Is be the ideal generated 
by {py : v ¢ S}. Then each Js contains Is, as does Is y, So we need only show 
that in the quotient C*(E)/Is; & C*(ES), the intersection of the images J, of the Is, 
is contained in J,,. Each J, is generated by zp,,) — s, and is therefore contained 
in the ideal generated by p,(,), and similarly for J,,. Since the ideal generated by 
Pr(u) 18 Morita equivalent to the corner determined by p,,,), it suffices to show 
that (\s.exPrwIPru) S PriwySwPrqy- The isomorphism p,qyC*(ES)pruy) = 
C(T) of Lemma 4.2 carries each p,,)J-pry) to {f € C(T) : f(z) = 0}. So 
(1(s..ex PrwJzPr(u) is carried to 


{f € C(T) : f =0on {z: (S,z) € XH}, 


and in particular is contained in the image of p,;(y)JwPr(u)- 

We now prove the “only if” direction. To do this, we prove the contrapositive. 
So we first suppose that (a) does not hold. Then there is some v € S \ Urs T. 
This implies that p, € I(r, for all (T,z), but py ¢ Is, and so rz Ipz EZ Is as 
required. 

Now suppose that S C Urs T, that jz is a cycle with no entrance in S' and 
that jx also has no entrance in )(7,yey T, and that w ¢ {z: (S,z) € X}. As above, 
S = {r(a) : s(a) = r(w)}, and since yw has no entrance in any 7, for each (T, z) 
we have either T = S or r(u) ¢ T. Whenever r(jz) ¢ T, we have p,(y) € [(7,, and 


Ne) Mrz PrwltzPru) = Nz ex Pr(w)ts.Pr(u). Once again taking quotients by Js, it 
suffices to show that 


() ProndPriyy E Pr IuPriu)- 
(S,z)EX 


Since w ¢ {z: (S,z) € X}, there exists f € C(T) such that f(w) = 0 and f(z) = 1 


whenever (S,z) € X. Let g = 1—f © C(T). Then the images of the elements f 
and g belong to ( \s jex PrwJ<Priw) ANd Pr(w)JwPr(u) Tespectively. Their sum is the 
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identity element p,,,,), which does not belong to J,,. Thus 


PrwIwPryy + (\ Pewter # Iw: 
(S,z)EX 


Consequently, Nsz exPrwI Pru) E PrwwPr(u)- Oo 


5 The Ideals of C*(E) 


We use Theorem 4.1 above to describe all the ideals of C*(E£). We index them by 
what we call ideal pairs for E. To define these, given a saturated hereditary set H of 
E®, we will write @(H) for the set 


@(H) := {w: wis acycle with no entrance in E° \ H}. 


An ideal pair for E is then a pair (H, U) where H is a saturated hereditary set, and 
U is a function assigning to each 4 € @(A) a proper open subset U(w) of T, with 
the property that U(w) = U(v) whenever [2%] = [v%°]. 

Observe that if the maximal tail E° \H is aperiodic, so that @(H) = @, then there 
is exactly one ideal pair of the form (H, U): the function U is the unique (trivial) 
function from the empty set to the collection of proper open subsets of T. 

To see how to obtain an ideal of C*(£) from an ideal pair, we need to do a little 
bit of background work. 

For each open subset U C T, we fix a function hy € C(T) such that 


{z€T: hy(z) £ 0} = UV. 
For example, we could take 
hy(z) := inf{|z-—w| : w ¢ U}. 


Let x : C(T) > £?(Z) be the faithful representation that carries the generating 
monomial z +> z to the bilateral shift operator U : e, +> e,41. The classical theory 
of Toeplitz operators says that if Py : £?(Z) — ¢°(N) denotes the orthogonal 
projection onto the Hardy space span{e, : n > 0}, then there is an isomorphism p 
from P+2(C(T))P+ to the Toeplitz algebra 7 C €7(N) generated by the unilateral 
shift operator S, such that if g : Z — C(T) is the quotient map that divides out the 
ideal of compact operators, then q(p(P+7(f)P+)) =f for every f € C(T). 

If H C E° is saturated and hereditary, then for each 1p € @(H), we have SySy < 
Pru) = Si Sys with equality precisely if jz has no entrance in E°. So if jz has no 
entrance in E°, then Sy is unitary in p;()C* (E)p+(z), and we can apply the functional 
calculus in the corner to define a nonzero element hy(s,,) € C*(E). If w has an 
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entrance in E°, then Su Sq, < STS > so Coburn’s theorem [4] gives an isomorphism 
w:7 = C*(s,) that carries S$ to sy. 

Using the preceding paragraph, given an ideal pair (H, U) and given wp € @(H), 
we obtain an element o, € C* (sn) © pryC* (E) p(n) given by 


a hu) (Sp) if jw has no entrance in E° 
n w(p(Pim(huww)P+)) otherwise. 


Theorem 5.1 Let E be a row-finite graph with no sources. Let %g denote the set 
of all ideal pairs for E. For each (H,U) € Yq, let Ju. be the ideal of C*(E) 
generated by 


{py:v eH} U{r! : we CM}. 


(1) The map (H,U) & Jy is a bijection of %g onto the collection of all closed 
2-sided ideals of C* (E). 

(2) Given an ideal I of C*(E), let Hy := {v € E°: py € It, and for w € G@(H)), let 
Ur() = T\ SPEC( p04) -+1)(C*(E)/D(Prquy + D (Sy +1). Then (H7, U7) is an ideal pair 
and I = JHU; 


Before proving the theorem, we need the following lemma. 


Lemma 5.2 Let E be a row-finite directed graph with no sources. Let (H, U) be an 
ideal pair for E, let T be a maximal tail of E and take z € {w°* : w € T}. Then 
Juv © Ir, if and only if both of the following hold: 


a) HCE*\T; and 


b) if T is cyclic and the cycle js with no entrance in T belongs to @(H), then z ¢ 
U(u). 


In particular, we have {v : py € Ju.y} =H. 


Proof For the “if” direction, fix x € E® such that T = [x]° and w € T such 
that we) — z We just have to show that z,, annihilates all the generators of 
Jy.y. For this, first fix v € H. Then the final statement of Lemma 3.2 shows that 
Pv € kermyy. Now fix p € @(A). If r(u) ¢ T, then m,..(p)) = 0 as above 
and then since tY € pyyC*(E)py), it follows that Hzw(te) = 0. So suppose 


LL 
that r(w) € T. Since jz has no entrance in E° \ H and since T C E° \ H, the 
cycle jz has no entrance in T. So T is a cyclic maximal tail, and [x]? = [u%]° 


by Lemma 2.2. We then have z ¢ U(1) by hypothesis. The ideal [; generated by 
{py : v © HA} is contained in ker(z,), so 7y,, descends to a representation 7,.,, 
of C*(E)/Iy. Lemma 4.2 shows that p;(y)C* (E)pr(u)/Pr(uytPriw) & C(T), and this 
isomorphism carries the restriction of 7, to the one-dimensional representation €, 
given by evaluation at z. The isomorphism of Lemma 4.2 also carries i +Pr(w)tPr(w) 
to hy(y). Since z ¢ U(z), we have €-(hy(,)) = 0, and so Hxw(Ty) = 0. So all of the 
generators of Jy y belong to ker 2, as required. 
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For the “only if” implication, we prove the contrapositive. Again fix x € E™ 
such that T = [x]° and w € T such that we = z, so that Jr, = ker z,,,. First 
suppose that H Z E° \ T; say v € TNH. Then p, € Jyv by definition, but 
Pv ¢ kerz,,, by the final statement of Lemma 3.2, giving Jy,y ¢ ker 7,,,. Now 
suppose that H C E° \ T, that T is cyclic and that the cycle jz with no entrance in T 
belongs to @(H), but that z € U(j). Arguing as in the preceding paragraph, we see 
that w(hu(u)(ZPrp) — 7) = 0. Since na € Juv, we deduce that py.) € Jay + 
ker mx. Since p,(z) ¢ ker 7, by Lemma 3.2, we deduce that Jy,y Z ker zy,y. 

For the final statement, observe that H C {uv : py € Jy} by definition. For the 
reverse containment, recall that by definition of an ideal pair, each U(z) is a proper 
subset of T. So for each uw € @(H), we can choose z, € T\ U(w). By the preceding 
paragraphs, we have Jiz,.y C [j,)0,z, for each pw € @(H). For each v € E° \ H that 
does not belong to [ju%]° for any  € @(H), we can choose an infinite path x” in 
E° \ H with r(x’) = v. This x” ¢ [uw] for u € @(H) because v does not belong 
to any [1™]°. So each [x”]° is a maximal tail contained in the complement of H and 
the preceding paragraphs show that Jz,.y © J[,»jo,1. We now have 


Jaw © (Pi Typzu) a (M.A): 


By construction, the right-hand side does not contain p, for any v ¢ H, and so we 
deduce that v ¢ H implies p, ¢ Jz.y as required. Oo 


Proof of Theorem 5.1 To prove the theorem, it suffices to show that the assignment 
(H, U) & Jy is injective, and then prove statement (2). 

The general theory of C*-algebras says that every ideal of a C*-algebra A is 
equal to the intersection of all of the primitive ideals that contain it. By definition, 
the topology on Prim(A) is the weakest one in which {7 € Prim(A) : J C 7} is closed 
for every ideal J of A, and the map which sends J to this closed subset of Prim(A) 
is a bijection. So to prove that (H, U) > Jy.y is injective, we just have to show that 
the closed sets Yy y := {7 € PrimC*(E) : Jyy © J} are distinct for distinct pairs 
(H, U). 

By Lemma 5.2, we have 


Yuu = {Ip,:T C E® \ His a maximal tail, and 
if T is cyclic and the cycle jz with no entrance in T 
also has no entrance in H, then z ¢ U(1)}. 

Suppose that (H;, U;) and (Ho, U2) are distinct ideal pairs of E. We consider 
two cases. First suppose that H; # H>. Without loss of generality, there exists 
v € H \ Hp. Since Hp is saturated, there exists e, € vE! such that s(e;) ¢ Hp. 
Since H; is hereditary, we have s(e) € H,. Repeating this argument we obtain 


edges e; € s(e;-,)E! with s(e;) € H, \ Ho, and hence an infinite path x lying in 
(E \ EH)) \ (E \ EH>). Now [x]° is a maximal tail contained in H, \ Ab. If [x]° is 
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an aperiodic tail or is a cyclic tail such that the cycle with no entrance in [x]° has an 
entrance in E \ EH, we set z = 1. If [x]° = [w®]° for some wp € @(H2), we choose 
any z € T \ U2(). Then Lemma 5.2 shows that I) yo. © Yxn.u, \ Yuy.u,- 

Now suppose that H; = Hz. Then U; 4 U2, so we can find w € @ (A) = @(A2) 
such that U;(jz) # U2(w). Again without loss of generality, we can assume that 
there exists z € Uj(j1) \ U2(), and then we have I[,,0j0,, € Yup.u, \ Yu,,u,. This 
completes the proof that the Yy y are distinct. 

It remains to prove (2). Given an ideal J, the set H := H is a saturated hereditary 
set by [12, Lemma 4.5]. Since the ideal J generated by { p, : v € H} is contained in 
I, Lemma 4.2 shows that s,, + 7 is unitary in (pry) + DC*(E)/T( pr) + 2) for each 
jt € C(A); so its spectrum is a closed subset of T, showing that U;(j1) is an open 
subset of T. If 4, v € C(A) with [uw] = [v%], then n° = av®™ for some initial 
segment @ of 44°°. The Cuntz—Krieger relations show that s*s,,5¢ + J = s, +J and 
SaSySy +1 = s, +1; so conjugation by sy, + J gives an isomorphism C*(s,,) + 1 & 
C*(s,) + J, and in particular 


SPEC (p6) +N(C*E)/D pry tS + D = SPCC p) +(C*(B/D prot) Sv + YD, 


giving U;(w) = Ur(v). So (A, U) is an ideal pair. 

To see that J = Jz,,u,, we first check the containment >. For this, it suffices to 
show that every generator of Jz,,y, belongs to J. We have p, € J for all v € H; by 
definition. Fix 4 € @(H7); we must show that a € I. For this, let Jy be the ideal of 
C*(E) generated by { p, : v € H}. Since Jy is contained in both J and Jy,,y, we just 
have to show that Jy, y,/Ip is contained in I/Iy. For this, let 2 : p,(.yC* (E) Pri) > 
C(T) be the composition of the isomorphism of Lemma 4.2 with the canonical 
surjection pr(yyC*(E) Pry) > (Pri) + La) (C*(E)/T) (Pry) + In). Then 2(r,/') = 
hu, Vanishes on T \ U;(j2), which is SPEC p,) +1)(C*(E)/D (Pru +D (sy, + J). Since 
the quotient map by the image of J under z is given by restriction of functions to 
SPEC 5,4) +I(C*(E)/D prt) (s, + J), it follows that ce + Ip € 1/Ty as required. 

For the reverse containment, recall that every ideal of C*(E) is the intersection 
of the primitive ideals that contain it, so it suffices to show that if Js, € Yu,,v,, then 
IC Isy. Fix Isy € Yu;.y,;. We can express J as an intersection of primitive ideals 
and therefore, by Theorem 3.7, we have J = (\r2ex I7,, for some set X of pairs 


consisting of a maximal tail T and an element z € {uP*"™ : yw € T}. We then have 
ve Ay => py El > py €(\ergextrz — 0 €Nrgex F’\ T, 


and we deduce that H; = P\Uepex T. Since Is y € Yy,,y,, we have S C E°\H, = 
»ex 1. So if S is an aperiodic tail, or is a cyclic tail such that the cycle jz with 
(T,)€X p y yele pL 
no entrance in S has an entrance in J (rex > then Theorem 4.1 immediately gives 
[= Mirgex Irz CS Is. So suppose that S is cyclic, and the cycle with no 
entrance in S has no entrance in Urzex T. Again using that Is, € Yu,,u,, we 
see that w ¢ U;(). Hence w € SPEC( p,.-+1)(C*(E)/D (pry +O SH + 1). So if a: 
Pr(uyC* (E) pry) — C(I) is the map described in the preceding paragraph, we have 
w) = 0 for all f in z(Z/) = sex WUs.-). Each w(/s.-) is the set of functions 
(S,z)EX 
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that vanishes at z, so we deduce that every function vanishing at every z for which 
(S,z) € X also vanishes at w; that is w € {z: (S,z) € X}. Now Theorem 4.1 again 
gives J = (\r2ex Tr, C Igy. oO 


Remark 5.3 To see where the primitive ideals of C*(E) fit into the catalogue of 
Theorem 5.1, first let us establish the convention that if @(H) = @, then @ denotes 
the unique (trivial) function from @(H) to the collection of open subsets of T, and 
that if @(H) is a singleton, then Z denotes the function on @(H) that assigns the 
value T \ {z} to the unique element of @(H). Now if T is a maximal tail and z € 
{wee + w € T}, then Lemma 3.5 and the definition of the ideals Jy.y show that 


Jeo\rg if T is aperiodic 
Ir 2 , 


Jer; if T is cyclic. 


Remark 5.4 The ideal Jy y is gauge invariant (1.e., y,J#.u) = Juv for every z € T) 
if and only if U(y) = @ for every x € @(H), in which case Jy. y = Iy. Thus, we 
recover from Theorem 5.1 the description of the gauge invariant ideals of C*(E) 
presented in [1, Theorem 4.1]. 


6 The Lattice Structure 


To finish off the description of the lattice of ideals of C*(E), we describe the 
complete-lattice structure in terms of ideal pairs. 

We define < on the set -%- of ideal pairs for a row-finite graph E with no 
sources by 


(A, U1) X (Az, U2) => A, C Hy and U; (1) € U2(w) 
for all uw € @(A1) N @ (Ad). 


In the following, given X C T, we write Int(X) for the interior of X. 

Theorem 6.1 Let E be a row-finite graph with no sources. 

(1) Given ideal pairs (H,, U,) and (H, U2) for E, we have Jx,.u, © Juy.u, if and 
only if (H,, U1) X (Ao, U2). 

(2) Given a set K © x of ideal pairs for E, we have (\ mex Juu = Iug.vr 
where Hk = (\¢,uyex H, and Ux() = Int ( Qanexpeeun UH). 

(3) Fixaset K © JY of ideal pairs of E. Let A be the saturated hereditary closure of 
Uinex H. Let B= {r(u) : w € @(A) and Ua nex neon UH) = T}. Let 
HK be the saturated hereditary closure of AUB in E®, and for each w € @(H*), 
let UF (uw) = Ua nex pee U(u). Then span( Uuruyex Jxu) = Jux,ur- 
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Proof (1): First suppose that (Hi, U1) < (Hz, U2). We show that every generator 
of Jiz,,u, belongs to Jy,,y,. For each v € H, we have v € Hy and therefore 
Pv € Jtp,u,. Suppose that w €¢ @(M). If ru) € Ab, then pry) € Ju,y, and 
so ore € PryyC*(E)pw) belongs to Jz,,y, as well. So we may suppose that 
r(u) ¢ H>. Since H; C Hy and since yz has no entrance in E° \ Ay, it cannot 
have an entrance in E° \ Ho, so it belongs to @(H2). The ideal Jy, generated 
by {py : v € Hy} is contained in both Jy,.y, and Jy,.y,. By Lemma 4.2, we 
have (pry) + In, )(C* (E)/Tn,) (Pru) + I,) & C(T) and this isomorphism carries 
to hy, uy) and carries the image of Jz,,y, to {f € C(T) : f-'(C \ {0}) C 
Uz(1)}. Since Uj (tt) C Us(p), it follows that the image of a in the corner 
(Pru) + LH, ) (C* (E) /T,) (Pri) + Ln, ) belongs to the image of Jz,,y,, and therefore 
a + Th, Cc JH ,Un> giving ce € Jt,Us- 

Now suppose that Jz,.u, © JH,,v,. The final statement of Lemma 5.2 shows 
that H, C H>, so we must show that whenever 4p € @(H\) M @(A2), we have 
U, (4) € Uz(). Theorem 5.1 (2) shows that 


Uj(u) = T \ specyy, +J,u,)(C*(E)/Jupu;) Pry tduy,u) OH + JH,.0;)- 


Since Jzz,,u, © Jay,u,, there is a homomorphism q : C* (E)/Ja,.u, > C*(E)/Ja.u, 
that carries s,, + Jy,,y, to 8, + Jy),V,- In particular, g carries p,() + JH,,u, tO Pry) + 
J,Uy, and so induces a unital homomorphism between the corners determined by 
these projections. Since unital homomorphisms decrease spectra, we obtain 


SPEC( p(y) +Jity,U9)(C* (ED Itty.) (Pr) tty.) Spe + It, vy) 
S SPEC p44) in. vy (C/I. vy (Pa tin 0) SH + Ji 1) 


and hence Uj; (jt) © Up(L). 

(2): The ideal ar H.U)eK Juv is the largest ideal that is contained in Jy y for every 
(H, U) in K. Since the map (H, U) > Jy.y is a bijection carrying ~< to C, it suffices 
to show that (Hx, Ux) x (H,U) for all (H, U) € K, and is maximal with respect 
to < amongst pairs (H”, U”) satisfying (H”, U’’) < (H, U) for all (H, U) € K. The 
pair (Hx, Ux) satisfies (Hx, Ux) x (H,U) for all (H, U) € K by definition of Hx 
and Ux. Suppose that (H”, U") < (H,U). Then H” C H for all (A, U) € K, and 
hence A” C Hx; andif « € @(A”)N@ (Ax), and if (H, U) € K satisfies uy € @(A), 
then U" (jz) © U() because (H”, U”) < (H,U). So U’(yt) is an open subset of 
Murex pee ny U(H), and therefore belongs to Int ( Our. rex pee (Hn) U(1)) = Ux. 

(3): The ideal span( iz vex Juv) is the smallest ideal containing Jy,y for 
every (H, U) in K. So as above it suffices to show that (H,U) < (A*, U*) for all 
(H, U) € K, and that (H*, U*) is minimal with respect to < amongst pairs (H”, U”) 
satisfying (H,U) < (H”,U”) for all (H,U) ¢€ K. The pair (H*, U*) satisfies 
(H,U) = (H*,U*) for all (H,U) € K by construction. Suppose that (H”, U”) 
is another ideal pair satisfying (H, U) < (H”, U”) for all (H, U) € K. We just have 
to show that (H*, U*) ~ (H",U”). We have H C H" for every (H,U) € K, and 
since H” is saturated and hereditary, it follows that A C H”. If v € B, then there 
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exists 44 € @(A) such that Uren pee) U(u) = T, and then by compactness 
of T, there are finitely many pairs (H), U;),..., (Hn, Un) € K such that uw € @(H;) 
for each i, and ()_, U(u) = T. Choose a partition of unity {f,,...,fn} € C(T) 
subordinate to the U;. Let I, be the ideal of C*(E) generated by {p, : v € A}. 
Then each f; belongs to the image of p,(y)J(4;,U;)Pr(u) Under the isomorphism of 
Lemma 4.2, and so 1 = 5°, f; belongs to the image of )7"_, Pr(u)JH,,U;Pr(u)- Since 
each (H;, U;) < (H”, K”), it follows that 1 belongs to the image of J(q”,«). But the 
preimage of | is p,,,)+J,4, and we deduce that p,(,) © J(q”,x«”). The final statement of 
Lemma 5.2 therefore implies that v € H”.So AUB C HA”, and since H” is saturated 
and hereditary, it follows that HX C H”. Now suppose that p € @(H*)N @(H"). 
For each z € UX (wz), there exists (H, U) € K such that w € @(H) and z € U(). 
Since (H, U) < (H”, U”) and uw € @(A”) N @(A), we deduce that z € U" (2). So 
UK (w) © U"(w). So we have (H*, UX) < (H", U") as required. Oo 
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Commutator Inequalities via Schur Products 


Erik Christensen 


Abstract For a self-adjoint unbounded operator D on a Hilbert space H, a bounded 
operator y on H and some Borel functions g(t) we establish inequalities of the type 


II[g(D). y]ll < Aollyll+-A1 II LD, y]I|-+A2I|[D, [D, yI]l+- +--+ AnI|[D, [D,... [Dy] .--IIll- 


The proofs take place in a space of infinite matrices with operator entries, and in this 
setting it is possible to approximate the matrix associated to [g(D), y] by the Schur 
product of a matrix approximating [D, y] and a scalar matrix. A classical inequality 
on the norm of Schur products may then be applied to obtain the results. 


1 Introduction 


Let D be an unbounded self-adjoint operator on a Hilbert space H Then for a 
bounded operator y on H the commutator [D, y] may be of interest for several 
reasons. From our personal point of view, we have previously studied mathematical 
physics [10], noncommutative geometry [5] and operator algebras [7] and found 
that commutators do occur for natural reasons. The most common one being that the 
expression [D, y] := Dy—yD denotes the derivative of the function t > —ie"? ye~"? 
at t = 0. It is well known [1], that this derivative may or may not exist, and if 
it exists, it may be as a limit of difference quotients taken in the norm topology 
or as a limit in the ultraweak topology on B(H), and it follows from [13] and 
[9] that the ultraweak limit may exist in cases where the uniform limit does not 
exist. If the ultraweak limit exists, we say that y is weakly-D differentiable and the 
bounded operator which is the limit is denoted p(y), and if no mistakes are possible 
we will just write 5(y). Following [1] we let C'(D) denote the algebra of weakly 
D-differentiable operators on H, and in the article [3] we gave a presentation of some 
of the equivalent formulations of weak D-differentiability. Our personal contribution 
in this direction is based on a study of a space of infinite matrices with bounded 
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operators as entries, and we showed that for any bounded operator y the matrix 
associated with [D, y] is always defined in this set up, but it represents a bounded 
operator exactly when y is weakly D-differentiable. This set up makes it possible 
to define all the algebraic operations needed to work with higher commutators, 
although the higher commutators may not exist as densely defined operators. 
In the article [4] we continued this work by studying higher commutators such 
as [D,[D,...,[D,y]...]| and we showed—among other things—that an operator 
y is k times weakly D-differentiable if and only if all the matrix commutators 
[D, [D,...[D,y]...]] up to the order & represent bounded operators. 

Based on a question coming from noncommutative geometry and a question 
coming from the study of perturbations of operator algebras we got interested 
in relations between different commutators applied to the same bounded operator y. 
To be more precise, the question from non commutative geometry asks for relations 
between the commutators [|D]|, y| and [D, y], where we define for D its numerical 
value |D| by |D| := (D?)"/”). We show that for any natural number n and a bounded 
operator y on H, that if y is n + 1 times weakly D-differentiable then it is n times 
weakly |D|—differentiable, and we obtain a norm estimate for the norm of the n’th 
derivative of y with respect to |D| expressed in terms of norms of the n + 1 first 
derivatives of y with respect to D. These results are presented in Sect. 5. 

The question raised by the perturbation of operator algebras dealt with the 
question whether for a positive operator D, almost commutation with a bounded 
operator y is inherited by the square root D“/), It turned out that some results of 
this type are known, see for instance [12], so even though the set up we use in this 
article can be used to obtain some results of this type, we cannot produce inequalities 
as sharp as the known ones, so our results of this sort are not included in this article. 

It turns out that for some complex Borel functions g(t) on R the relations between 
the commutators [g(D), y] and [D, y] may, approximately, be expressed as a Schur 
product, and this is the basic observation which is behind the results in this article, 
as described in Sect. 3. 

The Schur product between scalar matrices A = (aj) and B = (bj) is simply the 
element-wise product (aj) * (by) = (aby) of the two matrices. With the kind help 
of Vern Paulsen we found a result by Bennett [2] on the norm of a Schur product of 
two scalar matrices, which we can use in our computations, and in Sect. 2 we have 
modified Bennett’s result from the setting of scalar matrices to matrices of operators 
and in this way we have found solutions to the problems mentioned above and also 
to some general results of the type 


II[g¢(D). y]ll < Aollyll + Arll[D, y]Il + +++ + Anl|[D,... 1D. y]--- Ill. 
which hold, when g(f) is a Borel function such that 


da>0,A>0,B>0Vs,teR: |g(s)—g(|<A+Bls—1]*. 
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This applies for instance to the cases when g(t) is bounded or g(t) is Hélder 
continuous or g(t) is absolutely continuous with a derivative which may be written 
as a sum of an integrable function and an essentially bounded function. We present 
our abstract results in Sect.5, where we also give applications to the cases where 


g(t) = log(s) and g(f) = |¢|. 


2 Schur Products, Row- and Column-Bounded Matrices 


This section contains a single result, which is an operator space version [6, 15] of 
a result by Bennett, [2] Theorem 1.1 point (i). Given a couple of scalar matrices 
A = (ai)ijerxs and B = (by)Gjyerxs Over the same pair of sets of indices J 
and J, then the Schur product C := A « B is defined as the matrix, of the same 
size, formed as the products of the entries, cj := ajbj. Bennett thought of such 
matrices over the scalars as operators between spaces £?(J) and £4(J). In particular 
he proved that if the matrix B corresponds to a bounded operator in B(€7(J), 2° (/)) 
and the matrix A corresponds to a bounded operator in B(¢!(J), 7(1)), then A * B 
is a bounded operator in B(£?(J), £?(/)). The theory of Schur multipliers has been 
extended to the more general setting of operator spaces and operator modules, see 
for instance Paulsen’s book [11] and the books by Pisier [14] and [15]. A closer 
look at the definition of the Schur product—c;; = ajbj—immediately tells that the 
product may be meaningful in many different situations, such as the case when all 
the elements a;; and bj; are operators on the same Hilbert space, but also in the quite 
unrelated situation where the elements aj are scalars and the b, are elements in a 
family Bj; of Banach spaces. We are sure that we have not found all the possible 
generalizations of Bennett’s theorem to the setting of operator spaces, but we have 
searched and found two versions, which are useful for this article and for our general 
interests. 

The language we use is based on the words column- and row-bounded matrices 
of operators, which we define below. 

The first version is formed as a statement on infinite matrices over the algebra 
of bounded operators algebras on a Hilbert space H. This result will not be used 
directly in this article, but we find quite easily a corollary, which we will use several 
times, in the sections to come. 


Definition 2.1 Let J be an index set and H a Hilbert space, the set of all matrices 
S = (sy) jes) With entries sj €¢ B(H) is denoted M,;(B(H)). 


(i) 
A matrix S = (sj) in M;(B(A)) is said to be bounded if it represents a bounded 
operator in B(H @ £7(J)). If S is bounded, the term ||5|| means that norm. 
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(ii) 
A matrix S = (sj) in M;(B(A)) is said to be row bounded if there exists a K > 0 
such that 


Vie JVJo finite CJ: || }° sysxl| < K?. 
JEJo 


The row norm ||S||, is defined as the least possible such K. 

(iii) 

A matrix S = (sj) in M;(B(A)) is said to be column bounded if there exists a K > 0 
such that 


Vj €JVJo finite CJ: ||)” stsjl| < K’. 


i€Jo 


The column norm ||S||. is defined as the least possible such K. 
(iv) 


Let K = (kj) and L = (J) be matrices in M;(B(H)). Then their Schur product is 


the matrix K * L in M;(B(H)) defined by (K * L)j := kjljj. 
In this setting our version of Bennett’s result becomes 


Theorem 2.2 Let K = (kj) and L = (lj) be matrices in M;(B(A)) such that K is 
row bounded and L is column bounded. Then K * L is bounded in M;(B(H)) and 
|K * LI] < K][-[|Llle. 


Proof Let Jo © J be a finite set and € = (§) jes) be in €?(Jo, H), then we will 
estimate the sum of non negative terms 


Yo) kala §il? 


ieJ = jeJo 


by first fixing 7 and use the row boundedness of K to see that 


>> iil&l? < KR > dag. 


JEJo J€Jo 


Since we are summing non-negative reals, we may change the order of summation 
so we get from the last inequality, when we do the summation over i first, the 
following inequality 


SoD. ils? < IIR 52 e WSill? SWAIN? 57 SIP = IIPIZIRIELP, 


ieJ = =jeJo JEJo ies JEJo 


and the theorem follows. oO 
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Remark 2.3 Matrices may be indexed by different indices for columns and rows, 
say I and J. The theorem above applies to this situation too, since such matrices 
embed naturally into square matrices over the set J U J. 


The proof above applies to a situation which looks quite different. We will now 
look at a Hilbert space H and a family (e;)gez) of pairwise orthogonal projections 
in B(H) with strong operator sum Jai). Then we define -@ as the linear space of 
all matrices A = (aj)(ijey) and aj € e;B(H)e;. The space 7 is defined as all the 
square scalar matrices over the index set J. A matrix S$ = (sj) in % is said to be 
bounded if it is the matrix of a bounded operator on £?(J, C), and similarly a matrix 
A = (aj) in @ is bounded if there exists a bounded operator y on H, such that for 
each pair i,j we have aj; = e;ye;. The definitions of row- and column boundedness 
of S and A are made in the obvious way. Given a matrix S = (sj) in and a matrix 
A = (aj) in @, their Schur product S * A = (sjaj) is a matrix in .@ and we get a 
new version of Bennett’s result 


Corollary 2.4 Let S = (sj) and A = (ay) be matrices in Y and such that S 
is row bounded and A is column bounded, then S * A is bounded and ||S * A|| < 
I|SIL-IlAlle. 


Proof The proof is the same as that of Theorem 2.2, even though the meaning of 
the product sjaj is not identical to the meaning of the product kjl;; which appears 
in the previous proof. 

It is also possible to apply the theorem directly and think of both S and A as 
elements in M;(B(A)). Oo 


3 The Basic Example 


The results we present in this article are based on some well known aspects of 
elementary harmonic analysis. The unit circle T is equipped with the Hilbert space 
H := L?(T, (1/27)d@) based on the Haar probability measure, and the self-adjoint 
operator D := (1/ 4 is just differentiation with respect to arc length, multiplied 
by —i. Basic Fourier analysis tells us that H has an orthonormal basis e, := e!”° of 
eigenvectors for D and with respect to this basis D has a matrix representation as a 
diagonal matrix with all the integers as the diagonal elements. Our basic observation 
is that if y is a bounded operator on H with matrix (yj) with respect to the basis 
(e,), then the commutator [D, y] makes sense as an infinite matrix even if there is no 
densely defined operator associated to this expression. Further, the commutator may 
be described as a Schur product of the matrix (yj) by the matrix S$ = (Sj) given as 
Si = (i—j). If g is a complex function on Z, then we see that if we define a matrix 


0 ifi=j 


sc= (Si; Si = % F 
ii) ] sO) ifi Zj 


’ 
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then the commutator [g(D), y] has a matrix which is given as the Schur product (Sj) * 
((D, y]i;). The next sections will show some examples on how this basic relation may 
be transformed, so that it works for a general self-adjoint operator D, which may 
have a non-trivial continuous spectrum. 


4 The Space .%) of Infinite Matrices Associated with D 


Let D be a self-adjoint operator on a Hilbert space H and y a bounded operator on 
H, then we follow [1], and say that y is n times weakly D-differentiable, if for any 
pair of vectors &, 7 in H the function 


Rata (eM ye™Eé, n) 


is n times differentiable. In the articles [3] and [4] we presented several equivalent 
properties to being n-times weakly D-differentiable and pointed out that most of 
these may be found in the text book [1], however one point of view was original, 
and we will recover the set up for this property here in order to set the stage for the 
arguments to come. If y is weakly D-differentiable, then we introduced the weak 
D-derivative 6(y) in the introduction, and we quote from [4], that if y is weakly 
D-differentiable, then 


Ven eH: el ye~iPE, n) = (ele ME, ) 
dom([D, y]) = dom(D) and 8(y)|dom(D) = i[D, y]. 


For an arbitrary bounded operator y the expression i[D, y] is an operator on H, but 
it may have a small domain of definition, and it may not even be densely defined. 
In the basic example in Sect. 3 the commutator i[D, y] always exists as an infinite 
matrix, and we will now present our way of transforming this set up to the case 
where the spectrum of D has a continuous part. 

Given the self-adjoint operator D we define a sequence of spectral projections e, 
for D, indexed over the integers Z, by defining e, as the spectral projection for D 
corresponding to the interval [n — (1/2),n + (1/2)|. Many of these projections may 
vanish, but this will have no effect on the computations to come. Then we define 
Mp as a space of matrices where the entries are bounded operators by 


Mp = (xj) + i,j € Z, and xy € eB(H)e;}. 


Any bounded operator y on H has a natural representative m(y) in “Zp which is 
given by 


m(y)ij = eive;. 
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For each integer j the operator d; := De; is bounded, defined on all of H and an 
element in e;B(H)e;, so we can define an element m(D) in “Zp by 


Oifi Fj 
tO as ee 
dj ifi = j. 
For any element x in Zp the commutator [m(D), x] is a well defined element in 
Mp which we denote d(x) = (d(x)ij) and it is given by 


d(x)ij = [m(D), x]i — dixij — xjdj. 


In this way, any iterated commutator such as d*(x) = [m(D), [m(D), ... [m(D), x] 
...]] is meaningful and we showed in [4] that a bounded operator y on H is n times 
weakly D-differentiable if and only if all the iterated commutators d‘ (m(y)) for 
1 < k < n represent bounded operators on H. 

It is—of course—still just as difficult to prove boundedness for matrices as to 
establish boundedness on a given domain of vectors, but the matrix language makes 
it possible to assign a meaning to the expression [D, y] in situations where the 
operator theoretical meaning is not existing. Further, the mapping d : Zp > Ap 
is clearly linear even if there may exist bounded operators y and z on H such that 
[D.y + z] # [D.y] + [D. 2]. 

There is still another advantage in working with Zp, namely that Zp is left 
invariant by Schur multiplication by scalar matrices S$ = (Sj) (i,jez). We realized this 
phenomenon, when working with the unit circle T as described in Sect. 3. In that 
section we describe how the matrix of a commutator [g(D), y] may be obtained as a 
Schur product of a scalar matrix (Sj) and the matrix for the commutator [D, y]. It is 
not possible to lift this simple identity to the case where D has continuous spectrum, 
since 


[m(D), m(y)]ij = diviy — Ya; 


and in general the expression djy; is not defined, so we cannot imitate the expression 
(i — j) yi from the basic example. The general strategy in the sections to come is to 
replace D by a perturbed operator D with pure point spectrum, such that D — D is 
bounded and satisfies ||D — D|| < 1/2. We define D as a Borel function of D. 


D := closure( > nen), (4.1) 


neZ 


and then we may define a bounded operator b as the infinite strong operator sum 
below, such that 


1 eS 
b:= )°(De, —ne,), |b] < 5, D=D+tb. (4.2) 


neZ 
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It is now easy to check that for any bounded operator y we have 
[m(D),m)]ii = G— Ay. 


so differentiation with respect to D may be expressed as a Schur product. 


5 On ||[g(),,y]|] for Some Borel Functions g(¢) 


The usage of the Schur product, inside the space of matrices .Z%p in the study 
of commutators of the type [g(D), x], is easily demonstrated when g(t) is Hélder 
continuous, i.e. there exist positive constants a and C such that for any real numbers 
s and t we have |g(s) — g(t)| < C|s — t|*. In this case we say that g(t) is (a, C) 
Holder continuous. However, it turns out that the proof of such a result does not 
need as strong a property as Hélder continuity, instead we only need a property 
which we define below and denote Hélder boundedness. 


Definition 5.1 Leta > 0, A > 0, B = 0 and g(t) be a complex Borel function on 
R, then g(f) is said to be (a, A, B) Hélder bounded if 


Vs,tE€R: [g(s)—g()|<A+Bls—-tl’. 


We have searched the literature for places where this property has been used or 
studied, but so far without any success. 

It should be remarked, that the methods we propose also may fit to situations 
where g(t) is only defined and Hélder bounded on a subset of R containing the 
spectrum of D, but the details needed for a general theorem seems to be somewhat 
complex, so we suggest that possible extensions in this directions are made on an 
ad hoc basis, if needed. 


Theorem 5.2 Let D be a self-adjoint operator on a Hilbert space and let g(t) be an 
(a, A, B) Hélder bounded Borel function on R. Let n be the smallest integer such that 
n> a+1/2and y be a bounded operator which is n-times weakly D-differentiable. 
Then y is weakly g(D)—differentiable and 


Ii). 311 = 24+2( b+ yaa (; 150). 


Proof We will use the discrete approximant D as introduced in (4.1), and we note 
from (4.2) that the difference D — D is bounded, with closure b and of norm at most 
1/2. Then by the functional calculus for D we find that the difference g(D) — g(D) is 
densely defined and bounded of norm at most A + B(1/2)* < A + B. This implies, 
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that for any bounded operator y we have 
I[(m(gD) — m(g(D))), mOIIl s 24 + B)llyll- (5.1) 
The Schur multiplier we need will be given as the matrix 


S=(Syujen? Sy = bee wane (5.2) 
ee tig) 


and then for any (xj) in ~/p we can express the matrix [m(g(D)), x] as the Schur 
product S * [m(D), [m(D),...,[m(D),x]...]]), with n commutators. In order to be 
able to use Corollary 2.4 we need to compute an estimate for the row norm of S and 
we get for any iin Z that 


oo 2. 
ys? <2), () 
k=1 


j€Z 


los) 
< 2(A os By Po aes 


k=1 
<2(A+B)(1 + ——+-) 
= 2n—2a—1 
n—-ad 
= 4(A + B)? ——_—___., 5.3 
(A+B (5.3) 


so the row-norm is dominated as ||S||, < 2(A + B)/(n— a)/(2n — 2a — 1). 
This inequality may be used to compare expressions like ||[g(D), y]|| and 
|[D, [D,..., [D,y]...]]|], but we are interested in the terms based on D instead 
of D, so we will introduce the operators d and f on .@p which are defined by 
Vx € Mp: d(x) := m(D)x—xm(D) = [m(D), x] 
Vx € Mp: f(x) := m(b)x —xm(b) = [m(b), x], and 
Vxe€ Mp: xbounded => f(x) bounded and ||f(x)|| < ||x]| 


Vxe€ Mp: d(x) =d(x)+f(x). (5.4) 


The operators d,f,d on the linear space .@p all commute since both D and b 
are functions of D, and any left multiplication operator commutes with any right 
multiplication operator. The norm estimate above follows since ||b|| < 1/2. By 
elementary algebra we get that 


Zz = y @ yd 


k=0 
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and if y is n-times weakly D-differentiable then it is also n-times weakly D- 
differentiable and satisfies 


Id"moy)l = () Iso (5.5) 
k=0 


Now assume that n is the least integer such thatn > a + 1/2, and y is bounded 
and n-times weakly D-differentiable then, even if some terms are infinite, we may 
by (5.1) and (5.5) estimate as follows 


\lr(g(D)), mE] I] < [I[(nr(g(D)) — m(gD))), mO)]Il + [Ila(g@D)), mO)]I| 
< ||l(gD)), mO)] |] + 2 + Bly 
= ||(Sy) * F(mO))]|| + 2(4 + B)Ilyl| 
< 2(A + B) (n= @)/(2n — 20 = 1)||d"(mG))|| + 24 + B) IYI 


< 2(A + B)(Iyll + VO=a)/Gn—Fa— 1) ( 130) 
k=0 
(5.6) 


Hence we see that [m(g(D)), m(y)] is bounded in Zp, so y is weakly g(D)—dif- 
ferentiable and the theorem follows. Oo 


5.1 On |\[g(D), y]|| for Some Absolutely Continuous 
Functions g(t) 


In this subsection g(t) is assumed to be a complex valued absolutely continuous 
function on R which has a certain type of bound on its growth. To be more precise 
we assume that g(r) has a locally integrable derivative g’(t) which may be written as 
a sum of an essentially bounded function u(f) and an integrable function £(t). There 
exists a theory of interpolation in Banach spaces, [8], and it is well known that it is 
possible to define a Banach space L'(R) + L®©(R) consisting of equivalence classes 
of sums €(t) + u(t) with £(t) integrable and u(t) essentially bounded. The norm of 
an element h(t) in the Banach space L!(R) + L®(R) is given by 


Allcoey = inf{lElli + llulloo 1 &€ £'(R), ue Y~(R) andh = £+4+4u, ae.}. 
Before we formulate our theorem we will like to remind you that for any p > 1 


we have L? C L' + L™ such that for f in Z? we have ||f||(z14.,00) < Ile + 1. 
This is an easy consequence of the fact that if the set U is defined as U:= {te R: 
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[f(2)| < 1} then f may be written as f *« (1 — ly) +f * ly which is a decomposition 
with the desired properties. 


Theorem 5.3 Let D be a self-adjoint operator on a Hilbert space H and y a 
bounded operator on H. Let g(t) be a complex absolutely continuous function on 


R. If g(t) has a derivative g'(t) in Z'(R) + Y*(R) and y is in C?(D) then y is 
weakly g(D)—differentiable and 


lIigD).yIll < Ie'llas+22% (4llyll + 41150) || + 21187011) 


Proof We start by showing that g(t) is Hélder bounded, so let ¢ > 0 and let £(f) in 
'(R) and u(t) in Y©(R) be such that g’(f) = €(t)+u(t), a.e. and |||]; +]|ulloo < 
Ile’ Il(z14100) + €. Then for any s, t in R we have 


le(s) — | = | / g'(v)dv| 


< Lf ewyavi + | ueyav 
< [ler + (lullood|s — Ah (5.7) 


so g(t) is Hélder bounded with the constants (1, ||£||1, ||ul]oo) We can then apply 
Theorem 5.2 to obtain 


IIi¢D).yIll < 2Elli + Metlloo)(2Mlyll + 2118) |] + 18°OI)) 
S (lla' large) + e)(4llyll + 4180) + 2118O)Il). (5.8) 


and the theorem follows. oO 


We may obtain a result which only depends on 4(y) if we assume that g’(t) is in Y? 
for a p in the interval [1, 2[. 


Proposition 5.4 Let D be a self-adjoint operator on a Hilbert space H, y a bounded 
operator on H, 1 < p < 2.and g(t) an absolutely continuous function on R such that 
g'(t) is in L?(R). If y is weakly D-differentiable, then y is weakly g(D) differentiable 


and |\[g(D), y]|l S 24e'lD( (1 + 1/./2=p)llyll + (1 V2=P)1BOI)). 


Proof The cases p = 1 and 1 < p < 2 have different proofs, and we will first 
assume that p = |. Then for any pair s, ¢ of real numbers 


ie) <2 =| i “g'(v)dv| < fe’ 
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so g(t) is Hélder bounded for any a > 0 with constants (q, ||g’||;,0). Then By 
Theorem 5.2 we have for 0 < a < 1/2 that 


i 
= 


II[¢(D). Il < 2ile’Ii (Ill + = (ll + 601). 


and if we let a decrease to 0, the result follows in the case p = 1. 
When | < p < 2 Hdlder’s inequality gives 


t 
je — (91 =| fod] = Halle SI” 


so g(t) is Hélder continuous with constants ((p — 1)/p, ||g’ ||»). Hence Theorem 5.2 
shows that we may use n = | to obtain that if y is weakly D-differentiable then it is 
weakly g(D) differentiable with 


1 
lig). yIll < 2ile'Ilp(yll + =—=bll + II50I1) 


v2—p 
1 1 
= 2Ie'to( 1+ Ilyll + i30I) (5.9) 
OY ap =p 
and the proposition follows. oO 


5.2 Relations Between Commutators |D, y| and Commutators 
[log(D), y] 


In this subsection we will show how Proposition 5.4 may be applied to the situation 
where we study log(D) for a positive, possibly unbounded operator D on a Hilbert 
space H such that D is either invertible or the point {0} is an isolated point in the 
spectrum o(D). In either case there is a real number 6 which is the smallest positive 
value in o(D), and this value will play an important role in the estimates we are 
giving below. 

For any B > 0 we then define an absolutely continuous real function gg(t) on R 
which will make the use of Proposition 5.4 possible. 

We define 


log(t) ift> B 


ae aa) = log(B) if -co<t< 8B 
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and then we see that the conditions for gg(f) as given in Proposition 5.4 are satisfied 
for p = 3/2 and that 


1\@/3) 
llgslla/2 = 22( =) ; (5.10) 


As an immediate consequence of Proposition 5.4 we get the following proposi- 
tion 


Proposition 5.5 Let D be a positive self-adjoint operator on a Hilbert space H, 
such that there exists a smallest positive value B in the spectrum, and let y be 
a bounded operator on H. If y is weakly D-differentiable then it is weakly gg(D) 
differentiable and 


1 (1/3) 
Iles). Ill < (5) (si " 5180)1). 


We will also introduce the function log(t) which is defined by 


log(t) if t > 0 


eB) eee 


and we find that if D is positive and invertible then gg(D) = log(D). In order to 
investigate commutators with log(D) when D is positive and not invertible, we let 
Ep denote the spectral projection onto the kernel of D, and then we find that D+ BEo 
is invertible plus 


log(D) = ga(D) — log(B)Eo. (5.11) 


so based on this we see that a bounded operator y is weakly iog(D)—differentiable 
if and only if itis weakly gg(D)—differentiable, and then we can estimate the norm 
||[log(D), y]||, so we obtain 


Theorem 5.6 Let D be a positive operator on a Hilbert space such that there exist 
a minimal positive value B in o(D) and y a bounded operator on H. If y is weakly 
D-differentiable, then it is weakly log(D)—differentiable and 


(i) If Dis invertible then 


= a/3) 
\(i8(D). II < (5) (sib + 5180). 


(ii) If Dis not invertible then 


IIlog(D), y]I] < (81/B)"/ + [og(B)l) Ilyll + 50/B)"/ 180) I- 


www.TechnicalBooksPDF.com 


140 E. Christensen 


Proof The case (i) follows directly from Proposition 5.5 since, when D is invertible, 
gp(D) = log(D). To settle (ii). let us recall, that for any bounded operator y we have 


[Eo, y] = EoyU — Eo) — UI — Eo) yEo, 


so ||[Eo. y]|| < |lyl], hence a combination of the equation (5.11) and Proposition 5.5 
implies the second estimate, so the theorem follows. oO 


It may be worth to notice that when D is invertible, then we get for any positive real 
s, that log(sD) = log(s)J + log(D), so for s > 0 we have 


— _ 1\a/3) 
\{ie(D).yII) = Ifloa(sD). I = (3) (sivt +8090). (5.12) 


The minimum of the right hand side of (5.12) over s > 0 is 
12(5/4)@/3) B-C/) |! 92/3) 18 (y)||)C/9), so we have proven the following result. 


Corollary 5.7 If D is invertible then 
IItog(D), y]|] < 138-8 Jy] sO) 19. 


Since 8p (t) is in L?(R) for any p > 1 we could have chosen to optimize over 
Pp > 1 too, but we have decided to keep this article at a reasonable length. 


5.3 Norms of Commutators [|D|, y] 


Theorem 5.2 may be applied to the function |¢| which is (1, 1) Hélder continuous 
and then it is (1, 0, 1) Hélder bounded, so we get right away the following result 


Proposition 5.8 Let y be in C?(D). Then y is in C'(|D|) and 


501) < Allyl + 411800911 + 211550) 1- 


This result shows by induction, that for any natural number n there must exist 
positive reals Ag,..., Az, such that if y is in C?"(D) then y is in C"(|D]) and 


However, refinements of the methods used in the proof of Theorem 5.2, show 
that we can do much better. We have obtained several inequalities, which are not 
easily directly comparable, by changing the grid length in the construction of D. 
If the grid length is kept as 1, then a direct application of the methods from above 
shows that we can obtain 
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Theorem 5.9 Let D be an unbounded operator on a Hilbert space H, y a bounded 
operator on H and na natural number. If y isn + 1 times weakly D-differentiable, 
then y is n times weakly |D|—differentiable and 


n+l 
57, O)I <2 "Selb + 53("7 ee 8,01. 


Proof The arguments are similar to the ones used in the proof of Theorem 5.2, so 
we will leave out a few details. For a diagonal element z in Zp we will let d, denote 
the linear mapping on -/%p given by d,(x)jj = ziixij — XijZj. The operators z we will 
use, will all be of the form z = m(f(D)) for some Borel function f(t), so they will 
all commute as operators on .@p. We will recall the definitions of D and b from 
(4.1) and (4.2), but we will add the definition of c as the bounded operator which 
satisfies |D| = |D| + c. Then c satisfies ||c|| < 1/2. For each natural number k we 
let S(k) := (S(k);) denote the matrix in 7 which is given by 


0 ifi=j 
S(k)ij = iJ—l)*k ge . 
aa ifi Fj 


Since ||i| — |j|| < |i—Jj], the square of the row norm equals 2°, j~? = 27/3. We 
will let F;, denote the operator on Zp which consists in Schur multiplication by 
S(k). Then we have the following sequence of identities 


Frid) = AmB) + Ame)” 
n 
ro k ok 
=diye) + Do ( Jn 
k=1 
k kK+1 
=diye + 3 i Jahr S 
. k+1 
+ 
= m(c) aT > é Jens i (d, in(D) — din(b)) 
=o) + » Hf 


Fe (- Am(y)** 


n k+l 
pail 5 ) BA Fd) dp 


k=1 [= 


(5.13) 
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Since for a bounded operator y we have ||cy — yc|| < lly], ||by — yb]| < |ly|| and 


\|F.(m(y))|| < 2/3 |ly|] we may start computing. So let y be n + 1 times weakly 
D-differentiable. Then the identities above show 


n k+l 
toy ODI < 2"x/V3|lyl] + 27/V3 2S () © ' \16'(y) | 
k 


=1 /=1 


= 2'x/V3ipll + 2/V3. ( ( , ' i301 


1=1 k=/-1 


n+1n+1-—l 
< 2'x/Vilyl + 2/V3 > > ie aon Is'09I 


n+1 
= 2"1/V3}lyl| + n/J3 5° ("; ‘atten 


l=1 


(5.14) 


and the theorem follows. oO 


If the grid length is made smaller, say of size 1/2, then the powers of 2 will 


disappear from the theorem above, but the row norm of S(k) will double. We have 
left these computations out, partly because they are rather long, and partly because 
we do not know if there exists an optimal grid length. 
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C*-Algebras Associated with Algebraic Actions 


Joachim Cuntz 


Abstract This is a survey of work in which the author was involved in recent 
years. We consider C*-algebras constructed from representations of one or several 
algebraic endomorphisms of a compact abelian group—or, dually, of a discrete 
abelian group. In our survey we do not try to describe the entire scope of the methods 
and results obtained in the original papers, but we concentrate on the important 
thread coming from the action of the multiplicative semigroup of the ring of integers 
in an algebraic number field, or more generally of a Dedekind ring, on its additive 
group. Representations of such actions give rise to particularly intriguing problems 
and the study of the corresponding C*-algebras has motivated many of the new 
methods and general results obtained in this area. 


1 Introduction 


By an algebraic action we mean here an action of a semigroup by algebraic 
endomorphisms of a compact abelian group or, dually, by endomorphisms of a 
discrete abelian group. Such actions are much studied in ergodic theory but they also 
give rise to interesting C*-algebras. In fact, quite a few of the standard examples of 
simple C*-algebras such as @,,-algebras, Bunce-Deddens algebras, UHF-algebras 
etc. arise from canonical representations of such endomorphisms. But the class of 
C*-algebras obtained from general algebraic actions is much vaster and exhibits 
new interesting phenomena. 

We start our survey with the discussion, following [12], of the C*-algebra 
Qa] generated by the so called Koopman representation on L7H of a single 
endomorphism a, satisfying natural conditions, of a compact abelian group H, 
together with the natural representation of C(H). This C*-algebra is always simple 
purely infinite and can be described by a natural set of generators and relations. It 
contains a canonical maximal commutative C*-algebra Y with spectrum a Cantor 
space. This subalgebra is generated by the range projections s”s”"*, where s is the 
isometry implementing the given endomorphism, and by their conjugates uw, s"s"* uy ; 
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under the unitaries u, given by the characters y of H. Then, the subalgebra 4 
generated by Y together with the u, is of Bunce-Deddens type and simple with 
unique trace. Moreover, 2l[a] can be considered as a crossed product of & by a 
single endomorphism. 

The next case we consider is the C*-algebra generated analogously by the 
Koopman representation of a family of commuting endomorphisms. We consider 
the important special case of endomorphisms arising from the ring of integers 
R in a number field K. The multiplicative semigroup R* acts by commuting 
endomorphisms on the additive group R ~ Z” or equivalently on the dual group 
R= (n being the degree of the field extension K over Q). The commutative 
semigroup R* has a non-trivial structure and acts by interesting endomorphisms on 
T”. The study of the C*-algebra 2[R] generated by the Koopman representation 
in this situation goes back to [5] and was originally motivated by connections to 
Bost-Connes systems [2]. 

Again, 2[R] is simple purely infinite and is described by natural generators 
and relations. It has analogous subalgebras Z and &, and A[R] can be viewed as 
a semigroup crossed product & x R*. The new and challenging problem is the 
computation of the K-theory of 2([R]. The key to this computation is a duality result 
for adele-groups and corresponding crossed products, [10]. 

Since 2[R] is generated by the Koopman representation, on ¢7R, of the semidirect 
product semigroup R = R*, the next very natural step in our program is the 
consideration of the C*-algebra generated by the natural representation of this 
semigroup on ¢?(R = R*) rather than on £7R, i.e. of the left regular C*-algebra 
CX(R x R*). This algebra is still purely infinite but no longer simple. It can be 
described by natural generators and relations. The algebra 2([R] is a quotient of 
CX(R = R*) and the latter algebra is defined by relaxing the relations defining 2[R] 
in a systematic way. The best way to do so is to add a family of projections, indexed 
by the ideals of the ring R, as additional generators and to incorporate those into the 
relations. This way of defining the relations also guided Xin Li in his description of 
the left regular C*-algebras for more general semigroups [19]. 

The (non-trivial) problem of computing the K-theory of C{(R ».R*) turned out to 
be particularly fruitful [7, 8]. It led to a powerful new method for computing the K- 
groups, for regular C*-algebras of more general semigroups and of crossed products 
by automorphic actions of such more general semigroups, as well as for crossed 
products of certain actions of groups on totally disconnected spaces. In the special 
case of C{(R = R*) we get the interesting result that the K-theory is described by 
a formula that involves the basic number theoretic structure of the number field K, 
namely the ideal class group and the action of the group of units (invertible elements 
in R) on the additive group of an ideal. 

Finally, we include a brief discussion of the rich KMS-structure on Cy (R x R*) 
for the natural one-parameter action on this C*-algebra. Just as the K-theory for 
Cy (R x R*), this structure is related to the number theoretic invariants of R, resp. K. 

Our goal in this survey is limited. We try to describe a leitmotif in this line of 
research and to explain the connections and similarities between the various results. 
The original articles contain much more information and many additional finer, 
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more sophisticated and more general results which we omit completely. We also 
do not describe the results in the order they were obtained originally, but rather in 
the order which seems more systematic with hindsight. 


2 Single Algebraic Endomorphisms 


Let H be a compact abelian group and G = H its dual discrete group. We assume 
that G is countable. Let a@ be a surjective endomorphism of H with finite kernel. 
We denote by g the dual endomorphism y + x 0 a@ of G (i.e. y = @). By duality, 
g is injective and has finite cokernel, i.e. the quotient G/gG will be finite. Both a 
and g induce isometric endomorphisms sg and sy of the Hilbert spaces L7H and 
£°G, respectively. This isometric representation of w on L7H is called the Koopman 
representation in ergodic theory. 
We will also assume that 


(\e"G = {0} 


neN 


which, by duality, means that 


'S Ker a” 


neN 


is dense in H (this implies in particular that H and G cannot be finite). These 
conditions on @ are quite natural and for instance apply to the usual examples 
considered in ergodic theory. We list a few important examples of compact groups 
and endomorphisms satisfying our conditions at the end of this section. 

We want to describe the C*-algebra C*(sy,C(H)) generated in (L7H) by 
C(A), acting by multiplication operators, and by the isometry sy. Via Fourier 
transform it is isomorphic to the C*-algebra C*(s,, C*G) generated in (€°G) by 
C*G, acting via the left regular representation, and by the isometry s,. These two 
unitarily equivalent representations are useful for different purposes. 

Now, C*(s,, C*G) is generated by the isometry s = s, together with the unitary 
operators u,, g € Gand these operators satisfy the relations 


* OOK 
Uglh = Ugth SUg = Ug(g)S > UgSS Uy = 1 (2.1) 
ge€G/oG 


Definition 2.1 Let H, G and a, g be as above. We denote by 2[g] the universal C*- 
algebra generated by an isometry s and unitary operators u,, g € G satisfying the 
relations (2.1). 
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It is shown in [12] that 2[g] + C* (sy, C(A)) = C* (sy, C*G), ie. that the natural 
map from the universal C*-algebra to the C*-algebra generated by the concrete 
Koopman representation is an isomorphism. Particular situations of interest arise 
when H = (Z/n)™ with a the left shift (this gives rise to 2[g] ~ ©) or when 
H=T". 

Lemma 2.2 The C*-subalgebra 2 of A[g] generated by all projections of the form 


Ugs"S*"ug, g © G,ne€ N is commutative. Its spectrum is the “p-adic completion” 


Go = jim G/"G 


It is an inverse limit of the finite spaces G/y"G and becomes a Cantor space with 
the natural topology. 

G acts on 9 viad ugdus, g € G,d € QY. This action corresponds to the 
natural action of the dense subgroup G on its completion Gg via translation. The 
map DY — @ given by x +> sxs* corresponds to the map induced by g on Gg. 


From now on we will denote the compact abelian group G, by M. By construc- 
tion, G is a dense subgroup of M. The dual group of M is the discrete abelian group 


L = lim Ker (a” : H > H) 
—n 


Because of the condition that we impose on a, L can be considered as a dense 
subgroup of H. 

The groups M and L play an important role in the analysis of 2l[g]. They are in a 
sense complementary to H and G. By Lemma 2.2, the C*-algebra Y is isomorphic 
to C(M) and to C*(L). 


Theorem 2.3 The C*-subalgebra B, of Alp] generated by C(H) together with 
C(M) (or equivalently by C*G together with C*L) is isomorphic to the crossed 
product C(M) x G. It is simple and has a unique trace. 


The map x +> sxs* defines a natural endomorphism yy of By. 


Theorem 2.4 The algebra Aly] is simple, nuclear and purely infinite. Moreover, it 
is isomorphic to the semigroup crossed product By xy, N (i.e. to the universal unital 
C*-algebra generated by By together with an isometry t such that txt* = yo(x), 
x € By). 


The fact that 2([g] is a crossed product B, = N can be used to prove the following 


Theorem 2.5 (cf. [12]) The K-groups of |g] fit into an exact sequence as follows 


1—b(9) 
K,C(H) ——> K.C(H) — > K,2l[g] 
re (2.2) 


where the map b(g) : KxC(H) > K,C(A) satisfies b(p)asx = N(a)id with N(a) := 
|Kera|. 
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In [12], the analysis of 2([g] and the formula (2.2) for its K-theory was also extended 
to the case where a@ is replaced by a so called rational polymorphism. 

There are quite a few papers in the literature containing special cases or parts 
of the results described in this section. We mention only [15] where it was shown 
that 2l[g] is simple and characterized by generators and relations and [14] where in 
particular a formula similar to (2.2) was derived for an expansive endomorphism of 
T”—both papers using methods different from [12]. 


2.1 Examples 


Here are some examples of endomorphisms in the class we consider. 


1. Let H = [[pey Z/n, G = @yen Z/n and a@ the one-sided shift on H defined by 

a((ax)) = (ae+1)- 
We obtain M = [[pen Z/n & H and L = Q@yen Z/n & G. The algebra By is 

a UHF-algebra of type n° and 2[g] is isomorphic to @,. It is interesting to note 
that the UHF-algebra B, is generated by two maximal abelian subalgebras both 
isomorphic to C(M). 

2. Let H = T, G = Z and a the endomorphism of H defined by a(z) = z’. The 
algebra B, is a Bunce-Deddens-algebra of type n® and 2l[y] is isomorphic to 
a natural subalgebra of the algebra Qy considered in [5]. In this case, we also 
get for By, the interesting isomorphism C(Z,) x Z = C(T) x L where Z acts on 
the Cantor space Z, by the odometer action (addition of 1) and L denotes the 
subgroup of T given by all n‘-th roots of unity, acting on T by translation. 

3. Let H = T”, G = Z” anda an endomorphism of H determined by an integral 
matrix T with non-zero determinant. We assume that the condition 


(\e"G = {0} 


neN 


is satisfied (this is in fact not very restrictive). 

The algebra By, is a higher-dimensional analogue of a Bunce-Deddens- 
algebra. In the case where H is the additive group of the ring R of algebraic 
integers in a number field of degree n and the matrix T corresponds to an element 
of R, the algebra 2([g] is isomorphic to a natural subalgebra of the algebra 2l[R] 
considered in the following section. It is also isomorphic to the algebra studied 
in [14]. 

4. As another natural example related to number theory consider the additive group 
of the polynomial ring F,[¢] over a finite field. An endomorphism satisfying our 
conditions is given by multiplication by a non-zero element in F,[¢]. In this case 
[gy] is related to certain graph C*-algebras, see [11]. 

5. Let p and g be natural numbers that are relatively prime and y the endomorphism 
of T defined by z+ 2. 
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We take 


H=limT G=2(4 
— P 


y 


a@, the endomorphism of H induced by z +> z/ and @, the endomorphism of G 
defined by g(x) = gx. These endomorphisms satisfy our hypotheses. We find that 
M = Z, (the q-adic completion of Z). 

In all these examples one can work out the K-theory of 2([g] using formula (2.2), 
see [12]. 


3 Actions by a Family of Endomorphisms, Ring C*-Algebras 


It is a natural problem to extend the results of Sect.2 to actions of a family 
(semigroup) of several commuting endomorphisms of a compact abelian group, 
satisfying the conditions of Sect.2. It turns out that the structural results such as 
simplicity, pure infiniteness, canonical subalgebras carry over without problem. 
However the computation of the K-groups needs completely new ideas. 

The most prominent example for us arises as follows. Let K be a number field, 1.e. 
a finite algebraic extension of Q. The ring of algebraic integers R C K is defined as 
the integral closure of Z in K, i.e. as the set of elements a € K that annihilate some 
monic polynomial with coefficients in Z. This ring is always a Dedekind domain (a 
Dedekind domain is by definition an integral domain in which every nonzero proper 
ideal factors into a product of prime ideals). It has many properties similar to the 
ordinary ring of integers Z C Q, but it is not a principal ideal domain in general. 
Its additive group is always isomorphic to Z” where n is the degree of the field 
extension. 

Consider the multiplicative semigroup R* = R \ {0} of R. It acts as endomor- 
phisms on the additive group R and thus also on the compact abelian dual group 
R XT". Such endomorphisms of T” are a frequent object of study in ergodic theory. 
If R is not a principal ideal domain, the semigroup R* has an interesting structure. 

As in Sect. 2 we consider the Koopman representation of R* on DPR & OR. 


Definition 3.1 We define the ‘ring C*-algebra’ 2([R] as the C*-algebra generated 
by C(R) and R* on L?(R) (or equivalently as the C*-algebra generated by the action 
of C*(R) and of R* on £7R). 


A[R] is generated by the isometries s,,n € R* and the unitaries uj, j € R. The 
S, define a representation of the abelian semigroup R* by isometries, the uj define 
a representation of the abelian group R by unitaries and together they satisfy the 
relations 


SpUk = UrnSn, k € R, n,m € R* > UjSpS,Uu-; = 1 (3.1) 
JER/nR 
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The basic analysis of the structure of 2([R] is completely parallel to the discussion 
in Sect. 2 (in fact historically the article [9] preceded [12]). One obtains 


Theorem 3.2 (cf. [9]) The C*-algebra A[R] is simple purely infinite and nuclear. It 
is the universal C*-algebra generated by a unitary representation u of R together 
with an isometric representation s of R* satisfying the relations (3.1). 


As for 2([g] in Sect. 2 there are canonical subalgebras Z and & of A[R]. The spec- 
trum of the commutative C*-algebra F is a Cantor space canonically homeomorphic 
to the maximal compact subring of the space of finite adeles for the number field K. 
The subalgebra & is generated by together with the uj, j € R. It is simple and 
has a unique trace (a higher dimensional Bunce-Deddens type algebra). The general 
structure of C*-algebras associated like this with a ring has been developed further 
by Xin Li in [18]. 

In order to compute the K-groups for 2([R] the natural strategy would appear to 
be an iteration of the formula (2.2) of Theorem 2.5. Since the proof of formula (2.2) 
is based on the usual Pimsner-Voiculescu sequence this would amount to iterating 
this sequence in order to compute the K-groups for the crossed product by Z” by 
a commuting family of n automorphisms. However this strategy immediately runs 
into problems since, assuming the K-groups for the crossed product by the first 
automorphism are determined, it is not at all clear how the second automorphism 
will act on these groups. In other words, there is a spectral sequence abutting to the 
K-theory for the crossed product by Z”, but it is useless for actual computations 
without further knowledge of the higher boundary maps in the spectral sequence. 
An analysis of relevant properties of the spectral sequence for actions as here is 
contained in [1]. 

The key to the computation of the K-groups for 2[R] in [10] is the following 
duality result. 


Theorem 3.3 Let Ay and Ago denote the locally compact spaces of finite, resp. 
infinite adeles of K both with the natural action of the additive group K. Then the 
crossed product C*-algebras Co(As) * K and Co(Aco) * K are Morita equivalent, 
equivariantly for the action of K* on both algebras (with the inverted natural action 
on the second algebra, i.e. K* acts on Ago not by multiplication but by division). 


Note that the space Aoo is simply R” where n is the degree of the field extension. 
From this theorem the K-groups of 2([R] can be computed, at least in the case where 
the only roots of unit in K are +1. 

We explain this here only for the case where K = Q, R = Z. In this case 
everything becomes rather concrete. The spectrum of the canonical commutative 
subalgebra J is the profinite completion Z of Z (we use here Z rather than the more 
standard notation Z in order not to create confusion with the dual group of Z). It is 
homeomorphic to the infinite product of the p-adic completions Z, for all primes p 
in Z. Moreover Ay is the restricted infinite product of the Q, and Ago simply is R. 
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Thus Theorem 3.3 gives a Morita equivalence between Co(Ay) xQ and Cy(R)xQ. 
Moreover the first crossed product is Morita equivalent to the full corner B & 
C(Z) xZ. 

Denote by 4’ the C*-algebra generated by & together with the symmetry s_), 
ie. Bo x BxZ/2 for the action of s_,. Since @ ~ (C(Z) x Z) x Z/2 is an 
inductive limit of C((Z/nZ) = Z) » Z/2 and this latter algebra is isomorphic to 
M,,(C* (ZxZ/2)) it is not difficult to compute the K-theory of @ as Ko(¥’) = Z@Q 
and K(4’) = 0. 

Now, we can use the Pimsner-Voiculescu sequence to compute the K-theory of 
the crossed product 2%, = 4’ x N = C*(B", sn) as 


KA)y=Z K(H)=Z 


By a slight refinement of the statement in Theorem 3.3, 2(; is Morita equivalent 
to (Co(IR) x Q) =» (Z/2 x Z) where Z/2 x Z acts by multiplication by —1 and by 2. 

Denote now by 2, the C*-algebra generated by 4’ together with the s,,,..., 5p, 
where p1,..., Py denote the first n prime numbers (with p; = 2). Then again 2, is 
Morita equivalent to (Co(R) x Q) x (Z/2 x Z"), where Z/2 acts by multiplication 
by —1 and Z” by multiplication by p1,..., Pn. Moreover 2[R] is the inductive limit 
of the 2,,. 

We can now consider the canonical inclusions 


tn : Co(R) » (Z/2.x Z") > (Co(R) * Q) % (Z/2 Z") ~Morita An (3.2) 


into the crossed product where we leave out the action of the additive Q by 
translation on the left hand side. 

By the discussion above, ; induces an isomorphism in K-theory. Now we obtain 
tn+1 from t, by taking the crossed product by Z (acting by multiplication by p,+1) 
on both sides in (3.2). Therefore, applying the Pimsner-Voiculescu sequence on both 
sides, we deduce, using the five-lemma, from the fact that ,, induces an isomorphism 
on K-theory that the same holds for t,41. The important point is that the action 
of Z” on the left hand side is homotopic to the trivial action, simply because 
multiplication by pi,...,Pn is homotopic to multiplication by 1 on R. Therefore 
Kx (Q,) & Kx((Co(R) » Z/2) @ C*Z"). 

As a consequence we obtain 


Theorem 3.4 ({10]) The map t, induces an isomorphism on K-theory for all n. The 
K-theory of 2\[R] is isomorphic to the K-theory of (Co(IR) = Z/2) x Q*. 


Note that the K-theory of Co(R) » Z/2 is the same as the one of C and that therefore 
the K-theory of 2([R] is the same as the one of an infinite-dimensional torus. 

The argument that we sketched for K = Q works in a very similar, though 
somewhat more involved way for a number field with +1 as only roots of unit. 
In this case one has to determine the K-theory of Co(R") x Z/2 rather than that of 
Co(R) x Z/2. The case of an arbitrary number field K can be treated in the same 
fashion. The important difference comes from the more general group j1(K) of roots 


C*-Algebras Associated with Algebraic Actions 153 


of unit. For the computation one needs non-trivial information on the K-theory of 
the crossed product Co(IR”) x w(K) and thus on the equivariant K-theory of R” with 
respect to the action of j4(K). This non-trivial computation has been carried through 
by Li and Liick in [21] using previous work by Langer and Liick [17]. 

The analysis of the structure and of the K-theory of 2[R] can also be carried out 
in the case where R is a polynomial ring over a finite field (ring of integers in a 
certain function field). The structure of the C*-algebra in this case is more closely 
related to the example of the shift endomorphism of (Z/pZ)™ mentioned above and 
to certain Cuntz-Krieger algebras. Nevertheless for the computation of the K-theory 
one can again use the duality result in Theorem 3.3 and the result for the K-theory 
is again similar, [11]. 


4 Regular C*-Algebra for ‘ax+b’-Semigroups 


By definition, the ring C*-algebra 2A[R] discussed in Sect. 3 is obtained from the 
natural representations of C*(R) & C(R) and of the semigroup R* on the Hilbert 
space (7R L(R). Another way to view this is to say that it is defined by the 
natural representation of the semidirect product semigroup R » R™ on £7R. 

Now, this semidirect product semigroup has an even more natural representation, 
given by the left regular representation on the Hilbert space £7(R » R*). The study 
of the left regular C*-algebra C{(R « R*) was begun in [6]. This C*-algebra is no 
longer simple but still purely infinite and has an intriguing structure. In particular, it 
has a very interesting KMS-structure and the determination of its K-theory leads to 
new challenging problems. 

The first obvious observation concerning C{(R = R*) is that, just as 2[R], 
it is generated by a unitary representation u,,x € R of the additive group R 
and a representation by isometries s,,a € R* of the multiplicative semigroup 
R* satisfying the additional relation sau, = UgySq. However the last relation 
oxen aR UySgS.U— = 1 in (3.1) becomes 


yee 21 (4.1) 


x€R/aR 


In fact, it turns out that this weakened relation (4.1) (of course together with 
the relations on the u,,s, in the previous paragraph) determines C}(R » R*) in 
the case where R is a principal ideal domain. The general case however is more 
intricate. In general, it is still possible to describe C{(R » R*) by natural defining 
relations. However the most natural way to do so uses an incorporation of the natural 
idempotents obtained as range projections of the partial isometries given by products 
of the uy, s, and their adjoints. It turns out that these range projections correspond 
exactly to the ideals of R. 
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The generators singled out in [6] then are u,,x € R; 5g, a € R*; e7, 1 a non-zero 
ideal in R. The relations are 


1. The u, are unitary and satisfy u,v, = u,+y, the sz are isometries and satisfy 
SaSh = Sah. Moreover Sgly = UgySq for all x € R, a € R%. 

2. The e; are projections and satisfy ejay = eyes, er = 1. 

3. We have sge; = @grSq- 

4. For x € J one has u,e; = e;u,, for x ¢ I one has eyu,e; = 0. 


The universal C*-algebra with these generators and relations is no longer simple 
but in most respects its structure is similar to the one of 2([R]. There is a canonical 
maximal commutative subalgebra Y with totally disconnected spectrum (generated 
by the e;), and a Bunce-Deddens type subalgebra 4 generated by Y together with 
the u,, x € R. Using this structure one shows 


Theorem 4.1 (cf. [6]) The universal C*-algebra with generators ux, Sa, er Satis- 
fying the relations 1.,2.,3.,4. above is canonically isomorphic to C{(R = R*). As 
a consequence C(R * R*) is also isomorphic to the semigroup crossed product 
Q™x (Rx R*) (i.e. to the universal C*-algebra generated by Y together with 
a representation of the semigroup R x R™ by isometries implementing the given 
endomorphisms of 2). 


It follows that 2([R] is a quotient of C} (Rx R*). As mentioned above, in the simplest 
case 2[R] is obtained from Cy (R = R*) by ‘tightening’ the relation 


* 
) UjSpS,U—j <1 


JER/nR 


to pa R/nk 4jSnS,U-j = 1. This kind of tightening has occurred in many places in 
the literature under the name tight representation or boundary quotient etc. 

The relations 1., 2., 3., 4. above turned out to also give the right framework for 
describing the left regular C*-algebra of more general semigroups. The theory of 
these regular C*-algebras has been developed by Xin Li [19, 20]. 

As in Sect. 3 the key to the computation of K,(C}(R = R*)), for the ring R of 
integers in a number field K, lies in a KK-equivalence between the given action by 
endomorphisms of our semigroup with a basically trivial situation. 

The semigroup S = R = R* admits G = K x K™ as a canonical enveloping 
group. The action of S on the commutative subalgebra Y of C{(R x R*) has a 
natural dilation to an action of G. This means that ZY can be embedded into a larger 
commutative C*-algebra @ D> Y with an action of G which extends the action of 
Son Y (this uses the fact that S is a directed set ordered by right divisibility). The 
crossed product @ = G is then Morita equivalent to Y x S = C{(R x R*) (the last 
isomorphism follows from Theorem 4.1). 

A fractional ideal in K is a subset J of K of the form J = al where J is an ideal 
in R anda € K™. Denote by J the set of all fractional ideals of R in K, 1.e. the set 
of all translates in K of ideals in R under the action of K*. 
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It is easy to see that, in the dilated system, there is a bijection J +> e; between Y% 
and the translates under G of the projections e;, J ideal in R. Moreover the ej, J € Y 
generate @ D> Q. Using the fact that R is a Dedekind domain it is not difficult to 
show that the family {e;} forms a regular basis of @ in the sense of the following 
definition. The importance of the regularity condition (or, in another guise, of the 
‘independence’ of the family of constructible left ideals of the semigroup) has been 
noticed by Xin Li. 


Definition 4.2 If {e; : J € .%} is a countable set of non-zero projections in a 
commutative C*-algebra @, we say that {e;} is a regular basis for @ if it is linearly 
independent, closed under multiplication (up to 0) and generates @ as a C*-algebra 
(this means that span {e; : J € _Y} is a dense subalgebra of @). 


Now the group G acts on @, on Y and on the algebra % = .# (€°(_Z)) of compact 
operators. We can trivially define an equivariant *-homomorphism k : Co(_%) > 
KH & G by mapping 4; to e7 ® e;. Here, 5; denotes the indicator function of the 
one-point set {J} and ¢, denotes the matrix in % which is 1 in the diagonal place 
(J, J) and 0 otherwise (matrix unit). 


Theorem 4.3 ([7, 8]) The equivariant map k induces an isomorphism 
K,(Co( YZ) * G) — Kx (@ *G) = Ky (Ci (Rx R*)) 


But now, by Green’s imprimitivity theorem the crossed product Co(_%) ™ G is 
simply Morita equivalent to the direct sum, over the G-orbits in _%, of the C*- 
algebras of the stabilizer groups of each orbit. 


Definition 4.4 The ideal class group Clx is the quotient of the semigroup of 
fractional ideals in K under the equivalence relation where J is equivalent to J’ 
iff there is a € K™ such that J’ = aJ. 


If R is the ring of algebraic integers in the number field K, then the class group is a 
finite abelian group. 

Two fractional ideals J and J’ are in the same orbit for G if and only if there 
is a € K™ such that J’ = aJ. Therefore, by Definition 4.4 the orbits are labeled 
exactly by the elements of the class group Clx. The stabilizer group of the class of 
a fractional ideal J then is given by the semidirect product J » R* of the additive 
group J by the group R®* of units (i.e. of invertible elements in R*). As a corollary 
to Theorem 4.3 we thus obtain 


Corollary 4.5 For each element y of the class group Clx choose any ideal 1, 
representing the class y. Then 


Kx (Ci(R* R*)) = GB Ke (C*(d,) * R*). 
yeClx 


In the situation at hand, Theorem 4.3 can be proven directly—essentially in a 
similar way as at the end of Sect. 3 using the equivariant map «. There is however a 
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much more powerful approach based on techniques from work on the Baum-Connes 
conjecture developed by Echterhoff and others [4, 13]. They establish the following 
principle: 
Assume that the group G satisfies the Baum-Connes conjecture with coefficients in the G- 
algebras A and B. Let k : A — B be an equivariant homomorphism which induces, via 


descent, isomorphisms K,.(A * H) = K,.(B & H) for all compact subgroups H of G. Then 
« also induces an isomorphism K,.(A x, G) = Kx(B ™, G). 


Theorem 4.3 then follows from checking that the equivariant map Co(_4%) > 
KH ® G used there satisfies this condition for all finite subgroups of G. 

This approach to Theorem 4.3 has a much broader scope of applications. It allows 
to extend the argument to general actions of a group G, that satisfies the Baum- 
Connes conjecture with coefficients, on a commutative C*-algebra @ admitting a 
G-invariant regular basis of projections in the sense of Definition 4.2. In particular, 
it can then be used to compute the K-theory of the left regular C*-algebra for a 
large class of semigroups as well as for crossed products by automorphic actions 
by such semigroups. Moreover this more general method also allows to compute 
the K-theory for crossed products for an action of a group on a totally disconnected 
space that admits an invariant regular basis as in Definition 4.2, [7, 8]. 

For instance, one obtains 


Theorem 4.6 ({7]) Let R be a Dedekind domain with quotient field Q(R) and A a 
C*-algebra. Then the following are true: 


1. For every action a : R* — Aut (A) there is a canonical isomorphism 


Kx(A Ma, R*) = CD Ka(A Xa, R*). 
y€Cloery 


2. For every action a : R*/R* — Aut (A) there is a canonical isomorphism 


Kx(A Mo, (R*/R*)) = ED KelA). 


yEClacry 


3. For every action a : R x R* — Aut (A) there is a canonical isomorphism 


K,(A ar (R*R*)) = ED Kx (A ma, (ly 4 R*)). 
y€Clecry 


The above method of computing K-theory for semigroup C*-algebras and 
for certain crossed products for actions on totally disconnected spaces has been 
developed further by Li-Norling in [22, 23]. 
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To end this survey we briefly discuss the KMS-structure for the natural one- 
parameter automorphism group of Cj(R = R*) where, again, R is the ring of 
algebraic integers in a number field K. After all, part of the motivation for the study 
of ring C*-algebras came from Bost-Connes systems and a main feature of such 
systems is the rich KMS-structure. Also, one of the reasons in [6] for passing from 
the ring C*-algebra 2I[R] to C{(R = R*) was the existence of many KMS-states on 
the latter algebra. 

Recall that, for a non-zero ideal J in R, we denote by N(J) the norm of J, i.e. 
the number N(/) = |R//| of elements in R/I. For a € R* we also write N(a) = 
N(aR). The norm is multiplicative, [25]. Using the norm one defines a natural one- 
parameter automorphism group (0;);cr on C}(R x R”), given on the generators by 


O; (Ux) = Ux 0;(e7) =e, O,(Sa) = N(a)"Sa 


(this assignment manifestly respects the relations between the generators and thus 
induces an automorphism). Let 6 be a real number > 0. Recall that a 6-KMS state 
with respect to a one-parameter automorphism group (0;);er is a state g which 
satisfies y(yx) = (xojg(y)) for a dense set of analytic vectors x,y and for the 
natural extension of (o;) to complex parameters on analytic vectors, [3]. For the 
one-parameter automorphism group o, defined above, the B-KMS condition for a 
state gy translates to 


O(Uxz) = G(Zux) plerz) = 9(zer) (Suz) = N(a) ?g(z5q) (5.1) 


for a set of analytic vectors z with dense linear span and for the standard generators 
Ux, €7, Sq Of Ci (RX R*). 


Theorem 5.1 ({6]) The KMS-states on C{(R x R*) at inverse temperature B can 
be described. One has 


1. no KMS-states for B < 1. 
2. for each B € [1,2] a unique B-KMS state. 
3. for B € (2,00) a bijection between B-KMS states and traces on 


@ C*(,) x R* 


yEeClk 


where Clx is the ideal class group, I, is any ideal representing y and R* denotes 
the multiplicative group of invertible elements in R (units). 


The simpler case of Theorem 5.1, where R = Z, K = Q, had essentially been 
treated already by Laca-Raeburn in [16]. The first assertion in Theorem 5.1 is 
basically obvious. The proof, in [6], of point 3. uses special representations of 
CX(R x R*) which seem to be of independent interest. The proof of 2. in [6] uses 


158 J. Cuntz 


a result, also of some independent interest, on asymptotics of partial Dedekind ¢- 
functions. An alternative subsequent proof of Theorem 5.1, due to Neshveyev, is 
obtained by relating the problem to a general result on KMS-states for C*-algebras 
of non-principal groupoids, [24]. 

There is a striking parallel between the formula for the KMS-states for 6 > 2 in 
the theorem above and the formula for the K-theory of Ci (R x R*) in Corollary 4.5. 
The K-theory is isomorphic to the K-theory of the C*-algebra Dye rC(l) xR* 
while the simplex of KMS-states is in bijection with the traces of this direct sum 
C*-algebra. Note that both results are quite non-trivial, as EB C*(I,) x R* is not 
a natural subalgebra of Cy (R = R*). 


yer 
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A New Look at C*-Simplicity and the Unique 
Trace Property of a Group 


Uffe Haagerup 


Abstract We characterize when the reduced C*-algebra of a non-trivial group has 
unique tracial state, respectively, is simple, in terms of Dixmier-type properties of 
the group C*-algebra. We also give a simple proof of the recent result by Breuillard, 
Kalantar, Kennedy and Ozawa that the reduced C*-algebra of a group has unique 
tracial state if and only if the amenable radical of the group is trivial. 


1 Introduction 


It was shown by Murray and von Neumann that the von Neumann algebra 2(G) of 
a group G is a factor (necessarily of type II,) if and only if the group G is ICC (all 
non-trivial conjugacy classes are infinite). The analogous problem for the reduced 
group C*-algebra C{(G) of the group G, namely characterizing when C{(G) is 
simple, respectively, when does it have a unique tracial state, turned out to be far 
more subtle. Powers, [11], proved in 1975 that the reduced group C*-algebra of 
the free groups (or order > 2) is simple and has unique tracial state. His result has 
since then been vastly generalized. Prompted by the observation that (a) and (b) 
below separately imply condition (c), see, for example [7], the question arose if the 
following three conditions for a group G are equivalent: 


(a) C{(G) is simple (i.e., G is C*-simple), 
(b) C¥(G) has unique tracial state (i.e., G has the unique trace property), 
(c) the amenable radical of G is trivial. 
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Kalantar and Kennedy proved in [8] that C*-simplicity of a group is equivalent to the 
group having a (topologically) free boundary action. In 2014, Breuillard, Kalantar, 
Kennedy and Ozawa, [2], used this to prove that (b) and (c) are equivalent, and hence 
that (a) implies (b). The picture of the interconnections between the three properties 
above was finally completed very recently by Le Boudec, [1], who gave examples 
of groups that have the unique trace property, but are not C*-simple. Hence (b) does 
not imply (a). Simple C*-algebras in general need not have unique tracial state. For 
example, any metrizable Choquet simplex arises as the trace simplex of a unital 
simple AF-algebra, [4]. 

In this article we give new characterizations of when a group has the unique 
trace property and when it is C*-simple in terms of (intrinsic) Dixmier-type 
properties of the group C*-algebra. We also give a more direct proof of the 
theorem by Breuillard, Kalantar, Kennedy and Ozawa that the unique trace property 
is equivalent to triviality of the amenable radical of the group. This proof uses 
Furman’s characterization (cf. [5]) of the amenable radical of a group as consisting 
of those elements that act trivially under any boundary action. 

In the very recent preprint [9], Kennedy has independently obtained results 
similar to those in Theorem 4.5 of this paper, characterizing when a group is C*- 
simple. 


2 Boundary Actions 


Recall that an action of a group! G on a compact Hausdorff space X is said to be 
strongly proximal if for each probability measure jz on X, the weak*-closure of the 
orbit G.~ contains a point-mass 6,, for some x € X. An action G yw X is said to be 
a boundary action if it is strongly proximal and minimal. If this is the case, then for 
each x € X and each probability measure jz on X, there is a net (s;) in G such that 
5;.[L converges to 6, in the weak*-topology. Recall also that the amenable radical of 
G is defined to be the largest normal amenable subgroup of G, and it is denoted by 
Rad(G). 

Furman, [5], proved in 2003 the following result about (the existence of) 
boundary actions of a group: 


Theorem 2.1 (Furman) Let G be a group and let t € G. Then t ¢ Rad(G) if and 
only if there is a boundary action of G on some compact Hausdorff space X such 
that t acts non-trivially on X. 


We denote by A the left-regular representation of the group G on €7(G), and by 
CX (G) the (associated) reduced group C*-algebra. A group G is said to be C*-simple 
if C{(G) is a simple C*-algebra, and it is said to have the unique trace property if 
the canonical trace on C} (G), here denoted by 79, is the only tracial state on C{(G). 


Throughout the paper, groups are assumed to be discrete. 
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Kalantar and Kennedy proved in [8] that a group G is C*-simple if and only if it 
has a topologically free boundary action on some compact Hausdorff space. It was 
observed in [2, Proposition 2.5] that the action of G on its universal boundary 0¢G 
of G is free if it is topologically free, and hence that the following theorem holds: 


Theorem 2.2 (Breuillard—Kalantar-Kennedy—Ozawa) Let G be a group. Then 
C}(G) is simple if and only if there is a free boundary action of G on some compact 
Hausdorff space. 


3 Groups with the Unique Trace Property 


In this section we give a new and elementary proof of one of the main theorems 
from [2], namely that a group has the unique trace property if and only if it has 
trivial amenable radical. The proof uses Theorem 2.1 by Furman, quoted above. 
When a group G acts on a compact Hausdorff space X, we can then form the 
reduced crossed product C*-algebra C(X) »,G, see [3, Chapter 4], which in a natural 
way contains both Cy (G) and C(X). These two subalgebras are related as follows: 
A(t faA(t)* = tf, for all t € Gand f € C(X), where (t,f)(x) = f(t7!.x), for x € X. 


Lemma 3.1 Let G be a group acting on a compact Hausdorff space X, let x € X, 
and let y be a state on C(X) x, G whose restriction to C(X) is the point-evaluation 
6. Then p(A(t)) = 0, for each t € G for which t.x # x. 


Proof The assumptions in the lemma ensure that C(X) is contained in the multi- 
plicative domain of ¢, see [3, Proposition 1.5.7], so 


PAM) = PAO) = G(HEAAO) =LE TEAM), 


for each f € C(X) and each t € G. This clearly entails that g(A(t)) = 0 when 
t!.x # x, which again happens precisely when t.x 4 x. Oo 


If g is a state on C}(G), or on the crossed product C(X) x, G, and if t € G, let 
t.y denote the state given by (t.~)(a) = g(A(taA(t)*), where a belongs to C{(G), 
respectively, to C(X) x, G. 


Lemma 3.2 Let t be a tracial state on C{(G), let G ~ X be a boundary action, 
and let x € X. Then t extends to a state on C(X) x, G whose restriction to C(X) is 
point-evaluation 6,. 


Proof Extend t to any state y on C(X) x, G, and let ¢ be the restriction of y to 
C(X). By the assumption that G % X is a boundary action, there is a net (s;) in G 
such that s;.0 converges to 6, in the weak*-topology. By possibly passing to a subnet 
we may assume that s;.y converges to some state g on C(X) x, G. The restriction 
of g to C(X) is then equal to 6,. Moreover, since for all s,t € G, 


(s.W)AM) = WA(sts~')) = r(A(sts™)) = TA), 
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we see that g(A(t)) = t(A(t)), for all tf € G. This shows that g and t agree on 
Cz(G). o 


We can now give a new and simpler proof of one of the main theorems from [2]: 


Theorem 3.3 (Breuillard-Kalantar-Kennedy—Ozawa) Let G be a group and let 
t € G. Then t(A(t)) = 0, for every tracial state t on CX(G), if and only if t ¢ 
Rad(G). In particular, C}(G) has a unique tracial state if and only if Rad(G) is 
trivial. 


Proof Suppose first that t ¢ Rad(G). Then by Theorem 2.1 (Furman), there is a 
boundary action G ~ X such that t.x 4 x, for some x € X. Let rt be a tracial state 
on C7(G). By Lemma 3.2, there is a state g on C(X) x, G which extends t and 
whose restriction to C(X) is point-evaluation at x. By Lemma 3.1, it follows that 
TAD) = GA) = 0. 

The “only if” part follows from the well-known fact, see, for example, Propo- 
sition 3 in [7] (and its proof therein), that whenever N is a normal amenable 
subgroup of G, then the canonical homomorphism CG — C(G/N) extends to a 
*-homomorphism C7 (G) — Cj(G/N). Using this fact with N = Rad(G), and 
composing the resulting *-homomorphism C7(G) — Cj(G/Rad(G)) with the 
canonical trace on C{(G/ Rad(G)), we obtain a tracial state t on C{(G) which 
satisfies t(A(t)) = 1, for all t € Rad(G). 

The last claim of the theorem follows from the fact that the canonical trace on 
CX(G) is the unique tracial state which vanishes on A(t), for all t ¥ e. Oo 


4 C*-Simplicity and the Unique Trace Property of Groups 


This section contains our main results that provide new characterizations of the 
unique trace property and C*-simplicity of a group in terms of Dixmier-type 
properties of the group C*-algebra. 

The lemma below is well-known, see for example [10, Lemma 2.1(c)]. We 
include a proof for completeness. 


Lemma 4.1 Let x,y € C{(G) be finite positive linear combinations of elements 
from {X(t) | t € G}. Then ||x + yl] = |x|). 


Proof Let €7(G)+ denote the “positive cone” consisting of all vectors € € €?(G) 
for which (§, e,) > 0, for all t € G. Here (e;);eg denotes the standard orthonormal 
basis of £7(G). It is clear that (€,7) > 0, for all &,n € ¢?(G)+. Moreover, each 
element z € C}(G) which is a finite positive linear combination of elements from 
{A(t) | t © G} maps £7(G)+ into £?(G)4, and satisfies |(z,7)| < (z|€|,|n|), from 
which it follows that 


lizll = sup{(zé,n) | 6. € C(G)4, Ell <1, In < - 


The conclusion follows now easily. Oo 
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Lemma 4.2 Let G be a group and let t € G. The following conditions are 
equivalent: 


(i). 0 ¢ Conv{A(sts—!) | s € Gh, 
(ii). 0 ¢ Conv {A(sts~!) + A(sts~')* | s € GI, 
(iii). there exist a self-adjoint linear functional @ on C}(G) of norm I and a 
constant c > 0 such that Re w(A(sts—!)) > c, for alls € G. 


Proof For all ci,...,¢, = 0 with parr cy = 1, and all s),...,5, € Gwe have 


[Pedtouse)| < [Sr ex(atousy') + A(sits;')*) < 2/9 cxa(oxese")]| 
k=] k=l k=l 


The first inequality holds by Lemma 4.1, and the second by the triangle inequality. 
Together, the two inequalities show that (i) and (ii) are equivalent. 

The fact that (ii) implies (iii) follows from a standard application of the Hahn— 
Banach separation theorem on the real vector space of self-adjoint elements in 
CX(G), while it is clear that (iii) implies (i). oO 


The theorem below sharpens the first part of Theorem 3.3. 
Theorem 4.3 Let G be a group and let t € G. Then t ¢ Rad(G) if and only if 


0 € conv{A(sts—!) | s € Gh. (7) 


Proof If (+) holds, then t(A(t)) = 0, for every tracial state t on C{(G), whence 
t € Rad(G) by Theorem 3.3. 

For the converse implication, suppose that (+) does not hold, and assume to reach 
a contradiction that t € Rad(G). By Theorem 2.1 (Furman), there is a boundary 
action G -y X and some x € X such that t.x # x. 

By Lemma 4.2, there exist a self-adjoint linear functional @ on C}(G) of norm 1 
and a constant c > 0 such that Re w(A(sts—!)) > c, for alls € G. Letw = w4 —o_ 
be the Jordan decomposition of w, where w+ and w_ are positive linear functionals 
with |||] = ||©+|| + ||@_||. Observe that w+ + w_ is a state, because ||w|| = 1. 

Further, extend w+ to positive linear functionals y+ on C(X) x, G with ||W+|| = 
||[w4||. Then w+ + W— is a state on C(X) x, G which extends the state w4 + w_, 
and, moreover, + — W-_ is a self-adjoint linear functional which extends w. 

Let p be the restriction of y+ + W - to C(X). As in the proof of Lemma 3.2, 
since G ~ X is a boundary action, there is a net (s;) in G such that s;.0 converges 
to the point-mass 4, in the weak*-topology. Upon possibly passing to a subnet, we 
can assume that s;.W4 converge in the weak*-topology to positive functionals g4 
on C(X) x, G (necessarily with the same norms as w+). The restriction of g+ + g- 
to C(X) is equal to 6,, which is a pure state on C(X), so the restriction of p+ to C(X) 
must be equal to ||g+||-6,. We can now use Lemma 3.1 (applied to suitable multiples 
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of the positive linear functionals g+) to conclude that g+(A(t)) = 0. Hence 


0 = 9 (A(t) —G_Q(D) = lim,(s;-~+ (AM) — 5;.~¥-A()) 
= lim; (5.04 (A(0) _ sj.o_(A(t))) — lim; 5;.w(A(t)) = lim; @(A(s;ts;')), 


which contradicts the fact that Re w(A(sts~!)) > c > 0, for all s € G. Oo 


It is well-known that groups with trivial amenable radical are ICC. This fact also 
follows from Theorem 4.3, since (+) can only hold for elements t € G belonging to 
an infinite conjugacy class. 

From Theorems 4.3 and 3.3 we obtain the following: 


Corollary 4.4 Let G be a group. Then Cj (G) has a unique tracial state if and only 
if 


0 € conv{A(sts') | s € G}, 


forallt € G\ {e}. 


Using Theorem 2.2 (Breuillard—Kalantar-Kennedy—Ozawa), we can characterize 
C*-simple groups as follows: 


Theorem 4.5 Let G be a group and let t denote the canonical tracial state on 
CX(G). Then the following are equivalent: 


(i). C{(G) is simple, 
(ii). t) € {s.p| 8 €G}_ , foreach state y on Cx(G), 
(iii). _t) € Conv'’{s.g | s € G}, for each state y on Cx (G), 
(iv). w(1)-t%) € Conv’{s.@ | s € G}, for each bounded linear functional w on 
Cz(G), 
(v). forall t,t2,...,tn € G \ fe}, 


0 € Conv {A(s)(A(t) + A(t) +--+ + A(n))A(S)* | 5 € G, 


(vi). for all ty, t2,...,tm in G\ {e} and all ¢ > 0, there exist 51, 52,...,5n € G such 
that 


n 1 
ps —A(sit}55") | <6, 
n 
k=1 


forj =1,2,...,m. 


Proof (i) > (ii). Let g be a state on C}(G). By Theorem 2.2 (Breuillard—Kalantar— 
Kennedy—Ozawa) there is a free boundary action G y X. Take any x € X. Extend 
y toa state w on C(X) ™, G and let p be the restriction of y to C(X). Since Gq X 
is a boundary action, there is a net (s;) in G such that s;.0 converges to the point- 
evaluation 6, in the weak*-topology. Upon possibly passing to a subnet we may 
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assume that s;.y’ converges to some state w’ on C(X) x G. Note that s;.p converges 
to the restriction of y’ to C{(G). 

The restriction of w’ to C(X) is 6,, so by Lemma 3.1, together with the fact that 
the action of G on X is free, we deduce that w’(A(‘)) = 0, for all t € G \ {e}. The 
restriction of w’ to C}(G) is therefore equal to to. We conclude that s;.p converges 
to To. 

It is trivial that (ii) implies (iii). 

(iii) > (iv). Fix states g1, G2, ..., Ym on Cj (G). The set 


Conv" { (8.1, 5.02, ...,5.Qm) | 8 € Gt 


is a weak* closed G-invariant convex subset of the set of m-tuples of the set of 
states on C} (G). Repeated applications of (iii) shows that the m-tuple (t9, To, ... , T) 
belongs to this set. It follows that for each finite subset of C{(G), and ¢ > 0, there 
exist 51, 52,...,S, € G such that 


n 


E Y 5.9)(a) — to(a)| <€, 


k=1 


for alla € F andallj = 1,2,...,m. Since each bounded linear functional is a linear 
combination of finitely many (in fact, four) states, we see that (iv) holds. 

(iv) = (v). Suppose that (v) does not hold, and let t), t,..., fn be elements in 
G \ {e} that witness the failure of (v). Using Lemma 4.1 and arguing as in the proof 
of Lemma 4.2, we conclude that 


m 


o¢ conv {A(s)( YAH) + MF )))AG)* | s € ch. 


j=l 


By the Hahn—Banach separation theorem we obtain a self-adjoint linear func- 
tional @ on C{(G) (of norm 1) and c > 0 such that for all s € G, 


2Reo(S A(stjs~1)) = (S Astjs') + Astz's~')) =. 
j=l j=l 


Thus 2 Re p()°_, A(t;)) => c > 0, for all p in the weak*-closure of conv{s.a | 5 € 
G}, while t)()~_, A(t;)) = 0. This shows that (iv) does not hold. 

(v) => (vi). If (v) holds, then for all t),,...,tn € G \ {e} and all e > 0, there 
are 51, 52,...,S8, € G (repetitions being allowed) such that 


SE. 


| So -AG A) + Ale) ++ Atm)AG0" 
k=1 


Now use Lemma 4.1 to conclude that (vi) holds. 
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(vi) = (i). It is easy to see that (vi) implies the Dixmier property: for each a € 
CX(G), conv{uau* | u € C{(G) unitary} meets the scalars (necessarily at to(a)-1). 
Since To is faithful, this is easily seen to imply simplicity (and uniqueness of trace) 
of C{(G), cf. [11]. Oo 


5 Summary 


We end with a summary of existing results combined with results obtained in this 
article. 


Theorem 5.1 Let G be a group and let t € G. The following are equivalent: 


(i). t € Rad(G), 

(ii). there is a boundary action GW X such that t acts non-trivially on X, 
(iii). t(A(t)) = 0, for all tracial states t on CZ (G), 
(iv). 0 € Conv{A(sts—!) | s € Gh. 


The equivalence of (i) and (ii) is [5, Proposition 7] by Furman (see Theorem 2.1 
above), the equivalence of (ii) and (iii) is [2, Theorem 4.1] (quoted and reproved here 
as Theorem 3.3), and the equivalence between (iii) and (iv) is Theorem 4.3 above. 


Theorem 5.2 Let G be a group. The following are equivalent: 


(i). Ci (G) has a unique tracial state, 
(ii). G admits a faithful boundary action, 
(iii). Rad(G) = {e}, 
(iv). for allt € G\ {e} and all ¢ > 0, there exist 51, 82,...,8, € G such that 


1 n 
| - Yo AGutsz)| <6. 
n 
k=1 


By universality of the Furstenberg boundary, it follows from Furman’s result (cf. 
the equivalence of (i) and (ii) in Theorem 5.1 above) that G acts faithfully on its 
Furstenberg boundary if and only if the amenable radical is trivial. Hence (ii) and 
(iii) are equivalent. 

The equivalence between (i) and (iii) is [2, Corollary 4.2] (quoted and reproved 
here as Theorem 3.3), while the equivalence between (iii) and (iv) is Corollary 4.4 
above. 


Theorem 5.3 Let G be a group, and let ty be the canonical tracial state on Ci (G). 
The following are equivalent: 
(i). C{(G) is simple, 
(ii). G admits a free boundary action, 
(ili). T € {s.9 | se G} 7 , for each state p on C¥(G), 
(iv). | € conv’’{s.g | s € G}, for each state y on C¥(G), 
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(v). for allt), to,...,tn € G\ {e} and all ¢ > 0, there exist 51, 52,..., 5) € G such 
that 


1 n 
| : Yo Aoxtisz)| <6, 
k=1 


forj =1,2,...,m, 
(vi). C{(G) has the Dixmier property, i.e., Conv {uau* | u € Ci(G) unitary} NC: 
1 4 Q, for alla € Ci(G). 


The equivalence of (i) and (ii) is stated as Theorem 2.2 above, and was proven by 
Breuillard—Kalantar-Kennedy—Ozawa. The remaining implications are contained in 
Theorem 4.5 (and its proof) above. 

It is worth noting that in (vi) one can even take the unitaries u in C}(G) to be in 
the set {A(r) | t € G}. It was shown in [6] that the Dixmier property holds for any 
unital simple C*-algebra with at most one tracial state. Conversely, any unital C*- 
algebra satisfying the Dixmier property can have at most one tracial state; moreover, 
it is simple if, in addition, it has a faithful trace. 

It was shown in [2] as a corollary to the characterization of groups with the unique 
trace property therein, that simplicity of C}(G) implies that C{(G) has unique 
tracial state. This implication also follows in several different ways from the results 
obtained in this article. For instance, since s.t = t for any tracial state t on Cy (G) 
and every s € G, the (equivalent) statements (iii) and (iv) in Theorem 5.3 both imply 
uniqueness of the trace. Respectively, the fact that Theorem 5.3 (v) clearly implies 
Theorem 5.2 (iv), yields yet another proof. 

Finally, note that the equivalent conditions in Theorem 5.3 are strictly stronger 
than those in Theorem 5.1, due to the very recent results of Le Boudec, [1], showing 
that C*-simplicity is not equivalent to the unique trace property. 
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Equilibrium States on Graph Algebras 


Astrid an Huef and Iain Raeburn 


Abstract We consider operator-algebraic dynamical systems given by actions of 
the real line on unital C*-algebras, and especially the equilibrium states (or KMS 
states) of such systems. We are particularly interested in systems built from the 
gauge action on the Toeplitz algebra and graph algebra of a finite directed graph, 
and we describe a complete classification of the KMS states obtained in joint work 
with Laca and Sims. We then discuss applications of these results to Cuntz-Pimsner 
algebras associated to local homeomorphisms, obtained in collaboration with Afsar. 
Thomsen has given bounds on the range of inverse temperatures at which KMS 
states may exist. We show that Thomsen’s bounds are sharp. 


1 Introduction 


There has recently been a renewal of interest in the equilibrium states (the KMS 
states) of operator-algebraic dynamical systems consisting of an action of the real 
line (the dynamics) on a C*-algebra. There has been particular interest in systems 
involving graph algebras and their Toeplitz extensions [3, 7, 11, 18]. 

Very satisfactory results have been obtained for systems associated to finite 
directed graphs, and we now have concrete descriptions of the simplices of KMS, 
states on the Toeplitz algebras at all inverse temperatures 6 [9, 10]. Here we review 
these results, and discuss some surprising applications to work of Thomsen on 
systems involving the Cuntz-Pimsner algebras of local homeomeorphisms [17]. 
One main conclusion of our recent work with Afsar [1] is that lower and upper 
bounds for the possible inverse temperatures given by Thomsen are sharp. For these 
applications we do not need the full strength of the general results in [10], and in 
this article we describe a more direct approach. 
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2 The Toeplitz Algebra of a Graph 


We suppose that E = (E°,E',r,s) is a finite directed graph. A Toeplitz-Cuntz- 
Krieger E-family consists of mutually orthogonal projections {P, : v € E°} and 
partial isometries {S. : e € E'} in a C*-algebra such that StS, = P,() for every 
e € E! and 


P, > = S.S> for every v € E° (2.1) 


r(e)=v 


(where we interpret an empty sum as 0). Since the vertex projections are mutually 
orthogonal, the relation (2.1) implies that the range projections S.S* are also 
mutually orthogonal. (See [9, Corollary 1.2], for example.) 

For n > 2, we write 


E* = {po = pipia-++ Bn: S(i) = r(ei41) for 1 < i < |p| = n} 


for the set of paths of length n in E, and note that $,, := S,,,S,,. -+-S,,, iS a partial 
isometry for every jz € E". We write E* := ere. E” for the set of finite paths. Then 
for u,v,a, B € E* we have the product formula 


Nay if a = va’ 
(SwS}) (SoS) = SuSpy ify = av’ (2.2) 
0 otherwise. 
The Toeplitz algebra Y C*(E) of E is the C*-algebra generated by a universal 


Toeplitz-Cuntz-Krieger E-family (p,s). The product formula (2.2) implies that the 
elements {s,,s* : 4, v € E*} span a *-subalgebra of 7 C*(E), and hence we have 


IC*(E) = span{s,s; : u,v € E*}. 


The quotient of 7 C*(E) by the ideal generated by the gap projections 


{Pr = > Ses 2 e E\ 


r(e)=v 


is the usual graph algebra or Cuntz-Krieger algebra C*(E). 
For every graph E there is a canonical Toeplitz-Cuntz-Krieger E-family (Q, T) 
on the finite-path space ¢7(E*), characterised by the following actions on the usual 
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orthonormal basis {h,, : 4 € E*}: 


Ovhy, = hy ifv = r(M) and Tehy, = Neu if s(e) = r(K) 
0 otherwise 0 otherwise. 
The universal property of 7C*(E) then gives a representation m7 = zg, of 


IF C*(E) on ¢7(E*) such that 27(py) = QO, and s7(s-) = T.; we call mr the finite- 
path representation. The gap projections Q, — Saas T.T* are the projections on 
Ch,, and hence are all nonzero. Thus the uniqueness theorem for Toeplitz algebras 
[8, Corollary 4.2] implies that zy is faithful. 

There is a gauge action y : T — Aut.7C*(E) such that y,(p,) = py and 
y(se) = 25e, and this induces the usual gauge action on the quotient C*(E£). We 
are interested in the dynamics a : R — Aut 7C*(E) given by a, = y,i, and its 
analogue on C*(£). In particular, we wish to study the KMS states for this dynamics. 


3 KMS States on the Toeplitz Algebra 


The spanning elements s,s for 7 C*(E) are all analytic for the action aw. Hence if 
go is a KMS; state on (7 C*(E), a), we have 


H(su8) = G(s; ctip(sp)) = oP b(s)5,) 
= e BUH) b(s,,5*). 
So $(sys3) F 0 => || = |v], and then 
$ (5,8) #0 => (s¥s, A 0 and |p| = |v|) => w= v. 


Now a routine computation using the product formula (2.2) gives the following: 


Lemma 3.1 /9, Proposition 2.1] A state 6 on 7 C*(E) is KMSs for a if and only if 


Plsys) = Bye Ob (psiu))- 


Suppose ¢ is a KMSz, state on (.7C*(E), a). Then for each v € E® the Toeplitz- 
Cuntz-Krieger relation gives 


(pv) = > b (Ses- ) = > e?$(pse), (3.1) 


r(e)=v r(e)=v 
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where we interpret the empty sum as 0 if v is a source. The vertex matrix of E is the 
E° x E° integer matrix A with entries 


A(v,w) = |r (v) Ns 1) I. 


We can rewrite the inequality (3.1) as 


Po(p)y= >> Yd op) = D5 AQW.W)P(Pw). (3.2) 
wEEo r(e)=v, s(e)=w weE0 
som = (m,) := (P(pv)) € [0, 00) = satisfies Am < e’m; we say that m is a 


subinvariant vector for A. 

If factors through a KMS, state of C*(E), then we have equality through- 
out (3.1) and (3.2), and m satisfies Am = e’m. If E is strongly connected, A is 
irreducible and e* has to be the Perron-Frobenius eigenvalue of A. The Perron- 
Frobenius theorem then says many things: thus in particular we know that the 
eigenvalue is the spectral radius p(A), that the eigenspace is one-dimensional, and 
that there is an eigenvector with positive entries (see [4, Theorem 2.6] or [16, 
Theorem 1.6]). Since ¢ is a state, we have 


1= (1) = )) or) = Dom. 


and hence m = ($(pr)),,c;0 is the unique eigenvector in (0, oo)” with |||]; = 1. 
The formula in Lemma 3.1 says that o(s,5*) = Syve PH ms) for all u,v € E*, 
so the vector m completely determines the state ¢. Thus we recover the following 
elegant result of Enomoto, Fujii and Watatani [5]: 


Theorem 3.2. Suppose that E is a strongly connected graph with vertex matrix A. 
Then (C*(E),a@) has at most one KMS state. This state has inverse temperature 
In p(A), where p(A) is the spectral radius of A. 


They proved existence of the KMS), ,(4) state too, but we’ll get to that. 

For states on YC*(E), the vector m only satisfies the subinvariance relation 
Am < em, but when A is irreducible Perron-Frobenius theory has things to say 
about this too. For example: 


* If Am < e’mandB = Inp(A), then Am = e*m, so that m is the Perron- 
Frobenius eigenvector. 
* Suppose that Am < e®m. Then Am 4 em <> B > Inp(A). 


This suggests that we look more carefully at 6 larger than the critical inverse 
temperature B, := In p(A). 

So we consider 6 > Inp(A). We find it interesting that, although we were 
motivated to do so by the Perron-Frobenius theory, which applies only when E 
is strongly connected, the following analysis does not require any connectivity 
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hypothesis on £. Thus we consider an arbitrary finite directed graph E, which could 
have sinks or sources, and a KMS, state @ on 7C*(E). 

Take m = ($(pv)) as before. Then € := (1 — e~A)m has nonnegative entries, 
not all 0. Since e8 > p(A), e? is not in the spectrum of A, and 1 — e~FA is invertible. 
Thus we can recover m as (1 — e~8A)~'e. Our main point is that we can describe 
geometrically the set of € € [0, ye which arise from unit vectors m in £!(E°). For 
v € E®, define y? € [1, 00)” by 


y= D> De Pnan(w, v) = (1—e FA) 8); (3.3) 


n=0 weE? 


the series converges because >, e~ "A" converges in the operator norm with sum 
(1 —e8A)—!. Then m := (1 — e~PA)~'e has ||m||; = 1 if and only if 


l=e.-y? = > aye 


veE? 


(see Theorem 3.1 (a) of [9]). 
Then the main theorem of [9] says: 


Theorem 3.3 Suppose E is a finite graph with vertex matrix A, and B > |n p(A). 
Suppose €- y® = 1. Then there is a KMS, state $< of ZC*(E) such that 


be(pv) = ((1—e PA) 'e), forall € EB. 


The map € +> ¢ is an isomorphism of Ap = {€ : € - y8 = 1} onto the simplex of 
KMSz states of (7 C*(E), a). 


We proved existence of the KMS state ¢, in [9, Theorem 3.1(b)] by a spatial 
argument using the finite-path representation m7 of 7C*(E) on ¢?(E*). Then 
surjectivity of € +> ¢, amounts to our earlier observation that the subinvariant vector 
m = ($(Pv)),<,0 determines a KMS state ¢. 

The set Ag = {€ : €- y® = 1} parametrising the KMSzg states is a simplex 
in the positive cone [0, 00) = of R= with extreme points on the coordinate axes, 
and the vector y? is normal to this simplex. As B decreases to the critical value 
8. = In p(A), the terms in the series on the right-hand side of (3.3) get larger, and 
the simplex contracts towards the origin. 

The preceding analysis does not apply when 8 = B, = In (A) is critical, 
because then the matrix 1 — e~8A need not be invertible. However, we can take 
a sequence f,, decreasing to In p(A), and use weak* compactness of the state space 
to get a KMSn py) State of FC*(E) [9, Proposition 4.1]. When E is strongly 
connected, this is the only KMSjn,(4) state, and we can deduce from Perron- 
Frobenius that it factors through the graph algebra C*(E). In particular, we recover 
the existence of the KMS), ,(4) State, first established by other methods in [5]. 
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We can sum up our discussion as follows: 


Corollary 3.4 Suppose that E is a directed graph with vertex matrix A, and that 
B € (0, 00) satisfies B = In p(A). Then the map ¢ > m? := (¢(p»)) is a bijection 
of the set of KMS, states of (7 C*(E), a) onto the unit vectors m in [0, 00) = Cc 
£!(E°) satisfying the subinvariance relation Am < em. 


For 6 > Inp(A), Theorem 3.3 is stronger, because it describes the solutions of 
the subinvariance relation. But for some applications, such as those in Sect. 4, we 
can deal directly with the subinvariance relation in an ad hoc manner. 


4 Dumbbell Graphs 


We say that a graph E is reducible if it is not strongly connected, or equivalently if 
its vertex matrix A is not irreducible. For v, w € E°, we write v < w to mean that 


vE*w := {uw € E* : r(w) = v and s(u) = w} 


is nonempty (or in other words, that there is a path from w to v). Then we define a 
relation ~ on E° by 


vu~w<s> vu <wandw < v. 


This is an equivalence relation (it is reflexive because v € vE*v), and we write 
E° /~ for the set of equivalence classes. 

For each C € E°/~, we define Ac to be the C x C matrix obtained by deleting all 
rows and columns involving vertices not in C. We can view Ac as the vertex matrix 
of the subgraph Ec := (C, E'Nr“!(C) Ns~!(C), r,s). Each Ac is either a 1 x 1 zero 
matrix (if C is a singleton set {v} and there is no loop at v) or an irreducible matrix 
(in which case we call Ec a strongly connected component of E). It is possible to 
order the set E° so that the vertex matrix A is block upper-triangular with diagonal 
blocks Ac (see [10, §2.3]), and it follows that p(A) = maxc (Ac). 

Now we consider the KMS states on 7 C*(E) when E is reducible. There are 
three situations that we have to deal with: 


* For B > Inp(A), Theorem 3.3 applies, and we have a (|E°| — 1)-dimensional 
simplex of KMS, states on .7C*(E). 

* For B = Inp(A), we focus on the critical components C € E°/~ that have 
p(Ac) = p(A). The relation < descends to a well-defined relation on the set of 
critical components, and then a critical component C is minimal if D critical and 
D < Cimply D = C. The behaviour of the KMSjn p(4) States of 7 C* (E) depends 
on the location of the minimal critical components. 
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* Recall that a subset H of E° is hereditary if v € H and v < w imply w € H, and 
that the Toeplitz algebra 7 C*(E\H) of the graph 


E\H := (E°\H, E' 0. s"'(E°\),r,s) 


is a quotient of 7 C*(E) [10, Proposition 2.1]. For B < In p(A), we consider the 
hereditary subset H of E° generated by the critical components (which is also 
generated by the minimal critical components). If H is not all of E°, then we can 
apply Theorem 3.3 to E\H and get KMS, states of 7 C*(E) for In p(Ag\y) < 
B < np(A) which factor through the quotient map onto 7C*(E\A). 


The first and third situations both require straightforward applications of The- 
orem 3.3, and the interesting things happen when 6 = Inp(A) is critical. Then 
the phrase “depends on the location of the minimal critical components” needs 
clarification. We illustrate its meaning with some examples, which fortunately are 
enough for the main applications in [1]. The key feature of these examples is that 
the strongly connected components have just one vertex each. We call such graphs 
dumbbell graphs. 


Example 4.1 We consider the following graph E: 


O_O 


Vv ——— Ww 


for which p(A) = 3. In this example, the hereditary closure of the critical component 
{w} is all of E°, and hence the third situation does not arise. 

If we list E° = {w, v}, then A = (3 }). For B = Inp(A) = In3 we have ef = 3, 
and the subinvariance relation Am < em says 


31 My 3my + my My 
= (62) (me) = Cam”) 3(m) 
The only unit vector in [0, 00) c £'(E°) which satisfies this relation is m = (1,0). 


Thus Corollary 3.4 says there is a unique KMSj,3 state on YC*(E). This state 
factors through C*(£). 


Example 4.2 Next we switch the horizontal arrow, so E is 


vw—————_ Ww 
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With E° = {v,w}, A = (73), and subinvariance for 6 = In3 reduces to m, < my. 
This graph also has just one critical component {w}, but this time {w} is hereditary, 
and the graph E\H has vertex set {v}, so the third situation kicks in. 

We find: 


* For B > 1n3, we have a one-dimensional simplex of KMSg states on 7C*(E), 
none of which factor through C*(£). 

¢ The simplex of KMS), 3 states on Y C*(E) has extreme points ¢, (my = my = 5) 
and @y (my = 0); only ¢, factors through a state of C*(E). 

¢ ForIn2 < B < 1n3, there is a unique KMS, state ¢, on 7 C*(E) which factors 
through the quotient map corresponding to the hereditary set {w} C E°. 

¢ For 6 = In2, the state ¢, factors through C*(E). 

¢ For B < 1n2, there are no KMS, states on 7 C*(E). 


When a minimal strongly connected component E¢ has more than one vertex, we 
organise the block form for A in three pieces: we take the hereditary closure H of 
the critical components, and decompose E® = (E°\H) U C U (A\C). The Perron- 
Frobenius eigenvector for Ac gives a KMSp .i4) state Wo that has ¢(p,) = 0 for 
v € A\C, but has $(p,) # 0 for vertices v such that vE*C # @: the precise 
formula is given in [10, Theorem 4.3(a)]. Since p(Ag\y) < p(A), we can also use 
Theorem 3.3 to find KMSm pa) states on .7C*(E\H), and lift them to KMSm pya) 
states of YC*(E). Again the formulas and the complete classification are given in 
[10, Theorem 4.3]. 

To construct KMS states on the usual graph algebra C*(E), we need to know 
which states on YC*(E) factor through C*(E). Here we hit another subtlety: 
distinct hereditary sets give distinct ideals in 7 C*(E) but not necessarily in C*(E), 
where the ideal in C*(E) associated to a hereditary subset H of E° depends only 
on the saturation of H. This problem is solved in [10, Theorem 5.3], which gives a 
recipe for finding all the KMSg states of 7 C*(E) and C*(E) for fixed f. 


5 C*-Algebras from Local Homeomorphisms 


We consider a compact Hausdorff space Z and a surjective local homeomorphism 
h : Z — Z. In our main examples in the next section, Z will be the infinite-path 
space E°° of a finite directed graph with the topology inherited from the product 
space (E!)©, and h will be the backward shift o defined by 


o(e1€2€3°°-) = €2€3 °°": . 


If E has no sources, then o is a homeomorphism on each cylinder set Z(jz), and 
hence is a local homeomorphism; if EF has no sinks, then o is also surjective. So 
we shall suppose in the rest of this paper that E is a finite graph with no sinks or 
sources, and then o : E° — E® is a good example to bear in mind for this section. 
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We can view C(Z) as a Hilbert bimodule X over the C*-algebra C(Z), by setting 
(a-x-b)(z) = a(z)x(z)b(A(z)) and 


(x.y)@= D> xQ)y0v) forx,y eX. 


h(w)=z 


This Hilbert bimodule has both a Toeplitz algebra Y (X) and a Cuntz-Pimsner alge- 
bra G(X): the Toeplitz algebra is generated by a representation (1, 2) characterised 
by w(a-x-b) = x(a)w(x)x(b) and m((x,y)) = wWx)*W(y), and the Cuntz- 
Pimsner algebra [14] is a quotient of .7(X). For our purposes, all the necessary 
background material is in Chapter 8 of [15]. The Cuntz-Pimsner algebra O(X) 
is an example of Katsura’s topological-graph algebras: in the conventions of [15, 
Chapter 9] (which are a little different from those in Katsura’s original paper [12]), 
the graph is (Z, Z, id, /). 

The Toeplitz algebra .7 (X) carries a gauge action y of the circle characterised by 
y.(w(x)) = zw(x) and y,((a)) = 2(a), and this lifts to a dynamics @ : f +> y,ir. 
The kernel of the quotient map onto @(X) is invariant under y, and hence we also 
get a dynamics on @(X) (still denoted by q). 

Thomsen [17] has studied the KMS states of the quotient system (@(X), ~) (and 
he worked with much more general systems (Z, h) ). He showed that the possible 
inverse temperatures of the KMS states all lie in a finite interval [6;, 6.], and gave 
formulas for upper and lower bounds: 


Be = lim sup (x! In ( max -"@l)). and 


noo 
_-n: —1 : —n 
bi = lim sup (n In ( min [A (I) 


(applying [17, Theorem 6.8] with the function F = 1; see [1, Remark 6.3] for 
the connections with Thomsen’s notation). We are not aware that Thomsen has 
discussed the extent to which these bounds might be sharp. 

In our recent work with Afsar [1], we have studied the KMS states of the 
Toeplitz system (.7(X), a). We viewed C(Z) as a continuous analogue of the (finite- 
dimensional) space C(E°), and followed the strategy of [9]. We found that, for 
inverse temperatures 6 larger than Thomsen’s 6,, the KMS, states are parametrised 
by a simplex 2’, of finite measures € on Z satisfying a normalisation condition of 


the form 
/ Ip de = 1, 


where fg is a fixed continuous function defined by summing a series like that 
defining yg in (3.3) [1, Theorem 5.1]. At 6,, there is a phase transition: we can 
see by passing to limits as 6 decreases to B.+ that there exist KMS,. states on 
F(X), and can argue by mimicking our earlier results in [9] that at least one of 
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them factors through @(X). (This is Theorem 6.1 in [1].) So, in our generality at 
least, Thomsen’s upper bound is sharp. 

If E is a finite graph, then there is a natural Hilbert bimodule X(E£) over the 
commutative C*-algebra C(E°), and the Toeplitz algebra .7 (X(E)) was the original 
model of the Toeplitz-Cuntz-Krieger algebra .7 C* (E) (see [8] and [15, Chapter 8]). 
This bimodule is not given by a local homeomorphism, so it does not quite fit the 
set-up of the present section, but the analysis of [1] was inspired by analogy with 
that of [9]. As we mentioned earlier, we can also directly apply the results of [1] to 
the shift o on the compact path space E®™, and this gives another connection to the 
results of [9] and [10]. 


6 Shifts on Path Spaces 


We consider again a finite directed graph FE with no sinks or sources, and the 
infinite-path space E°°. Then E™ is a compact Hausdorff space and the backward 
shift o : E* — E®™ is a surjective local homeomorphism. So as in Sect.5, we 
can consider the Hilbert bimodule over the commutative C*-algebra C(E™) with 
underlying space X = C(E%™). At this point we choose to write X(E™) for X 
to emphasise that this is not the graph bimodule X(E£) studied in [8] and [15, 
Chapter 8]. 

The topology on E™ arises from viewing it as a subset of the infinite product 
(E ')°° of the finite set Z', and the cylinder sets 


Z(L) = {x € E* x; = pj fori < [Hel} 


associated to finite paths 4. € E* form a basis of compact-open sets for the topology 
on E®. Then a straightforward calculation shows: 


Lemma 6.1 The elements P, := m(Xzv)) and Se := W(Xze)) of FZ (X(E™)) form 
a Toeplitz-Cuntz-Krieger E-family. 


The universal property of the Toeplitz algebra 7C*(E) now gives a homo- 
morphism mp5 : ZC*(E) > F(X(E%)). Corollary 4.2 of [8] implies that this 
homomorphism is injective, and it is equivariant for the gauge actions, and hence 
for the various dynamics @ studied in Sects. 3 and 5. So composing with mp5 takes 
KMSz states of (.7(X(E™)), a) to KMSzg states of (.7C*(E),a). Now we have 
KMSz, states of 7(X(E™)) for B larger than Thomsen’s §,, and KMS, states of 
FC*(E) for B > Inp(A), where A is the vertex matrix of E. We reconcile this 
in the following reassuring lemma, which is Proposition 7.3 of [1]. (Note that the 
condition on £ is there to ensure that p(A) > 0, so that In p(A) makes sense.) 
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Lemma 6.2 Suppose that E is a directed graph with at least one cycle. Then 
1 _ 
— In( max |o "(l) > Inp(A) asn— oo. 
n xEECO 


Thus Thomsen’s f, is our In p(A), and the range of possible 6 in Theorem 3.3 is 
the same as that in [1, Theorem 5.1]. Suppose that 6 > In p(A), that ~ is a measure 
on E™ satisfying the hypothesis {fg djz = 1 of [1, Theorem 5.1], and that $” is the 
corresponding state of 7 (X(E™)). Then Proposition 7.4 of [1] says that 6“ o mp5 
is the state ¢, of [9, Theorem 2.1] associated to the vector € = €(j) = (u(Z(v))) 
in [0, 00)”. 

Every state @ of (7C*(E), a) has the form ¢“ o zp. for some measure j4 on 
E* satisfying [ fgdu = 1 [1, Corollary 7.6]. In the proof of this result, such a 
measure jt is constructed as a measure on the inverse limit E° = lim E", and an 
examination of the construction shows that there is considerable leeway in building 
such a measure. Indeed, for each € satisfying the normalisation relation y? -« = 1 
of [9], 


{a e M(E™), : i dX = land A(Z(A)) = €, forv € E 


is a simplex of codimension |E°| + 1 in the cone M(E®)4 of positive measures. 
Thus there are many more KMS, states on .7 (X(E°)) than on .7C*(E). 

The injection mps : ZC*(E) > Z(X(E®)) is certainly not surjective—if 
for no other reason, because Y(X(E™)) has many more KMS states. However, 
Proposition 7.1 of [1] says that zp.5 induces an isomorphism of the Cuntz-Krieger 
algebra C*(E) onto O(X(E®))! (This observation is essentially due to Exel [6] and 
Brownlowe [2].) Since this isomorphism also intertwines the dynamics of [9] and 
that of [1], the latter algebra has effectively the same KMS states as C*(E). 

We now return to the dumbbell graph E 


OO 


vw—————_w 


which we discussed in Example 4.2 of Sect.4. The system (C*(E), a) has KMSz 
states for 8 = In3 = Inp(A) and B = In2 = Inp(A,,;). Thus so does @(X(E™)). 
We have already seen in Lemma 6.2 that 6. = In p(A) in general. For this E and 
x € E™®, we can compute 


if r(x) = v 


vie 
3" 4 Sa 32-17 ifr) =w. 


lo-"(@)| = |E"r@)| = 
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Thus min, |o~"(x)| = 2” is attained when r(x) = v, and Thomsen’s f; is In 2. So for 
the local homeomorphism o : E~® — E%, the lower bound f; in [17, Theorem 6.8] 
is also sharp. 

It is easy to see with dumbbell graphs that there can be KMSz, states at inverse 
temperatures strictly between 6, and B,. For example, with E the following graph 


Q 9 9 


both C*(E) and @(X(E%)) have KMS states at inverse temperatures In 2, In3 and 
In 4. 

There are, however, interesting constraints on the possible inverse tempera- 
tures B. First, since e? has to be the spectral radius of an irreducible integer matrix, 
it has to be an algebraic number. But there are also other, more subtle constraints. 
The issue is discussed, along with relevant results of Lind [13], in [10, §7.1]. 
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Semigroup C*-Algebras 


Xin Li 


Abstract This is a survey article about recent developments in semigroup C*- 
algebras. These C*-algebras generated by left regular representations of semigroups 
have been studied for some time, but it was only recently that several new 
connections and results were discovered, triggered by particularly interesting 
examples from number theory and group theory. We explain the construction of 
semigroup C*-algebras, introduce the basic underlying algebraic objects, define 
two important conditions called Toeplitz condition and independence, and present 
results concerning amenability and nuclearity, K-theory, and classification. 


1 Introduction 


The study of C*-algebras attached to semigroups was initiated by Coburn, who 
studied the C*-algebra of the natural numbers in [3, 4]. Motivated by index 
theory and related K-theoretic questions, this line of research was continued in 
[5, 6, 14, 15]. Later on, Murphy introduced and studied C*-algebras of more general 
semigroups, for instance positive cones in ordered abelian groups [35], and then 
also general left cancellative semigroups [36-38]. Nica studied another class of 
semigroup which he called positive cones in quasi-lattice ordered groups in [39]. 
Nica’s work was taken up in [7, 8, 24]. 

Recently, the author tried to develop a framework which would unify all these 
previous studies, and used that framework to explain the connection between 
amenability and nuclearity in the context of semigroups and their C*-algebras (see 
Sect.5, and also [25, 26]). The analysis that was necessary led to two conditions 
called the Toeplitz condition and the independence condition (see Sects. 3 and 4). 
As it turned out later, these two conditions also play a crucial role if we want 
to compute K-theory for semigroup C*-algebras (see Sect.6, and also [10, 11]). 
Finally, putting together many of our results, we obtain classification results for 


X. Li () 

School of Mathematical Sciences, Queen Mary University of London, Mile End Road, London 
El 4NS, UK 

e-mail: xin.li@qmul.ac.uk 


© Springer International Publishing Switzerland 2016 185 
T.M. Carlsen et al. (eds.), Operator Algebras and Applications, Abel Symposia 12, 
DOI 10.1007/978-3-319-39286-8_9 


186 X. Li 


C*-algebras attached to particular classes of semigroups (see Sect.7, and also 
[17,.27, 29). 

The author’s motivation to study semigroup C*-algebras did not only come from 
the previous work mentioned at the beginning, but also from new examples of 
number theoretic origin (see [9, 16, 27]). Given the importance of examples, we 
have included a list of examples in Sect. 2.2, and we come back to that list at various 
points later on in order to illustrate our results. 

Topics not covered in this survey article include C*-algebras of Zappa-Szép 
products of semigroups [1], C*-algebras of certain topological semigroups [46, 50], 
or boundary quotients of semigroup C*-algebras as in [8, 49]. 

As this is a survey article, we have not included any proofs. Instead, we point the 
reader to the relevant literature. To this end, we have included an exhaustive (but not 
complete) list of references. 


2 Semigroup C*-Algebras 


We introduce C*-algebras attached to semigroups. The main objects of study are 
reduced semigroup C*-algebras, which are generated by left regular representations 
of left cancellative semigroups. Full semigroup C*-algebras are defined using left 
inverse hulls. We include a list of examples in order to illustrate our constructions 
and results. 


2.1 C*-Algebras Generated by Left Regular Representations 


Let P be a left cancellative semigroup. P acts on itself by left multiplication, i.e., 
every p € P induces a map P — P, x +> px (we denote this map by p again). This 
gives rise to the left regular representation of P. To define it, consider the Hilbert 
space ¢?P. It comes with a canonical orthonormal basis {5, : x € P} given by 
5x.(y) = 6, y. For every p € P, define an isometry V, by setting V,d. = 6). Here, 
our assumption that our semigroup P is left cancellative ensures that the assignment 
5, + 5px indeed extends to an isometry. The left reduced semigroup C*-algebra of 
P is given as follows: 


Definition 2.1 C*(P) := C* ({V,: p € P}) C LLP). 


In a completely analogous way, we define the right reduced semigroup C*-algebra 
Ch (P) of a right cancellative semigroup P as the C*-algebra generated by the right 
regular representation. Although we do not focus our discussion on this aspect, it 
turns out to be very interesting and intriguing to compare Cj (P) with Cc, (P) (for a 
cancellative semigroup P). We refer the interested reader to [11, 29, 34]. 
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2.2 Examples 


The first example is the additive semigroup N of natural numbers (including zero). In 
that case, C} (N) is the Toeplitz algebra, the C*-algebra generated by the unilateral 
shift. It was studied by Coburn in [3, 4]. 

Here is one way to generalize our first example: Let G be a totally ordered abelian 
group. Denoting the order by >, we can define the positive cone in G, P:= {x EG: 
x > 0}. For instance, take an additive subgroup G of (R, +), view it as an ordered 
group with respect to the canonical total order on R, and set P := G/N [0, ov). 
Semigroup C*-algebras attached to such positive cones were studied in [5, 6, 14, 
15, 28]. The original motivation came from index theory and K-theory. 

Another way to generalize our first example is to look at semigroups like N x N or 
N x N (see for instance [38] or [39]). The first one may be viewed as the semigroup 
(with identity) generated by two elements a and b subject to the relation ab = ba, 
while the second one is the semigroup generated by two elements without imposing 
any relations. From this point of view, these examples may be viewed as semigroups 
given by generators &’ and relations R, i.e., semigroups of the form P = (7 |R)*. 
Of course, every semigroup may be written in that way. The point is to find classes 
of generators and relations which lead to well-behaved examples of semigroups. Let 
us mention the following particular cases: 

Artin monoids are given by generators 


X= {o;: ie ht, 


where / is some (countable) index set, and relations 


Oj0;... = Oj0;... 
——_— ——— 
mij Mii 
for some my = mj € {2,3,...,00}, fori A jin J. Here my = mj = co means that 
we do not impose a relation of the form ojo;... = 0j0;... for that particular pair 


i,j. 

A particular class of examples is given by right-angled Artin monoids, where we 
require my € {2,00} for every i ¢ j in J. In other words, either a pair of generators 
commutes, or we do not impose any relation. The relations can be conveniently 
encoded in a graph by letting » be the set of vertices and connecting two vertices 
by an edge if the corresponding generators commute. Given an unoriented graph 
I” such that every pair of vertices is joined by at most one edge, we write Af for 
the corresponding right-angled Artin monoid. The C*-algebras of such right-angled 
Artin monoids were studied in [7, 8, 17, 22]. 
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Another class is given by Artin monoids of finite type. Here we require that if we 
add the relations o? = e for all o € ¥ to the defining relations 


OjOj... = OjOj... , 
—_—_—— —_—_—— 
mij Mii 


then the group generated by » subject to these two families of relations should 
become finite. Particular examples are given by braid monoids, for instance 


By = (01, 02|010201 = 020102)" 


Another family of examples are Baumslag-Solitar monoids, which are generated 
by © = {a,b} subject to the relation ab‘ = b/a for some k, 1 € N. The semigroup 
C*-algebras of Baumslag-Solitar monoids were studied in [47] (see also [48]). 

There is also the Thompson monoids, for which the generators are Y= 
{Xo,X1,...} and the relations are given by x,x,% = X¢X%4+1 for k <n. 

All these examples of semigroups given by generators and relations embed 
canonically into the corresponding groups defined by the same presentation. In 
the study of these semigroups given by generators and relations, purely algebraic 
considerations in the spirit of [13] or [33, $6] turn out to be very useful. 

We could also consider finitely generated, abelian semigroups. Given such a 
semigroup P, the complex semigroup ring C[P] is the coordinate ring of a toric 
variety. A particular class of examples are given by numerical semigroups. These 
are of the form P = N \ F, where F is a finite set such that P is still additively 
closed. For instance, we could take F = {1}. 

As a last class of examples, we introduce ax + b-semigroups over integral 
domains. Given an integral domain R, let P = R » R* be the semidirect product 
of the additive group R by the multiplicative semigroup R* with respect to the 
canonical action by multiplication. A particular case is when R is the ring of 
algebraic integers in a number field. The corresponding semigroup C*-algebras 
were studied in [9, 16, 27, 29, 30]. 


2.3 The Left Inverse Hull, and Full Semigroup C*-Algebras 


Let S be an inverse semigroup with zero 0, and set S* = S \ {0}. The reduced 
C*-algebra C}(S) attached to S is defined as follows: For s € S, define the partial 
isometry 


As. 0S*% > 0 S*, by B bee SS 2a” 
0 else 
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The reduced C*-algebra Cj (S) of S is the sub-C*-algebra of (¢°S*) generated by 
{As : 5 € S}. The reader may find more information about inverse semigroups and 
their C*-algebras in [19—21, 40, 42]. 

Now assume that P is a left cancellative semigroup. We construct the left inverse 
hull of P as follows: Let S be the inverse semigroup of partial bijections of P 


generated by p: P = P,x +> px (p € P). The semilattice of idempotents E 
of S is given by the set of constructible ideals 


JF = Pi G1 -- Dy dnP: Pir gi € P}U {Q}. 


As explained in [40, Corollary 3.2.13], the isometry (7P — £7S*, by > bp 
induces a surjective homomorphism C;(S) —> C;(P). 

To define the full semigroup C*-algebra of P, we set C*(P) := C*(S). By 
definition, C*(S) is the C*-algebra which is universal for representations of our 
inverse semigroup S by partial isometries, with the extra requirement that 0 € S$ 
is representated by 0 in the target C*-algebra. Our definition of full semigroup 
C*-algebras differs from the definitions in [25, 40], where two versions of full semi- 
group C*-algebras (denoted by C*(P) and C*(P)) were introduced. In particular 
cases, however, it is possible to identify our full semigroup C*-algebra with the one 
from [25, 40] (compare [40, Proposition 3.3.1 and Proposition 3.3.2]). Furthermore, 
we let A : C*(P) —» C}(P) be the composite C*(P) = C*(S) —> Ci (S) —> Cj (P). 


3 The Toeplitz Condition 


From now on, let us assume that P is a subsemigroup of a group G such that P 
contains the identity e. Let D,(P) := C{(P) MN £°°(P), where we view £*(P) as 
multiplication operators on £?P. As P is a subsemigroup of G, it turns out that 
we always have a partial crossed product description for Cj (P), i.e., there exists a 
canonically given partial action G ~ D,(P) such that C} (P) = D,(P) aaa e This 
is already helpful. For instance, if we let 2p be the spectrum of D, (P), and if Gx {2p 
is the partial transformation groupoid attached to (the dual action corresponding to) 
G ~ D,(P), then we get C](P) = C7(G™ 2p), a description of our semigroup 
C*-algebra as a groupoid C*-algebra. 

The Toeplitz condition will allow us to write C} (P) as a crossed product attached 
to a global action, at least up to Morita equivalence. 

Recall that S is the left inverse hull of P. 


Definition 3.1 We say that P C Gis Toeplitz if for every g € G, the partial bijection 
P12 (g7!P) > (gP) NP, x gxisinS. 


Let us now give an operator algebraic reformulation of the Toeplitz condition, 
which will immediately lead us to the desired crossed product description. Starting 
with our embedding P C G, we view £7P as a subspace of (7G. Let Ep € &(£?G) 
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be the orthogonal projection onto £?P. Moreover, as €7P is a subspace of (7G, we 
may view C;(P) as a sub-C*-algebra of “(¢°G). Furthermore, let A be the left 
regular representation of G. Then we have V, = EpA,Ep for every p € P. Clearly, 
if we think of £°°(G) as multiplication operators on £?G, then Ep corresponds to 
lp € £%(G). In addition, we have a canonical action G ~ £%°(G). Now let Dpcg 
be the smallest G-invariant sub-C*-algebra of £°°(G) containing Ep. Because we 
have V, = EpA,Ep for every p € P, we obtain 


Cy (P) Ss Ep(Decg x; G)Ep. 
Moreover, Ep is a full projection in Decg =; G. Therefore, 
Ep(DecG x; G)Ep ~M Deceg x; G. 


If C{(P) > Ep(Dpce ™; G)Ep, then we get desired crossed product description. 

It turns out that P C G is Toeplitz if and only if for every g € G with EpA,Ep # 
O, there exist p1, 41,---. Pn. Gn in P such that EpA,Ep = ae Vat" ve Van: 

In particular, if P C G is Toeplitz, then C}(P) = Ep(Dpcg =; G)Ep, and the 
latter C*-algebra is Morita equivalent to Dpcg ™; G. 

For example, if P is left Ore, then P embeds into its group of left quotients P~' P, 
and P C P~'P is Toeplitz. A left Ore semigroup is defined as follows: A semigroup 
is called right reversible if every pair of non-empty left ideals has a non-empty 
intersection. A semigroup is said to satisfy the left Ore condition if it is cancellative 
and right reversible. The following result can be found in [2, Theorem 1.23] or [23, 
§1.1]: A semigroup P can be embedded into a group G such that G = P7'!P = 
{q"'p: p,q € P} if and only if P satisfies the left Ore condition. It is easy to check 
that P C P~'P is Toeplitz. For instance, this covers the case of cancellative, abelian 
semigroups. It also covers the case of ax + b-semigroups over integral domains. 

We mention two examples of subsemigroups of groups for which the Toeplitz 
condition does not hold. Let N« N be the free semigroup on two generators. We have 
a canonical embedding of N * N into Fo, the free group on two generators. It turns 
out that if we compose that map with the canonical quotient map F, —» F2/F%, then 
we still get an embedding N « N ~ F/I. This pair, however, does not satisfy the 
Toeplitz condition. Roughly speaking, the argument is as follows: Let P = N * N, 
which we view as a subsemigroup in G = F,/F3. If P C G were Toeplitz, then it 
would follow that for every g € G, we must have that either gPMP is empty or gPNP 
is of the form pP for some p € P. However, in our particular example, it is easy to 
come up with a,b,c,d € P with ab“'cd~' € FY such that e ¢ ba™'P (in G) and 
b,c € pP > p =e. Thenba'!PN PF Pandb,c € ba 'PMP, so that ba" 'PNP 
cannot be of the form pP for some p € P. Another example, which can be treated 
using similar ideas as our first one, is given as follows: Consider the Thompson 
group F,, which is defined by the same generators and relations as the Thompson 
monoid. This means that F is the universal group generated by © = {xo,x1,...} 
subject to the relations x,x, = x4Xn4+1 for k <n. Let a and b be the canonical free 
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generators of N« N. It turns out that we obtain an embedding Nx N > Fbyatb xo, 
bt x;, and that N *« N @ F does not satisfy the Toeplitz condition. 


4 The Independence Condition 


As above, we assume that P is a subsemigroup of a group G, and that P contains the 
identity element of G. 

The independence condition is a condition on the ideal structure of our semigroup 
P. Recall that we have introduced the set of constructible ideals 


J =AP' GPa UP? Pir gi € P} U {GB}. 


Definition 4.1 _7 is called independent if for all X,X,,...,X, € Y,X = VUE, Xi 
implies X = X; forsome 1 <i <n. 
We say that P satisfies the independence condition if -Y is independent. 


We would like to give equivalent characterizations of independence. To do so, 
recall that S is the left inverse hull of P. Let E be the semilattice of idempotents of 
S.A: C*(P) —> Ci (P) restricts to a canonical map C*(E) —> D)(P). It was shown 
in [40, Theorem 3.2.14] that the following are equivalent: 


* the canonical map Cj (S) —> Cj (P) is injective, 
* the canonical map C*(E) —> D,(P) is injective, 
° YF is independent. 


For example, if every constructible ideal is principal, i.c., % = {pP: p € 
P}U{@}, then P satisfies the independence condition. This covers the case of positive 
cones in quasi-lattice ordered groups (see [26, 39]). Moreover, ax + b-semigroups 
over Dedekind domains, or more generally, Krull rings, satisfy the independence 
condition (see [25, 29]). 

Let us also present two (classes of) counterexamples, i.e., semigroups which 
do not satisfy the independence condition. For instance, consider the numerical 
semigroup N \ {1}. It turns out that it does not satisfy independence. More generally, 
every numerical semigroup of the form N \ F, where F is a non-empty, finite 
subset of N, does not satisfy independence. Another class of examples is given as 
follows: For certain integral domains which are not Krull rings, their multiplicative 
semigroups or ax + b-semigroups do not satisfy independence. For example, R = 
Zi J3} is such an example. For more details, we refer the reader to [29, §7]. 
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5 Amenability and Nuclearity 


Let P be a subsemigroup of a group G. The following result explains the connection 
between amenability (of underlying dynamical systems) and nuclearity for semi- 
group C*-algebras. 


Theorem 5.1 Consider the following statements: 


(i) C*(P) is nuclear, 
(ii) CX(P) is nuclear, 
(iii) G* §2p is amenable, 
(iv) A: C*(P) —» CF (P) is an isomorphism. 


We always have (i) => (ii) = (iii). If P satisfies the independence condition, then 
(iii) = (iv) and (tii) => (i), so that (i), (ii) and (iii) are equivalent. 


Here Gx S2p is the partial translation groupoid from Sect. 3. A proof of this theorem 
will appear in [32], but the reader may also consult [26] for a special case of that 
theorem. 

Moreover, it was observed in [40], and also follows immediately from the 
partial crossed product description discussed in Sect.3 together with [18] or [21, 
Theorem 20.7 and Theorem 25.10] that if P is a subsemigroup of an amenable 
group, then Cj (P) is nuclear. 

To give a particular class of examples, it was shown in [22], and also in [26], that 
semigroup C*-algebras attached to right-angled Artin monoids are nuclear. 


6 K-Theory 


Let P be a subsemigroup of a group G. The following result gives a formula for the 
K-theory of semigroup C*-algebras. 


Theorem 6.1 Assume that P satisfies the independence condition, and that P C G 
is Toeplitz. If G satisfies the Baum-Connes conjecture with coefficients, then 


K(CHP) = GY Kx(CF(Gx)). 
[xX]EG\( Fecc\t}) 


Here J PcG = {Ver giP: Ris stag SKE G} U {O}, and Gy = {g EG: gx = X}. 
We refer the reader to [10, 11] for the proof of this theorem as well as further 
details concerning K-theory for semigroup C*-algebras. 
Let us apply our general K-theoretic formula to ax + b-semigroups over integral 
domains. Let R be a countable Krull ring with group of multiplicative units R* and 
divisor class group C(R). For every € € C(R), let ag be a divisorial ideal which 
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represents €. Then 


Kx(Ci(R*R*)) = GD Ka(C*(ae *R*)). 
€EC(R) 


The reader may consult [29] for more details. In particular, if R is the ring of 
algebraic integers in a number field K, we get 


Kx (Ci(R* R*)) = @ Ka (C* (ae  R*)). 
tEClx 


Here Clx is the class group of K, and R* is the group of invertible elements in R* 
(.e., the units in R or K). 

If P is the positive cone in a totally ordered group G, then it is easy to see that P 
satisfies the independence condition, and also that P C G is Toeplitz. Moreover, in 
that case, we have Ypcg = {gP: g € G}U {G}, and Gp = P* = {e}. Therefore, if 
G satisfies the Baum-Connes conjecture with coefficients, then we get in K-theory 


Kx(C¥(P)) © Ke(C). 


The ideas in [10, 11] have been taken up in [34, 41] in order to obtain more 
general K-theoretic computations which go beyond semigroup C*-algebras. 


7 Classification Results 


We start with a classification result for semigroup C*-algebras attached to right- 
angled Artin monoids. We need to introduce the following terminology: A graph 
I’ = (V,E£) is called co-reducible if there exist non-empty subsets V; and V2 of 
V with V = V; UV» such that Vj x V2 C E. I is called co-irreducible if I 
is not co-reducible. In general, we can always decompose I” into co-irreducible 
components, i.e., co-irreducible subgraphs I; = (Vj, E;). Let t(”) be the number of 
those co-irreducible components which are singletons. Moreover, let us define the 
Euler characteristic of a graph I’ = (V’, E’). To this end, we view I’ as a simplicial 
complex by defining for every n = 0,1,2,... the set of n-simplices by 


Kn = {{v0,..-,Un} CV’: (v;, vj) € E’ for all i, j € {0,...,n}, i 4 j}. 
Then we set x(I"’) := 1 — )°°2.,(—1)"|K,,|. Given a graph I” and k € Z, let N.(") 


be the number of co-irreducible components of J” with Euler characteristic equal 
to k. 
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Theorem 7.1 Let I’ and A be finite graphs. The following are equivalent: 


LCA] CHA) 

2. a. tI”) = t(A) 
b. N(I’) + N-x() = Ny(A) + N_;(A) for allk € Z 
c. No") > 0 or 


Yo M(L) = D> N(A) mod 2. 


k>0 k>0 


We remark that it is not necessary to restrict to finite graphs, and refer to [17] for 
the general result and further details. 

Here is another classification result, this time for semigroup C*-algebras attached 
to ax + b-semigroups over rings of algebraic integers in number fields. 


Theorem 7.2 Let K and L be number fields with rings of algebraic integers R and 
S. Assume that K and L have the same number of roots of unity. If C{(R * R*) = 
Ci (S x S*) then K and L are arithmetically equivalent, i.e., x = C1. 

Assume, in addition, that K and L are Galois extensions. In that case, we have 
Ci (R x R*) = Ci(S * S*) if and only if K = L. 


The reader may find the proof, and further information, in [27]. [43, 44] contain 
more details about arithmetic equivalence. 

If we ask for isomorphism of semigroup C*-algebras preserving the canonical 
sub-C*-algebras, then we get a stronger conclusion: 


Theorem 7.3 Let K and L be number fields with rings of algebraic integers R and 
S. If there exists an isomorphism C}(R x R*) = C{(S x S*) which restricts to an 
isomorphism Dj (RX R*) & Dj (Sx S*), then K and L are arithmetically equivalent 
and Clx = Clz (as groups). 


Here D, denotes the sub-C*-algebra defined in Sect. 3. This result is proven in [30]. 
Our conclusion is really stronger than the one in the previous theorem, see [12]. 

Such sub-C*-algebras like D, are Cartan subalgebras in the C*-algebraic sense 
(see [45]). They are studied in a general context in [31]. 

Furthermore, we mention that there are more classification results for ax + b- 
semigroups over more general integral domains in [29]. 

For Baumslag-Solitar monoids, Spielberg obtained classification results in [47]. 
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Topological Full Groups of Etale Groupoids 


Hiroki Matui 


Abstract This is a survey of the recent development of the study of topological full 
groups of étale groupoids on the Cantor set. Etale groupoids arise from dynamical 
systems, e.g. actions of countable discrete groups, equivalence relations. Minimal Z- 
actions, minimal Z-actions and one-sided shifts of finite type are basic examples. 
We are interested in algebraic, geometric and analytic properties of topological 
full groups. More concretely, we discuss simplicity of commutator subgroups, 
abelianization, finite generation, cohomological finiteness properties, amenability, 
the Haagerup property, and so on. Homology groups of étale groupoids, groupoid 
C*-algebras and their K-groups are also investigated. 


1 Introduction 


We discuss various properties of topological full groups of topological dynamical 
systems on Cantor sets. The study of full groups in the setting of topological 
dynamics was initiated by Giordano, Putnam and Skau [15]. For a minimal action 
y : Ze X ona Cantor set X, they defined several types of full groups and showed 
that these groups completely determine the orbit equivalence class, the strong orbit 
equivalence class and the flip conjugacy class of ~, respectively. 

The notion of topological full groups was later generalized to the setting of 
essentially principal étale groupoids Y on Cantor sets in [27]. Etale groupoids 
(called r-discrete groupoids in [35]) provide us a natural framework for unified 
treatment of various topological dynamical systems. The topological full group 
[[Y]] of Y is a subgroup of Homeo(Y) consisting of all homeomorphisms of 
GY) whose graph is ‘contained’ in the groupoid Y as a compact open subset (see 
Definition 4.1). From an action @ of a discrete group J” on a Cantor set X, we can 
construct the étale groupoid %,, which is called the transformation groupoid (see 
Example 2.3). The topological full group [[%,]] of Y, is the group of a € Homeo(X) 
for which there exists a continuous map c : X > I" such that a(x) = g° (x) for all 
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x € X. Many other examples of étale groupoids and topological full groups will be 
provided in later sections. 

One of the most fundamental result for topological full groups is the isomorphism 
theorem (Theorem 5.1), which says that % is isomorphic to % if and only if 
[[“]] is isomorphic to [[M%]]. In general, it is often difficult to distinguish two 
discrete groups. But, the étale groupoids have rich information about the topological 
dynamical systems, and so the isomorphism theorem helps us to determine the 
isomorphism class of the topological full groups. 

The homology groups H,(Y) for n > 0 are defined for étale groupoids Y (see 
Definition 3.1). When ¥ is a transformation groupoid %Y,, the homology H,(%) 
agrees with the group homology (Example 3.3 (2)). In many examples, we can 
check that the homology groups ‘coincide’ with the K-groups of C* (4). Thus, we 
have isomorphisms Q,, Hon+i(Y) & Ki(C*(Y)) for i = 0, 1. This phenomenon is 
formulated as the HK conjecture (Conjecture 3.5). 

In many cases, it is known that the commutator subgroup D([[¥]]) of [[Y]] 
becomes simple (Theorem 6.5 (1), Theorem 7.3 (1)). So, it is natural to consider the 
abelianization [[Y]]a»n = [[F]]/D([Y]]). It turns out that the abelian group [[Y]]ap is 
closely related to the homology groups of Y. This relation is formulated as the AH 
conjecture (Conjecture 4.7). 

In addition to these two conjectures, we are interested in several properties of 
[[<¥]]. In [26], it was shown that D([[S%]]) is finitely generated if gp : Zw X 
is a minimal subshift (see Theorem 8.3 (1)). In [28], it was shown that, for any 
SFT groupoid GY, (see Example 2.5), [[%]] is of type Foo and D([[%]]) is finitely 
generated (Theorem 8.8). Such finiteness conditions of topological full groups are 
important problems. In [20], it was shown that, for any minimal action g : Z ~% 
X, [[Y]] is amenable (see Theorem 8.4). In [28], it was shown that [[&%,]] has 
the Haagerup property for any SFT groupoid 4% (Theorem 8.9). Such analytic 
properties of topological full groups are also our main concern. 


2 Preliminaries 


2.1 Etale Groupoids 


The cardinality of a set A is written #A and the characteristic function of A is written 
1,4. The finite cyclic group of order n is denoted by Z, = {7 | r = 1,2,...,n}. 
We say that a subset of a topological space is clopen if it is both closed and 
open. A topological space is said to be totally disconnected if its topology is 
generated by clopen subsets. By a Cantor set, we mean a compact, metrizable, 
totally disconnected space with no isolated points. It is known that any two such 
spaces are homeomorphic. The homeomorphism group of a topological space X is 
written Homeo(X). The commutator subgroup of a group I" is denoted by D(I’). 
We let I), denote the abelianization '/D(I’). 
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In this article, by an étale groupoid we mean a second countable locally compact 
Hausdorff groupoid such that the range map is a local homeomorphism. We refer the 
reader to [35, 36] for background material on étale groupoids. Roughly speaking, 
a groupoid Y is a ‘group-like’ object, in which the product may not be defined 
for all pairs in Y. An étale groupoid Y is equipped with locally compact Hausdorff 
topology, which is compatible with the groupoid structure, and the map g +> gg’! is 
a local homeomorphism. For an étale groupoid Y, we let Y denote the unit space 
and let s and r denote the source and range maps, i.e. s(g) = g~!g and r(g) = gg. 
An element g € Y can be thought of as an arrow from s(g) to r(g). For x € Y, 
G(x) = r(Gx) is called the Y-orbit of x. When every Y-orbit is dense in Y, G is 
said to be minimal. For a subset Y C Y), the reduction of Y to Y is 77! (Y)Ns~!(Y) 
and denoted by ¥|Y. If Y is clopen, then the reduction Y|Y is an étale subgroupoid 
of Y in an obvious way. For x € Y, we write Y, = r~!(x) MN s~!(x) and call it the 
isotropy group of x. The isotropy bundle of Y is Y = {g € Y | r(g) = s(g)} = 
U,ego %. We say that Y is principal if Y’ = Y©. When the interior of Y is Y, 
we say that Y is essentially principal. 

A subset U C @ is called a Y-set if r|U,s|U are injective. Any open Y-set U 
induces the homeomorphism (r|U) o (s|U)~! from s(U) to r(U). We write 6(U) = 
(r|U) 0 (s|U)~!. When U, V are G-sets, 


U'={ge9¥|g lev} 
and 
UV = {ge EG |geU, g' EV, s(g) = r(g’)} 


are also G-sets. A probability measure pz on Y© is said to be G-invariant if 
u(r(U)) = p(s(U)) holds for every open Y-set U. The set of all G-invariant 
probability measures is denoted by M(¥). 

For an étale groupoid ¥, we denote the reduced groupoid C*-algebra of Y by 
C*(Y) and identify Co(Y) with a subalgebra of C*(Y). J. Renault obtained the 
following theorem (see also [27, Theorem 5.1]). 


Theorem 2.1 ([36, Theorem 5.9]) Two essentially principal étale groupoids Y 
and %, are isomorphic if and only if there exists an isomorphism g : C*({) > 


C*(4) such that g(Co(G)) = Cl”). 


2.2 Examples 


In this subsection, we present several examples of étale groupoids. Throughout this 
subsection, by an étale groupoid, we mean a second countable étale groupoid whose 
unit space is the Cantor set. 
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Example 2.2 (AF Groupoids) We would like to recall the notion of AF groupoids 
((35, Definition [I.1.1], [16, Definition 3.7], [27, Definition 2.2]). Let Y be an étale 
groupoid. 


¢ We say that “ C is an elementary subgroupoid if .% is a compact open 
principal subgroupoid of Y such that. #© = 9, 

¢ We say that Y is an AF groupoid if it can be written as an increasing union of 
elementary subgroupoids. 


If “% is a compact étale principal groupoid, then .% is identified with the 
equivalence relation {(r(g), s(g)) | g € “@} on #4 and the topology on .% agrees 
with the relative topology from .# x #). Also, the equivalence relation .% is 
uniformly finite, i.e. there exists n € N such that #r~!(x) <n for any x € 4%, 

An AF groupoid is principal by definition. The C*-algebra associated with an 
AF groupoid is an AF algebra. It is known that any AF groupoids are represented 
by Bratteli diagrams (see [16, Theorem 3.9]). We provide a brief explanation of it. 
A directed graph B = (V, E) is called a Bratteli diagram when V = ()>2) V, and 
E = VU, E, are disjoint unions of finite sets of vertices and edges with maps 


n= 


i: E, > V,»-1 andt: E, — V,, both of which are surjective. Let 


Xp = 4 (€n)n € [|= | én € En, t(€n) = i(ent41) WneN>. 


n 


The set Xz endowed with the relative topology is called the infinite path space of B. 
Define an equivalence relation (i.e. principal groupoid) -%;, by 


Kin = {((én)ns (fn)n) € Xp x Xp | €n =fn Wn m}. 


Then, .%, equipped with the relative topology from Xg x Xz is a compact principal 
étale groupoid. Clearly one has 4, C 4m41. Set Y = U,, 4m. Endowed with the 
inductive limit topology, Y becomes an AF groupoid. Conversely, Theorem 3.9 of 
[16] states that any AF groupoid arises in such a way. 


Example 2.3 (Transformation Groupoids) Let 9 : I ~ X be an action of a 
countable discrete group J” on a Cantor set X by homeomorphisms. We let Gy = 
I’ xX and define the following groupoid structure: (y, x) and (y’, x’) are composable 
if and only if x = g(x’), in which case (y,y” (’)) - (y’,x°) = (yy’.), and 
(y,x)~' = (y7!, gy” (x)). Then Gy is an étale groupoid and called the transformation 
groupoid arising from g : rq X. The unit space ge is canonically identified with 
X via the map (1,x) # x. 

The groupoid Y, is principal if and only if the action ¢ is free, that is, p” does 
not have any fixed points unless y = 1. The groupoid Y, is essentially principal if 
and only if the action ¢ is topologically free, that is, {x € X | g”(x) = x} has no 
interior points unless y = 1. The groupoid %, is minimal if and only if the action g 
is minimal, that is, any orbit of g is dense in X. 
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The C*-algebra C*(Y,) is canonically isomorphic to the crossed product 
C*-algebra C(X) x, I’. 


Medynets, Sauer and Thom recently obtained the following interesting result. 


Theorem 2.4 ([31, Theorem 3.2]) Let I and A be finitely generated groups. The 
following are equivalent. 


1. There exist free actions g : Tw X and w : A q Y on Cantor sets such that 
Go = Gry. 

2. I and A are bi-Lipschitz equivalent. 

Example 2.5 (SFT Groupoids) We recall the definition of étale groupoids arising 
from one-sided shifts of finite type [28, Section 6.1]. Let (V, E) be a finite directed 
graph, where V is a finite set of vertices and E is a finite set of edges. For e € E, 
i(e) denotes the initial vertex of e and t(e) denotes the terminal vertex of e. Let 
A = (A€&, 17) )enev be the adjacency matrix of (V, £), that is, 


A(E,n) = #He € E | i(e) = &, tle) = nf. 


We assume that A is irreducible (i.e. for all €, € V there exists n € N such that 
A"(&,7) > 0) and that A is not a permutation matrix. Define 


Xa = {cen € EN | tee) = irene) Wk € N}. 


With the product topology, X4 is a Cantor set. Define a surjective continuous map 
04 :X4 > XA by 


OA(X)e = Xe41 KEN, x= (xg)e € Xa. 


In other words, o, is the (one-sided) shift on X,4. It is easy to see that o4 is a local 
homeomorphism. The dynamical system (X,, 04) is called the one-sided irreducible 
shift of finite type (SFT) associated with the graph (V, E) (or the matrix A). 

The étale groupoid % for (X,4, 04) is given by 


G, = {(x,n,y) €X,x Zx X4 | AKLEN, n=k-l, ok(x) = 04 ()}. 


The topology of Gq is generated by the sets {(x,k-l,y) € GW | x € P,y € 
Q, ok(x) = of (y)}, where P, Q C Xq are open and k,/ € N. Two elements (x, 7, y) 
and (x’,n’, y’) in Y are composable if and only if y = x’, and the multiplication and 
the inverse are 


(ny)? (ny) = @ntn’y’), ny)! = (y,—1,4). 
We identify X4 with the unit space GO via x b (x,0,x). We call % the SFT 


groupoid associated with the matrix A. 
The groupoid Y, is essentially principal and minimal. 
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The groupoid C*-algebra C* (G,) is isomorphic to the Cuntz-Krieger algebra O4 
of [8], which is simple and purely infinite. 


3 Homology Groups 


The homology groups H,,(Y) of an étale groupoid ¥Y were first introduced and 
studied by Crainic and Moerdijk in [7]. In the case that the unit space Y is a Cantor 
set, we investigated connections between the homology groups and dynamical 
properties of Y in [27-29]. In this section, we would like to recall the definition 
of H,,(Y) for an étale groupoid Y whose unit space is a Cantor set. 

Let A be a topological abelian group. For a locally compact Hausdorff space 
X, we denote by C,(X,A) the set of A-valued continuous functions with compact 
support. When X is compact, we simply write C(X,A). With pointwise addition, 
C.(X, A) is an abelian group. Let 2 : X — Y be a local homeomorphism between 
locally compact Hausdorff spaces. For f € C.(X,A), we define a map zx(f) : Y > 
Aby 


(AO) = >> FQ). 


@)=y 


It is not so hard to see that 2.(f) belongs to C,(Y,A) and that z+ is a homo- 
morphism from C,(X,A) to C.(Y,A). Besides, if x’ : Y — Z is another local 
homeomorphism to a locally compact Hausdorff space Z, then one can check 
(m' ow)» = 7) 0 my in a direct way. Thus, C,(-,A) is a covariant functor from 
the category of locally compact Hausdorff spaces with local homeomorphisms to 
the category of abelian groups with homomorphisms. 

Let Y be an étale groupoid. For n € N, we write Y” for the space of composable 
strings of n elements in %, that is, 


G = {(g1,89,...,8n) € GY" | s(gi) = r(git1) forall i= 1,2,...,n—1}. 


Fori = 0,1,...,n, we let d;: G™ — G~” be a map defined by 


(22, 83,-++58n) i=0 
di(21, 2,---,8n) = (21, ++) SiSit1, «++ 5 Bn) 1<i<n-l 
(81, 82,--+58n-1) i=n 


When n = 1, we let do,d; : Y") - Y be the source map and the range map, 
respectively. Clearly the maps d; are local homeomorphisms. 
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Define the homomorphisms 0, : C.(Y™,A) > CG"), A) by 


n 


On = YiCDidis. 


i=0 


It is easy see that the abelian groups C.(Y™,A) together with the boundary 
operators 0, form a chain complex. 


Definition 3.1 ([7, Section 3.1], [27, Definition 3.1]) We let H,,(Y,A) be the 
homology groups of the Moore complex above, i.e. H,(Y,A) = kerd,/Im0n+1, 
and call them the homology groups of Y with constant coefficients A. When A = Z, 
we simply write H,(Y) = H,(Y, Z). In addition, we define 


Ho(Y)* = {[f] € Ho(Y) | f(x) = 0 for allx € Y}, 


where [/] denotes the equivalence class of f € C.(Y, Z). 


Remark 3.2. The pair (Ho(Y), Ho(Y)*) is not necessarily an ordered abelian group 
in general, because Ho(Y)* MN (—Hp(Y)*) may not equal {0}. In fact, when @ is the 
SFT groupoid, Hj)(G)* = Ho(G). 


Example 3.3 


1. Let Y be an AF groupoid (see Example 2.2). There exists an isomorphism z : 
Ho(Y) — Ko(C*(Y)) such that r(Hp(Y)t) = Ko(C*(Y))* and x([lyo]) = 
[1] (27, Theorem 4.10]. For n > 1, we have H,(Y) = 0 [27, Theorem 4.11]. 

2. Let Y, be the transformation groupoid associated with a group action g : Tq X 
(see Example 2.3). Then the homology groups H,,(Y) is naturally isomorphic to 
the usual group homology H,,(, C(X, Z)) of I” with coefficients in C.(X, Z) (see 
[5, Chapter III]). 

3. Let Ys, be an SFT groupoid, where A is the adjacency matrix of an irreducible 
finite directed graph (V, E) (see Example 2.5). The matrix A acts on the abelian 
group Z” by multiplication. Then one has 


Coker(id—A‘) n=0 
H,(%s) = \Ker(id—A) n=1 
0 n> 2. 


See [27, Theorem 4.14]. 


The cohomology groups H"(¥Y) of an étale groupoid Y were introduced by 
Renault in [35] and have been studied by many authors. When Y, is the trans- 
formation groupoid associated with a group action g : I’ ~ X, the cohomology 
H"(@,) is canonically isomorphic to the usual group cohomology H” (I, C(X, Z)). 
In particular, when ” = ZN, there exist natural isomorphisms H,,(G,) = H’"(G,) 
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(Poincaré duality). In general, however, we do not know if any connections exist 
between H,(Y) and H*(¥Y). 
For the homology groups H,,(Y), the following Kiinneth theorem holds. 


Theorem 3.4 ((29, Theorem 2.4]) Let Y and # be étale groupoids. For any n > 
0, there exists a natural short exact sequence 


0 &D HY) @H(H) 


itj=n 
> H,(G x #)—> CQ Tor(H(Y),H(#)) — 0. 
itj=n-1 
Furthermore these sequences split (but not canonically). 


In [29, Section 2.3], we made the following conjecture about homology groups 
H,,(Y) and K-groups K;(C*(@)). 


Conjecture 3.5 (HK Conjecture) Let Y be an essentially principal minimal étale 
groupoid whose unit space Y© is a Cantor set. Then we have 


QD Aai(4) = Ko(C7()) 
i=0 
and 


QB Hy41(Y) & Ki (Ce (Y)). 


i=0 
Example 3.6 The HK conjecture is true for any AF groupoid Y. This is clear from 
Example 3.3 (1). 


Example 3.7 Let %, be the transformation groupoid associated with a group action 
go : I q X. In general, it is not known whether the HK conjecture holds for 
G,. When I’ = Z, the Pimsner-Voiculescu exact sequence implies that the HK 
conjecture is true. Suppose " = Z. The suspension space S2, is the quotient space 
of R% x X by the equivalence relation 


Gx ~ C7) > t-1 eZ, of @ =z. 


The translation (t,x) ++ (t + s,x) gives rise to an action @ : RY q Qy. It is 
well-known that C(2,) »z RY is stably isomorphic to C(X) »y Z. Then we have 


Ki(C¥(Gp)) = Ki(C(X) Xy ZY) & Ki(C(2y) xg RY) 
= Kit nw(C(2y)) *.. Thom Isomorphism 
= Ke", ), 
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On the other hand, we know H,,(Y,) = H,(Z", C(X, Z)) is naturally isomorphic 
to H "(Q, Z), where H denotes the Cech cohomology. (This is a folklore fact and 
I don’t know an appropriate reference. A relevant remark can be found in the final 
paragraph of [5, Chapter II.1].) By the Chern character, there exist isomorphisms 
K*(Q2,) ® Q > QA* (Np, Z) ® Q. It follows that there exist isomorphisms 


BD Hai(G,) @ Q = K(C(%)) @Q 


i=0 


and 


QB Ayi41(%) ®@ QS Ki(C(GF)) @V. 


i=0 


The HK conjecture asks if the integral version of these isomorphisms is true or not. 
For more general group actions I” ~y X, the HK conjecture is wide open. 


Example 3.8 Let Y, be an SFT groupoid, where A is the adjacency matrix of an 
irreducible finite directed graph (V, E). By Example 3.3 (3), we can see H;(%) 
K;(C* (@)) for i = 1, 2. Therefore, the HK conjecture holds for Y,. 


4 Topological Full Groups 


In this section, we introduce the definition of topological full groups. 


Definition 4.1 ((27, Definition 2.3]) Let Y be an essentially principal étale 
groupoid whose unit space Y is a Cantor set. The set of all a € Homeo(Y) 
for which there exists a compact open Y-set U satisfying a = 0(U) is called the 
topological full group of Y and denoted by [[Y]]. 


For a € [[Y]] the compact open Y-set U as above uniquely exists, because ¥ 
is essentially principal. Obviously [[Y]] is a subgroup of Homeo(Y¥). Since Y is 
second countable, it has countably many compact open subsets, and so [[Y]] is at 
most countable. 

A homeomorphism a : GY —> Y belongs to [[Y]] if and only if for any 
x € GY there exists a compact open Y-set V such that x is in s(V) and @ equals 
6(V) on a neighborhood of x. Thus, o is in [[Y]] if and only if the ‘graph’ of a is a 
clopen subset of Y. 


Example 4.2 Let Y be an AF groupoid arising from a Bratteli diagram (V, E) (see 
Example 2.2). For each k € N and v € Vx, we let E, be the set of paths from a 
vertex in Vo to the vertex v, i.e. 


Ey = {(€1, €2,.--,€k) | (én) = i(en41), t(ex) = v}. 
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Suppose that a permutation o, on E, is given. Then we can define a, € [[Y]] by 


(Oy (€1, €2,---,€k),Ck+1,---) tex) =v 


By ((En)n) = 
(€n)n t(ex) # VU. 
Let Gx C [[Y]] be a subgroup generated by 6, for vertices v € V; and permutations 
Oy. It is easy to see 


GQ. = QB Gye, Ge C Gry 


vEV, 


and [[4Y]] = UU, Ge. Thus, [[Y]] is an increasing union of subgroups isomorphic to 
finite direct sums of symmetric groups. Conversely, it is known that if [[Y]] is locally 
finite, then Y is AF [26, Proposition 3.2]. 


Example 4.3 Let Y, be the transformation groupoid associated with a group action 
g: I a X (see Example 2.3). Suppose that Y, is essentially principal. Take a € 
[[‘%]]. There exists a compact open Y,-set U such that a = @(U). We can find a 
continuous map c : X — I such that U = {(c(x),x) | x € X}. It follows that 
a(x) = p(x) for all x € X. 


Example 4.4 Let Y, be an SFT groupoid, where A is the adjacency matrix of 
an irreducible finite directed graph (V, E) (see Example 2.5). We say that ~ = 
(€1,€2,...,ex) € E* is a path if t(e;) = i(ej41) for every j = 1,2,...,k—1. The 
terminal vertex of jz is written t(t) = t(e;,). The length of jz is written || = k. For 
a path = (€),@,...,e), 


Cy ={Grnew € Xa |p =e; Vi = 1,2,...,8 


is a clopen subset of X, and is called a cylinder set. For two paths and v with 
t(j) = t(v), we define a compact open %-set U,,, by 


Un» = {@, |ul-lvl.y) € G | of @) = of"G), x € Cu, YE Co}. 


The subsets U,,,, form a base for the topology of %. 
Take a € [[M%l]]. There exist 11, W2,..., Um and v1, 2,...,Vm such that the 
following hold. 


* {C,, |i=1,2,...,m} is a clopen partition of X4. 

* {C,, |i = 1,2,...,m} is aclopen partition of X4. 

¢ t(ui) = t(v;) for every i. 

© U=LU; Uy,» is a compact open Y-set satisfying a = 6(U). 


Let us consider the simplest case, namely that A is a 1 x 1 matrix [n]. The groupoid 
C*-algebra C* (Gn) is the Cuntz algebra @,,. Nekrashevych [32, Proposition 9.6] 
observed that the topological full group [[%,)]] is naturally isomorphic to the 
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Higman-Thompson group V,,1;. The group V,,, is defined to be the group of all 
right continuous PL bijections f : [0,r) — [0,r) with finitely many singularities 
such that all singularities of f are in Z[1/n], the derivative of f at any non-singular 
point is n* for some k € Z and f maps Z[1/n] A [0,r) to itself. The isomorphism 
x : [[Mn]] — Vni is described as follows. We identify the shift space Xj, with 
{0, 1,...,n—1}%. Define a continuous map F : Xj) — [0, 1] by 


[o) 


F(x) = a 
= 


Then we have (a) o F = Foa for anya € [[Ya\]].- 
For an SFT groupoid Ya, [[%]] is thought of as a generalization of the Higman- 
Thompson group V,,1. 


When a = @(U) is an element of [[Y]], lu € C.(Y) can be thought of as a 
unitary in C*(¥Y). This unitary 1y normalizes CY), namely 1yf1*, = f ow holds 
for every f € C(Y). Conversely, if uw € C*(Y) is a normalizer of C(Y) and 
ufu* = f oa, then a belongs to [[Y]]. Thus, we have the following. 


Proposition 4.5 ({27, Proposition 5.6]) Suppose that Y is an essentially principal 
étale groupoid whose unit space Y) is a Cantor set. There exists a natural short 
exact sequence 


1 — > u(C9)) — + NCY), CM) —— [Il ar 


where N(C(Y), C*(Y)) denotes the group of unitary normalizers of CY) in 
Ce (GY). Furthermore, the homomorphism o has a right inverse. 


Next, we would like to introduce the index map / : [[¥]] > Hi (Y). 


Definition 4.6 ([27, Definition 7.1]) Let Y be an essentially principal étale 
groupoid whose unit space is a Cantor set. For a € [[Y]], a compact open Y-set 
U satisfying a = 0(U) uniquely exists. It is easy to see that ly is a 1-cycle, i.e. 
ly € Ker 0 (see Sect. 3). We define a map J: [[¥]] ~ Hi(G) by I(a) = [ly] and 
call it the index map. 


It is easy to check that J : [[Y]] — H,(¥Y) isa homomorphism. We write [[F]]o = 
Ker/. Fora = @(U) € [[Y]], the element 1y may be regarded as a unitary of 
C*(Y), and so we can think about its K)-class [ly] € Ki(C*(¥)). It is a natural 
open question to find a connection between [ly] € Ki(C*(¥Y)) and I(a) € H\(Y). 

We made the following conjecture about abelianization [[Y]],, and homology 
groups H,(Y) in [29, Section 2.3]. 
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Conjecture 4.7 (AH conjecture) Let Y be an essentially principal minimal étale 
groupoid whose unit space Y is a Cantor set. Then there exists an exact sequence 


Ho(Y) ® Z, ——> [[¥ll» ——> i(Y) ———> 0. 


Especially, if Ho(Y) is 2-divisible, then we have [[Y]]ab ~ Hi(Y). 


Indeed, in many examples we can verify that there exists a short exact sequence 
I 
0 ——> HY) @Z, —*> [Yl] ——> Hi(Y) ——> 0. 


In such a case, we say that Y satisfies the strong AH property. There exists Y which 
does not satisfy the strong AH property (but the AH conjecture is still true). See [33, 
Example 7.1], [29, Section 5.5] or Theorem 8.12 (4). 

The homomorphism Ho(Y) ® Z2 — [[Y]lavp appearing in the AH conjecture is 
described as follows. Let U be a compact open &-set satisfying r(U) 1 s(U) = 9. 
Define t € [[Y]] by 


8(U)(x) xe s(U) 
T(x) = 4 O(U"!)(x)_ x € r(U) 


x otherwise. 


The homomorphism Ho(Y) ® Z2 > [[Y]]ab sends the equivalence class of 1,(y7) @ 1 
to the equivalence class of t. Notice that it is not clear at all if this is really well- 
defined. One can find a proof of the well-definedness in [33]. 


Example 4.8 


1. Let Y be an AF groupoid. In Example 4.2, we have seen that [[Y]] is an increasing 
union of the subgroups G; = Drev, Gyur,. Clearly (Gx)ab is isomorphic to 
Drev, Z2- So, [[Y]]av is an inductive limit of H,<y, Z2, and the connecting maps 
are given by the edge sets E,. Hence [[Y]]ap is isomorphic to Ho(Y) ® Zo (see 
[26, Section 3]). In particular, the AF groupoid Y has the strong AH property. 

2. Let Y, be the transformation groupoid associated with a minimal group action 
gy: IT AX. When I is Z, it was shown that [[%,]]ap is isomorphic to H\(%) ® 
(Ho (Gp) ® Zz) [26, Section 4]. Thus, %, has the strong AH property. When I" 
is Z, we can prove that the AH conjecture holds for G, (see Theorem 6.5 (3)). 
But, we do not know whether or not %, satisfies the strong AH property. For 
other group actions I” ~ X, nothing is known. 

3. Let Y be an SFT groupoid. It was proved that the abelianization [[%a]]ab is 
isomorphic to Hi (Gs) ® (Ho(Ya) ® Zz) [28, Corollary 6.24]. Thus, Y has the 
strong AH property. See Theorem 8.6. 
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5 Isomorphism Theorem 


In this section, we discuss the following theorem. 


Theorem 5.1 ([28, Theorem 3.10]) For i = 1,2, let GY be an essentially principal 
étale groupoid whose unit space is a Cantor set. Suppose that GY; is minimal. The 
following conditions are equivalent. 


1. Y and Y are isomorphic as étale groupoids. 

2. [[A]] and |[%]] are isomorphic as discrete groups. 

3. [[Allo and [[A]lo are isomorphic as discrete groups. 

4. D({[A]]) and D([[]]) are isomorphic as discrete groups. 


It clear that condition (1) implies the other conditions. The reverse implications 
are nontrivial, and the essential part of the proof is contained in the following 
proposition. 


Proposition 5.2 ([28, Theorem 3.5, Proposition 3.6]) For i = 1,2, let Y be an 
essentially principal étale groupoid whose unit space is a Cantor set. Suppose that 
G, is minimal. For each i = 1,2, let I; be a subgroup of |[4| such that D([[4]]) C 
Tj. If there exists an isomorphism gp : I — I>, then there exists a homeomorphism 
Q: GO => GO such that p(a) = poaocg! forallae lr. 


This proposition says that any isomorphism between the groups J) and [4 
is spatially realized by a homeomorphism between the unit spaces. If we get a 
homeomorphism ¢ : i => ge such that g(a) = g oaog™|, then it is not 
so hard to see that g gives rise to an isomorphism from % to %. Therefore we can 
prove the remaining implications of Theorem 5.1. 

In the setting of topological dynamical systems, Theorem 5.1 was first proved 
by Giordano, Putnam and Skau [15] for minimal Z-actions. In order to obtain 
the spatial realization (see the proposition above), they imported the method of 
H. Dye, who proved the same isomorphism result for measure preserving ergodic 
actions on Lebesgue spaces. We remark that for minimal Z-actions g, and ¢2, %p, 
is isomorphic to Y,, if and only if gy; is flip conjugate to g [14, Theorem 2.4]. See 
Theorem 8.1. Later, similar results were obtained by Bezuglyi and Medynets [1] 
and by Medynets [30]. The proof of Theorem 5.1 given in [28] is along the same 
line as these works. 

The proposition above can be also thought of as an immediate consequence of 
the following theorem of Rubin [37] (see also [3, Section 9], [33, Section 3.3]). Let 
X be a topological space. We say that a subgroup J” C Homeo(X) is locally dense 
if for every x € X and every open set U C X with x € U, the closure of 


(f@) Ife LP, fl(X\ U) = id|(X \ U)} 


has nonempty interior. 
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Theorem 5.3 ((37, Corollary 3.5]) For i = 1,2, let X; be a locally compact, 
Hausdorff topological spaces without isolated points and let I; C Homeo(X;) be 
subgroups. If I, and I, are isomorphic and are both locally dense, then for any 
isomorphism op : I — I there exists a unique homeomorphism @ : X; — Xz such 
that p(a) = poaog! foralla eI). 


Recently, Nekrashevych [33] introduced two normal subgroups A(Y) C S(Y) Cc 
[[Y]]. Roughly speaking, S(¥Y) is the subgroup generated by all elements of order 
two, and A(Y) is the subgroup generated by all elements of order three (see [33] for 
the precise definitions). They are analogs of the symmetric and alternating groups. 
He proved that the same statement as Theorem 5.1 is true for A(Y) and S(Y). 


6 Almost Finite Groupoids 


In this section, we list known and unknown properties of almost finite groupoids. 
Let us begin with the definition. 


Definition 6.1 ([27, Definition 6.2]) Let Y be an essentially principal étale 
groupoid whose unit space is a Cantor set. We say that ¥Y is almost finite if for 
any compact subset C C Y and e > 0 there exists an elementary subgroupoid 
KH C G such that 


#(CHx \ Hx) Z 
HH x) 7 


for all x € GY. We also remark that #(.%(x)) equals #(.%x), because % is 
principal. 


I remark that the idea of the definition above has its origin in the work of 
Latrémoliére and Ormes [22]. More precisely, the notion of almost finiteness was 
made so that the arguments of [22] proceed in an analogous way. 

AF groupoids (see Example 2.2) are almost finite. Indeed, any compact subset 
C C is contained in an elementary subgroupoid % C @. As the next proposition 
shows, there exist almost finite groupoids which are not AF. 


Proposition 6.2 ((27, Lemma 6.3]) When gy : ZN wy X is a free action of ZN ona 
Cantor set X, the transformation groupoid G, is almost finite. 


Definition 6.1 may remind the reader of the Félner condition for amenable 
groups. It may be natural to expect that transformation groupoids arising from free 
actions of amenable groups are almost finite. This is an important open question. In 
fact, X. Li recently proved that the converse is true. 


Proposition 6.3 ([23]) Let gy : I ~ X be a topologically free action of a discrete 
countable group I’ on a Cantor set X. If Gp is almost finite, then I is amenable. 
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It is also an interesting problem to compare the notion of almost finite groupoids 
with almost AF groupoids, which were introduced by Phillips [34]. 

For a Y-invariant probability measure 4p € M(Y), we can define a homomor- 
phism jf : Ho(Y) > R by 


Atel) = / fdy. 


It is clear that A([lgm]) = 1 and A(Ho(Y)*t) C [0,0c). Thus fi is a state on 
(Ho(Y), Ho(Y)*, [lgo]). It is also easy to see that the map w + fi gives an 
isomorphism from M(Y) to the state space. 


Theorem 6.4 ({29, Theorem 3.4]) Let Y be a minimal almost finite groupoid. 


1. (Ho(Y), Ho(Y)*) is a simple, weakly unperforated, ordered abelian group with 
the Riesz interpolation property. 

2. The homomorphism p : H)(Y) — Aff(M(Y)) defined by p([f]) (4) = f([f]) has 
uniformly dense range, where Aff(M(¥Y)) denotes the space of R-valued affine 
continuous functions on M(¥). 


For topological full groups of almost finite groupoids, the following are known. 
Theorem 6.5 ([27—29]) Let Y be an almost finite groupoid. 


1. IfG is minimal, then the commutator subgroup D(|[¥Y]]) is simple. 
2. The index map I : [[G]] > H\(Y) is surjective. 
3. IfG is principal and minimal, then the AH conjecture holds for G. 


Nekrashevych [33] recently proved that if an almost finite groupoid Y is minimal 
and expansive, then D([[Y]]) is finitely generated (see [33] for the definition of 
expansive groupoids). 

In general, it is not known if every almost finite groupoid ¥ satisfies the strong 
AH property or not. In other words, we cannot prove that the homomorphism j : 
Ao(Y) ® Zz — [[F]lav is always injective, and cannot find an example such that the 
map j has nontrivial kernel. However, for a minimal free action yg : ZN ~ X, one 
can prove that the kernel of j is at least ‘contained’ in the infinitesimal subgroup of 
Ho(G_»), which is defined by 


Info) = | € Ho) | [Fdu=0 Yne ms) 


Proposition 6.6 ({29, Proposition 3.7]) Let 9 : ZN q X be a minimal free action 
of ZN on a Cantor set X. The kernel of the homomorphism j : H)(G) ® Z2 > 
[%]lav is contained in Inf(Ho(%)) ® Zo. In particular, when Inf(Ho(GYp)) ® Ze is 
trivial, G, has the strong AH property. 
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Let g : I ~w X bea free minimal action of an amenable group I” on a Cantor 
set X. It is known that the topological full group [[{%]] is sofic ({10, Proposition 5.1 
(1)], see also [11, Section 3]). For = Z, we discuss the amenability of [[%]] in 
Sect. 8.1. 


7 Purely Infinite Groupoids 


In this section, we list known and unknown properties of purely infinite groupoids. 
Let us begin with the definition. 


Definition 7.1 ((28, Definition 4.9]) Let Y be an essentially principal étale 
groupoid whose unit space is a Cantor set. 


1. A cclopen set A C Y is said to be properly infinite if there exist compact open 
G-sets U,V C G such that s(U) = s(V) = A, r(U) Ur(V) C A and r(U) N 
r(V) = @. 

2. We say that Y is purely infinite if every clopen set A C Y is properly infinite. 


If Y is properly infinite, then the space M(Y) of GY-invariant probability 
measure on Y is empty. In addition, [[Y]] contains the free product Z, * Z3 [28, 
Proposition 4.10], and hence [[Y]] is not amenable. If ¥ is purely infinite, then for 
any nonempty clopen set Y Cc Y), the reduction Y|Y is again purely infinite. The 
SFT groupoids %, (see Example 2.5) are typical examples of purely infinite minimal 
groupoids. When & is purely infinite and minimal, the reduced groupoid C*-algebra 
C* (@) is purely infinite and simple. 

Compare the following theorem with Theorem 6.4 


Theorem 7.2 ({28, Lemma 5.3]) Let Y be a purely infinite groupoid. For any 
h € Ho(QY), there exists a non-empty clopen set A C Y such that [14] = h. In 
particular, H)\(Y) = Ho(Y)*. 


For topological full groups of purely infinite groupoids, the following are known. 
Theorem 7.3 ({28]) Let Y be a purely infinite groupoid. 


1. IfG is minimal, then the commutator subgroup D(|[¥Y]]) is simple. 
2. The index map I : [[G]] > H\(Y) is surjective. 


Nekrashevych [33] recently proved that if a purely infinite groupoid Y is minimal 
and expansive, then D([[Y]]) is finitely generated (see [33] for the definition of 
expansive groupoids). 

It is not known if all minimal purely infinite groupoids satisfy the AH conjecture. 
Here, we describe a situation where the AH is inherited from a smaller groupoid to 
a larger groupoid. 
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Proposition 7.4 ([29, Theorem 4.4, Proposition 4.5]) Let Y be a minimal étale 
groupoid. Let c : Y — Z be a continuous surjective homomorphism and let #7 = 
Ker c. Assume either of the following conditions. 


1. # isa principal, minimal, almost finite groupoid with M(H) = {2}, and there 
exists a real number 0 < A < 1 such that, for any compact open G-set U C 
c!(1), “(r(U)) = Ap(s(U)) holds. 

2. # is a minimal, purely infinite groupoid satisfying the AH conjecture. 


Then, Y is purely infinite and satisfies the AH conjecture. 


Example 7.5 Let GY, be an SFT groupoid, where A is the adjacency matrix of 
an irreducible finite directed graph (V,£) (see Example 2.5). There exists a 
topologically mixing one-sided SFT (Xz, og) such that %, = 4, [29, Lemma 5.6]. 
Define c : GY — Z by c(x,n,y) = n. Then c is a continuous surjective 
homomorphism and .# = Kerc is an AF groupoid. Since (Xz, og) is topologically 
mixing (or equivalently the matrix B is primitive), # is minimal and M(.#) is 
a singleton. One can check that condition (1) of the proposition above is satisfied 
(the real number A is the inverse of the Perron eigenvalue of B). Consequently, % 
satisfies the AH conjecture, and so does %,. (Indeed, we know that SFT groupoids 
have the strong AH property, see Example 4.8 (3).) 


By the same technique as the example above, we can prove the following. 


Theorem 7.6 ([29, Theorem 5.8]) Let Y = GY, x Gs, x +--+ xX G, be a product 
groupoid of finitely many SFT groupoids. Then, Y satisfies the AH conjecture 
(Conjecture 4.7). 


8 Various Examples 


8.1 Minimal Z-Actions 


In this subsection, we would like to review the results about étale groupoids of 
minimal Z-actions on Cantor sets. Recall that these groupoids are almost finite 
(Proposition 6.2). We identify a Z-action Z ~ X with a homeomorphism on X. 


Theorem 8.1 ({14, Theorem 2.4]) For i = 1,2, let yg; be a minimal homeomor- 
phism on a Cantor set X;. The following are equivalent. 


1. The étale groupoids G,, and Gp, are isomorphic to each other. 
2. g is flip conjugate to 2. 


Proof We present a sketchy proof. (2)=(1) is obvious. Suppose that 1 : %, > Gp, 
is an isomorphism. We may assume X = X, = X2 and 7|X is the identity. Hence 
there exists a continuous map c : Z x X — Z such that m(n,x) = (c(n,x),x). 


One has g(x) = g§"'(x) for all x € X. Let C = max{|c(1,x)| | x € X} < 0. 
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It is easy to check that c(nt+m,x) = c(n, gj"(x)) + c(m, x) holds for all m,n € 
Z and x € X. For each x € X, the map m +> c(m,x) is a bijection on Z, and 
|c(m+1,x) — c(m,x)| < C. Therefore, we have two possibilities: c(m,x) — +00 
asm — +00 or c(m, x) > —oo asm — +00. Without loss of generality, we may 
assume that the former holds. Define b : X — Z by 


b(x) = iim fn EN | c(n,x) < NY-N. 


Indeed, there exists M € N such that if c(n,x) > M thenn > 0. So, b(x) = #{n € 
N | c(n,x) < N} —N if N > M. Especially, b is continuous. Define a continuous 
map y :X > X by y@®) =, bt) (x). For sufficiently large N, we can verify 
b(gi(x)) = #{n € N | c(n, G1) SN} -N 

= #{n EN | c(n+1,x) <N+c(1,x)} —N 

= #{n EN | c(n,x) < N+c(1,x)} -1-N 

= #{n EN | c(n,x) < N4+c(1,x)} -(N+c(1,x)) +c(1,x)- 1 

= d(x) + c(1,x) - 1, 
which implies @2 90 y = y o @. Since every orbit of ~ (or ¢2) is infinite, one can 
show that y is a homeomorphism. It follows that g, is conjugate to @o. El 
Theorem 8.2 Let g be a minimal homeomorphism on a Cantor set X. 


1. Ho(Gp) is isomorphic to C(X,Z)/{f —fo@g | f € CX, Z)}, (G) = Zand 
Hy, (Gp) = 0 for n = 2. 

2. D([[Go]]) is simple. 

3. The index map I : |[%]] > Hi (Go) is surjective. 

4. [[%]]o/D([4]]) is isomorphic to Hy (Go) ® Zo. 


Proof 


(1) is obvious because H,,(Y,) is isomorphic to the group homology 
H,(Z, C(X, Z)) 


(see Example 3.3 (2)). 

(2) is a special case of Theorem 6.5 (1). 

(3) is clear because of I(g) = 1 € Z = H,(G,). (It can be also viewed as a special 
case of Theorem 6.5 (2)). 


We give a brief explanation of (4). See [26] for a detailed proof. Fix a pointy € X. 
Define a subgroupoid #7 C Y, = Z x X by 


FE = Gy \ {(n, 9" (—y)) |m < 0 <nt+m or n+m <0 < m}. 


Topological Full Groups of Etale Groupoids 215 


Then # is open and becomes a minimal AF subgroupoid with the relative 
topology [16, Theorem 4.3]. Evidently [[]] is a subgroup of [[%,]]. As observed 
in Example 4.2, the topological full group [[#]] of the AF groupoid # is an 
increasing union of subgroups isomorphic to finite direct sums of symmetric groups, 
and the inclusion map of each step is given by the edge set E,. It follows that 
D({[#]]) is an increasing union of subgroups isomorphic to finite direct sums of 
alternating groups. Since # is minimal, we can easily deduce that D(([#]]) is 
simple. From this, with some extra work, we get the simplicity of D([[%]]). On 
the other hand, [[-]]/D([[#]]) is isomorphic to an inductive limit of finite direct 
sums of Z>, and the connecting map of each step is given by the edge set E,,. Hence 
one has [[#7]]/D(([#]l) = Ho() ® Zp. The inclusion map #7 — ¥ induces 
Hy(H) = Ho(GY), which implies [[.7]]/D([[H]]) = Ho(G) ® Zo. The index 
map J kills all the elements of finite order, and so [[.#]] is contained in [[%]]o. 
Then, with some extra work, we can show [[%]]o/D([[%]]) = Ho(G) ® Zz. 1 


Fora € [[%]], (a) € Z is computed as follows (see [15, Section 5] for the detailed 
argument). Fix a g-invariant probability measure 4 € M(%,). By Example 4.3, 
there exists a continuous map n : X —> Z such that a(x) = gy" (x) for all x € X. 
Define 1’ : [[%]] > R by 


I'(a) = [me d(x). 


It is easy to see that I’ is a homomorphism and /'(g) = 1. By [15, Lemma 5.3] 
(or [26, Lemma 4.1]), the group [[%]]o is generated by elements of finite order. 
Therefore the kernel of J’ contains [[%,]]o. So, we can conclude IJ = I’. 

We say that a homeomorphism @ on a Cantor set is expansive if there exists a 
continuous map f from X to a finite set A such that f(p"(x)) = f(~"(y)) for all 
n € Zimplies x = y. 


Theorem 8.3 ((26, Theorem 5.4, Theorem 5.7]) Let g be a minimal homeomor- 
phism on a Cantor set X. 


1. D({[%]]) is finitely generated if and only if p is expansive. 
2. D([[Go]]) never be finitely presented. 


Notice that (1) is a special case of [33, Theorem 5.6]. In particular, the same 
statement holds for any free minimal action g : ZY ~ X. (2) was shown in [26] 
by expressing (X, y) as a decreasing ‘intersection’ of two-sided shifts of finite type. 
Later, Grigorchuk and Medynets [18] proved that [[{%,]] is locally embeddable into 
finite groups, which implies that D([[{%]]) never be finitely presented. We do not 
know if D([[%]]) can be finitely presented when 9 is a free minimal action of Z”. 

Juschenko and Monod obtained the following remarkable result. 


Theorem 8.4 ((20, Theorem A]) Let g be a minimal homeomorphism on a Cantor 
set X. Then |[G]] is amenable. 
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In the proof of this theorem, the notion of extensive amenability plays the central 
role. This property was first introduced (without a name) in [20], and studied further 
in [19, 21]. 

We recall the definition of extensive amenability from [19, Definition 1.1]. Let 
a: Gry Z bean action of a discrete group G ona set Z. We denote by Y(Z) the set 
of all finite subsets of Z. The collection Y;(Z) is an abelian group for the operation 
A of symmetric difference. The action a naturally extends tow: G~ Y;(Z). We 
say that a : G y Z is extensively amenable if there exists a G-invariant mean (i.e. 
finitely additive probability measure) m on “/(Z) such that m({F € PYy(Z) | EC 
F}) = 1 for any E € Y,(Z). In [20, Lemma 3.1], it was shown that a : Gq Z is 
extensively amenable if and only if the action of Y;(Z) » G on Y(Z) admits an 
invariant mean. 

We denote by W(Z) the group of all permutations g of Z for which the quantity 
sup{|g(j) —Jj| | 7 € Z} is finite. In [20, Theorem C], it was shown that the natural 
action W(Z) ~ Z is extensively amenable. (This part is technically quite hard.) It 
follows that the action of Y(Z) » W(Z) on #-(Z) admits an invariant mean. 

Let @ be a minimal homeomorphism on a Cantor set X. We would like to show 
that [[%,]] is amenable. Fix a point x € X. We can define a map z : [[%]] — 
W(Z) so that y(g/(x)) = g™™”(x) for every y € [[Y,]] andj € Z. The map 
is an injective homomorphism. Define a map z : [[%]] — A(Z) » W(Z) by 
a(y) = (NAx(y)(N), z(y)) for y € [[G%]]. It is routine to check that w is an 
injective homomorphism. Since the action of Y;(Z) » W(Z) on Y;(Z) admits an 
invariant mean, in order to show the amenability of [[{%,]], it suffices to prove that 
the stabiliser in 7 ([[%]]) of E is amenable for any E € Y;(Z). By [20, Lemma 4.1], 
the stabiliser is locally finite, and hence amenable. This completes the proof. 

In [19, 21], the notion of extensive amenability is used to prove amenability 
of various kinds of groups. Among others, it was shown that all subgroups of the 
group of interval exchange transformations that have angular components of rational 
rank < 2 are amenable [19, Theorem 5.1]. In particular, when ¢ : Zn X is 
a free minimal action arising from two irrational rotations on the circle (see [17, 
Example 30]), the topological full group [[%,]] is amenable. On the other hand, it 
is known that there exists a free minimal action g : Z? ~ X ona Cantor set such 
that [[%,]] contains the non-abelian free group [11]. It may be a rather complicated 
problem to determine when [[%,]] is amenable for g : Z* y X. 


8.2 Shifts of Finite Type 


In this subsection, we would like to review the results about étale groupoids of one- 
sided shifts of finite type (see Definition 2.5). Note that these groupoids are purely 
infinite and minimal [28, Lemma 6.1]. 
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Theorem 8.5 ((25, Theorem 3.6]) Let (X4,04) and (Xz, 0g) be two irreducible 
one-sided shifts of finite type. The following conditions are equivalent. 


1. (X4, 04) and (Xz, og) are continuously orbit equivalent. 

2. The étale groupoids Gs, and Gg are isomorphic. 

3. There exists an isomorphism p : C*(G,) — C*(G) such that p(C(X4)) = 
C(Xz). 

4. There exists an isomorphism 1 : Ho(Gs) > Ho(Ge) such that m([1x,]) = [xz] 
and sgn(det(id —A)) = sgn(det(id —B)). 


For the definition of continuous orbit equivalence, see [25, Section 2.1]. As 
mentioned in Example 3.3 (3), we have 


Coker(id—A’) n= 0 
Hi, (Gs) & 4 Ker(id —A’) n= 1 
0 n> 2. 


The element [1x,] € Ho(%,) corresponds to the equivalence class of (1, 1,..., 1) in 
Coker(id —A’). 


Proof We present a sketchy proof of the theorem above. The equivalence (1) <> 
(2) directly follows from the definition. The equivalence (2) <=> (3) is a special 
case of Theorem 2.1. 

(4)=> (3). Let (X,, 4) and (Xg, Gg) denote the two-sided shifts of finite type. By 
the result of Franks [13], Ho(G) = Ho(Gg) and 


sgn(det(id —A)) = sgn(det(id —B)) 


imply that (X4, Ga) and (Xp, Gp) are flow equivalent. It follows from [8, Theo- 
rem 4.1] that there exists an isomorphism g : C7(%) @ # > C*(Gs) @ H 
such that p(C(X4) ® @) = C(Xg) ® @, where @ = co(Z) is the maximal 
abelian subalgebra of .% consisting of diagonal operators. Since the isomorphism 
mw : Ho(Gs) > Ho(Y) carries [1x,] to [1x,], a suitable modification of g yields the 
desired isomorphism. 

(2)>(4). Clearly, % & 4g_implies (Ho(Ga), [1x,]) & (Ho(Ge), [1x,]). The 
ordered cohomology group of (X,4, 64), introduced by Boyle and Handelman [2], 
is the abelian group H4 = C(X,4,Z)/{E —& 064 | & € C(X4,Z)} with the 
positive cone H4 = {[€] ¢ H4 | & > 0}. We can prove that Y = Yp implies 
(H4,H4) = (H®,H®) (see [25, Theorem 3.5]). Then, by [2, Theorem 1.12], 
(X4, G4) and (Xz, Gg) are flow equivalent. As a result, we obtain sgn(det(id —A)) = 
sgn(det(id —B)). Oo 
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Theorem 8.6 Let %, be an SFT groupoid. 


1. D([[All) is simple. 
2. The index map I : [[Ga]| > Hi(Ga) is surjective. 
3. [[allo/D([Ml]) és isomorphic to H)(Ga) ® Zo. 


Proof (1) and (2) immediately follow from Theorem 7.3 (1) and (2). 
(3). By Example 7.5, 


Ho(G4) ® Zo ats [Gallas ——> A\(Y%,) ——~ 0 


is exact. It suffices to show that j is injective and has a left inverse. This was shown 
in [28, Section 6.6], by using a finite presentation of [[%]]. Here, we would like to 
describe another approach. 

As mentioned in Example 4.4, when A is a 1 x 1 matrix [7], [[%,]] is the Higman- 
Thompson group V,,;. It is well-known that the abelianization of V,,; is trivial if 
n is even, and is Z, if n is odd. Suppose that an SFT groupoid %, is given. Let 
g : Ho(G) — Zo ~ Ho(4s}) be a homomorphism. Choose a nonempty clopen set 
Y C Xp so that [ly] = g([lx,]). Set # = Y/Y. We have [[7]]a» = Zo. By 
Theorem 8.7, we can find an embedding m : C*(%4) — C*(#) which induces 


1 — > u(c@)) ——> NC), CG) ——> [il] —— 1 


| . | 


1— > uci”) — MCQ),C(#)) —— [4] — 1, 


and g([lp]) = [z(1p)] for any clopen set P C X,. Let us denote the embedding 
[Ga] — [[#]] (and also the induced homomorphism [[%]]ab > [[H]]av) by x. 
Let U be a compact open %-set satisfying r(U) N s(U) = @. Define ty € [[%]] by 


6(U)(x) xe s(U) 
tu(x) = 1 O(U!)(x)_ x € r(U) 


x otherwise. 


Then j([ls(] ® 1) equals the equivalence class of ty in [[Y]]ab. It is easy to see 
that the equivalence class of m« (ty) equals j(g([ls(zy]) ® 1). Thus, 7 CLs] ® 
1) = ICUs) ® 1). Hence mx oj = jo (gy @ id). Since the homomorphism 
g : Ho(Gs) > Zo = Ho(4}) was arbitrary, we obtain the desired conclusion. | 


In the proof above, we use the following embedding theorem. 
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Theorem 8.7 ({29, Proposition 5.14]) Let GY, be an SFT groupoid and let be 
a minimal, purely infinite étale groupoid. Suppose that g : Ho)(Ys) > Ho(#) 
is a homomorphism satisfying p([1x,]) = [L,o]. Then there exists a unital 
homomorphism 1 : Ce (Gs) — C(H) such that the following hold. 


1. n(C(X&a)) C C(H@). 

2. For any compact open Gs-set U, there exists a compact open A’ -set V such that 
m1 uv) = ly. 

3. For any clopen set P C Xa, [x(1p)] = ¢([lp]) in Ho (7). 


In particular, x induces an embedding of |[GYa]] into [[H7]]. 


The proof of this theorem uses the fact that the Cuntz-Krieger algebra C* (G4) is 
characterized as the universal C*-algebra generated by partial isometries subject to 
the Cuntz-Krieger relations [8]. 

As for finiteness condition, the following is known. 


Theorem 8.8 ([28, Section 6]) Let G, be an SFT groupoid. 


1. [[Al]] is of type Foo. (In particular, it is finitely presented.) 
2. [[Ga]lo and D([[%a]]) are finitely generated. 


For the Higman-Thompson groups V,,, (and also F;,, T,,-), Brown [6] proved 
that they are of type F.o. The theorem above is a generalization of this result, and 
its proof uses Brown’s criterion [6, Corollary 3.3]. 

As mentioned in Sect. 7, [[%]] is not amenable, because Y is purely infinite. 
But, [[%]] has a weaker version of the amenability. 


Theorem 8.9 ({28, Theorem 6.7]) Let, be an SFT groupoid. The topological full 
group |[Ga]] has the Haagerup property. 


Farley [12] proved that the Higman-Thompson group V2, has the Haagerup 
property. In [28], the Haagerup property of [[%]] was shown by modifying the 
argument of [12]. But, making use of Theorem 8.7, we can embed [[Y]] to [[%z]]] = 
V2, and so the Haagerup property of [[%]] follows immediately. 

Soficity and exactness of the Higman-Thompson groups (or [[%4]]) is an impor- 
tant open problem. 


8.3 Products of Shifts of Finite Type 


In this subsection, we would like to review the results about product groupoids Y = 
Gs,X Ga, X---x Ys, of SFT groupoids. Evidently, these groupoids are purely infinite 
and minimal. (In general, if Y is purely infinite, then Y x .# is purely infinite, too.) 
The groupoid C*-algebra C*(¥) is isomorphic to the tensor product C*(%,) ® 
CX(Gz) @ +--+ @ CH(G,). 

In what follows, for an irreducible one-sided SFT (X,, 0,4), the equivalence class 
of ly, in Ho(%) is denoted by ua. 
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Theorem 8.10 ([29, Theorem 5.12]) Let 4 = Gs, x Gs X +++ x G,, and H = 
Gp, X Gp, X +++ X Gp, be product groupoids of SFT groupoids. ThenY = # if and 
only if the following are satisfied. 


lm=n. 
2. There exist a permutation o of {1,2,...,n} and isomorphisms 9; : Ho(Ga;) > 
A (4p,,) such that det(id —A;) = det(id —Bg()) and 


(1 ® 2 ® aia ® @n) (Ua, ® UA, ® tar ® Ua,) = UB (1) ® UB, (2) ® iii ® UBoiny* 


In particular, Y, and Gp, are Morita equivalent. 


Theorem 8.11 ({29]) Let Y = Gs, x Gq, x---x Gs, be a product groupoid of SFT 
groupoids. 


1. Hy(Y) is isomorphic to 
(20%) ® Ay(G%,) ® Hy(H,) @ ++: ® Ho(4s,)) 


@ (ZO) @ Hy (G,) ® HG) ® + @ Hi(%,)) 


where (’) denote the binomial coefficients and they are understood as zero unless 
0 < k < an. The equivalence class of the constant function lg in H)(Y) = 
Ho(Ga,) ® +++ ® Ho(G4%,,) is ua, @ +++ @ ua,. 

. G satisfies the HK conjecture. 

. D([[F]]) és simple. 

The index map I : |[¥]| > Hi(Y) is surjective. 

. G satisfies the AH conjecture. 


WA WH 


Proof (1) is obtained from the Kiinneth theorem (Theorem 3.4). 

(2) is an immediate consequence of Theorem 3.4 and the Kiinneth theorem for 
K-groups of C*-algebras. 

(3) and (4) readily follow from Theorem 7.3 (1) and (2). 

(5) is shown by an inductive application of Proposition 7.4. See also Example 7.5 
and Theorem 7.6. oO 


The topological full group of = %, x Gs, x +--+ X G, is a generalization 
of the higher dimensional Thompson groups nV;,,. Brin introduced the notion 
of higher dimensional Thompson groups nV; in [3, Section 4.2]. These groups 
can be considered as an n-dimensional analogue of the Higman-Thompson group 
Vir = 1V%,. Brin proved that V;, and 2V2 are not isomorphic, and that 2V2, is 
finitely presented. He also proved that nV2 is simple for all n € N in [4]. Dicks 
and Martfnez-Pérez [9] proved that nV; = n'Vy,” if and only ifn =n’, k = k’ and 
gcd(k—1, r) = ged(k’—1,7’). 
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Define an r x r matrix A; by 


00...0k 

10...00 

Agy = | 91...00 

00...10 
The topological full group [[%, ,]] of the SFT groupoid A;,,, is naturally isomorphic 
to the Higman-Thompson group V;.,, (see [28, Section 6.7.1]). By Example 3.3 (3), 
Ho (Gy,,) & Ze-1, An(Ga,,.) = 0 forn > 1 and ug,, corresponds to r € Zx—1. It is 


not so hard to see that the higher dimensional Thompson group nV;.,, is isomorphic 
to the topological full group [[Y]] of the product groupoid 


It follows from Theorem 8.11 (3) that the commutator subgroup D([[¥Y]]) is simple. 
By Theorem 8.11 (1), we get H(Y) & (Zy-1)“7). Therefore, Theorem 8.11 (5) 
tells us that [[Y]] is simple if and only if k = 2. This reproves the result of Brin [4]. 
Also, by applying Theorem 8.10, we get a new proof of the classification theorem 
by Dicks and Martinez-Pérez [9]. 

As for the cohomological finiteness condition, Martinez-Pérez, Matucci and 
Nucinkis [24] proved that nV; (and many other relatives) are of type Foo. We do 
not know if the same holds for topological full groups of product groupoids of SFT 
groupoids 9 = G, x Gq, x---xG,. 

In [29, Section 5.5], we completely determined the abelianization of the topolog- 
ical full group of @ = G,, x GJ, x --- x G,, but here we do not state the result 
precisely because it would be quite complicated. Instead, let us consider a special 
case, namely products of one-sided full shifts. Let k : {1,2,...,n} > N \ {1} bea 
map. Set 


G = Fury] X Fuay X00 X Fem]: 


Let g = ged{k(i)—1 | i= 1,2,...,n}. Then Ho(Y) = Z, and M\(Y) = (Z,)""'. 
By Theorem 8.11 (5), 


Z.@ 2, ——> [Fla ——> "1 —— 0 


is exact. 
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Theorem 8.12 ([29, Theorem 5.23]) Let Y be as above. 


1. If k(i) is even for some i, then [[Y]]ay = (Ze)""!. 

2. If k(i) is odd for all i and #{i | k(i) € 4Z+3} < 1, then [[Y]lab = Zr @ (Z,)""!. 

3. If k(i) is odd for all i and #{i | k(i) € 4Z+3} = 2, then [[Y] las = Zoe ® (Ze). 

4. If k(i) is odd for all i and #{i | k(i) € 4Z+3} > 3, then [[Y]]ay & (Zg)"!. In 
particular, G does not have the strong AH property. 


Proof 


(1). Since g is odd, Z, ® Zy = 0. So [[F]lab = (Ze). 

(2). Let us consider the case that k(i) € 4Z+1 for alli = 1,2,...,n. Let # 
be the direct product of n copies of 45). By [29, Lemma 5.19 (1)], there 
exists a homomorphism p : [[#]]a» —> Z2 such that p oj is nonzero. (In 
(29, Lemma 5.19 (1)], [[#]] is embedded into a group (named W,,;), and 
its generators and relations are explicitly written down. Using them, one can 
obtain the homomorphism p to Z).) For each i = 1,2,...,n, we define 
a homomorphism g; : Ao(Gxw)) > Ho(4s)) by g(1) = 1. Applying 
Theorem 8.7 to each g;, we get an embedding xz : [[Y]] — [[#]]. In the 
same way as the proof of Theorem 8.6 (3), one can conclude that p o m 0 j is 
nonzero. Thus, [[¥]]a» = Z2 ® (Z,)"'. 

When k(i) is odd for all i and #{i | k(@) € 4Z+3} = 1, the same argument 
works by using [29, Lemma 5.19 (2)]. 

(3). Almost the same argument as above works, by using [29, Lemma 5.19 (3)]. 
But, the range of the homomorphism p becomes Z,4. Thus, the map j : Ho(Y) ® 
Zo — [[Yl]lab is injective but does not have a right inverse. Hence, we can 
conclude [[Y]].p = Zog ® (Zz)"?. 

(4). For simplicity, we assume n = 3 and k(1) = k(2) = k(3) = 3. It suffices to 
show that j : Ho(Y) ® Zo — [[Y]lab is zero. 


Let Xp) = {0, 1, a and let (Xj3}, o13]) be the full shift over three symbols. We 
define the clopen set C; C Xj3] by 


Ci = {Qn)nen € Xp] | x1 = if. 
Define a compact open Y3)-set U; C Ya] by 
Ui = {(@, ly) € Gs | x € Ci, o](x) = YH. 


Let t € [[¥]]ap be the image of the generator of Hp(Y) ® Zo & Zs. We would like 
to show t = 0. Define Bi € [[Y]] by 


Bi2(x, y, z) = O(U; x US x Xp), y,z) wheny € C; 
for (x,y,z) € G = X31 X Xp} X X3]. The homeomorphism 7 is the so-called 


baker’s map acting on the first and second coordinates of X;3) x Xj3} x Xj3], and its 
index /()2) is nonzero in H\(Y) Y Z. ® Zp. By [29, Lemma 5.21 (4)], one sees 
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2[B 12] = t in [[Y]lab. We can define B23 € [[¥Y]] in the same way by 
Bos (x,y,z) = O(Xp3) x U; x Uz ')(x.y,z) when z € Cj. 


Again one has 2[823] = 1. It is easy to see that 612623 is equal to the baker’s 
map acting on the first and third coordinates of Xj/3; x X,3] x Xj3). Therefore, we 
get 2[6 12823] = t. Consequently, we obtain 2 = 1, thus t = 0. Oo 


Little is known about analytic properties of [[]]. For example, it is natural to ask 
if the topological full group [[Y]] of @ = Gs, x Gs, x--- x GF, has the Haagerup 
property or not. 
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Towards a Classification of Compact Quantum 
Groups of Lie Type 


Sergey Neshveyev and Makoto Yamashita 


Abstract This is a survey of recent results on classification of compact quantum 
groups of Lie type, by which we mean quantum groups with the same fusion 
rules and dimensions of representations as for a compact connected Lie group G. 
The classification is based on a categorical duality for quantum group actions 
recently developed by De Commer and the authors in the spirit of Woronowicz’s 
Tannaka—Krein duality theorem. The duality establishes a correspondence between 
the actions of a compact quantum group H on unital C*-algebras and the module 
categories over its representation category Rep H. This is further refined to a 
correspondence between the braided-commutative Yetter-Drinfeld H-algebras and 
the tensor functors from Rep H. Combined with the more analytical theory of 
Poisson boundaries, this leads to a classification of dimension-preserving fiber 
functors on the representation category of any coamenable compact quantum group 
in terms of its maximal Kac quantum subgroup, which is the maximal torus for the 
q-deformation of G if g # 1. Together with earlier results on autoequivalences of 
the categories Rep Gz, this allows us to classify up to isomorphism a large class of 
quantum groups of G-type for compact connected simple Lie groups G. In the case 
of G = SU(n) this class exhausts all non-Kac quantum groups. 


1 Introduction 


The theory of quantum groups has two origins. One is the algebraic approach 
motivated by the quantum inverse scattering method and initiated by the discovery 
of quantized universal enveloping algebras by Drinfeld [10] and Jimbo [17]. The 
other is the operator algebraic approach developed by Woronowicz [56], which 
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stands on the philosophy of treating noncommutative C*-algebras as functions on 
‘noncommutative spaces’, or ‘pseudospaces’ in Woronowicz’s terminology. In both 
frameworks, deformations of SU(2) and, more generally, of the compact simple Lie 
groups appear as the most fundamental and motivating examples. 

A natural question is to classify all such deformations within a reasonable system 
of axioms. At the infinitesimal level, this was already settled in a series of papers by 
Drinfeld and his collaborators during the 1980s. If one assumes compatibility with 
the compact form, the classification takes a particularly elegant form [2, 11, 49]: 
if g is a complex simple Lie algebra and G is the simply connected compact Lie 
group corresponding to g, any infinitesimal deformation of the universal enveloping 
algebra Y@(g) as a quasitriangular *-Hopf algebra corresponds to a Poisson— 
Lie group structure on G, and those are parametrized, up to isomorphisms and 
rescalings, by invariant Poisson structures on a maximal torus. Moreover, these 
deformations make perfect sense in Woronowicz’s framework and give rise to strict 
deformation quantization of the corresponding Poisson structures in the sense of 
Rieffel [46]. 

Extending this classification from infinitesimal to analytical level, or in other 
words, going from formal to strict deformation quantization, is a nontrivial task. 
Since there is no analogue of Kontsevich’s classification theorem in the analytical 
setting, we cannot expect such a clean result as in the formal case without imposing 
first an additional symmetry. One possible idea is to require the deformations to have 
the same combinatorial structure of representation theory, meaning the fusion rules 
and dimensions of representations, as in the classical case. This implies that we can 
take the coalgebra of matrix coefficients independent of the deformation parameter, 
and then try to find a suitable algebra structure on it. Moreover, if we want to 
preserve quasitriangularity, the Faddeev—Reshetikhin—Takhtadzhyan method [47] 
reduces the problem to finding R-matrices with certain algebraic symmetry. Still, 
carrying out such a classification directly is not an easy task, and this has been only 
worked out for the quantum groups with representation theory of SU(2) [57] and of 
SU(3) [38, 39]. 

Our approach to this problem consists of a combination of cohomological and 
analytical methods for tensor categories and related constructions for quantum 
groups. Suppose we want to classify all quantum groups which have the same 
fusion rules and dimensions of representations as a compact group G. In view of 
Woronowicz’s Tannaka—Krein duality theorem, the problem can be divided into 
three parts: 


— classification of rigid C*-tensor categories @ with fusion rules of G; 

— classification of monoidal autoequivalences of @; 

— classification of unitary fiber functors @ -—> Hilby inducing the classical 
dimension function on the representation ring of G. 


We will mainly concentrate on the third problem, where the most recent advances 
are. Let us explain the strategy in more detail, in roughly the same order as we 
proceed from Sect. 4 to Sect. 6. 
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The first step is to establish a duality between the category of unital H-C*- 
algebras and that of (Rep H)-module categories for compact quantum groups H 
[8, 28]. Given an H-C*-algebra B, which represents a noncommutative H-space 
X, we take the category of H-equivariant Hermitian vector bundles on X, that is, 
of finitely generated projective H-equivariant Hilbert B-modules. We can consider 
the tensor product of such modules and finite dimensional unitary representations 
of H, which leads to the structure of a (Rep H)-module category. An analogue of 
the reconstruction procedure in Woronowicz’s Tannaka—Krein theorem implies that 
B can be recovered from this module category and the distinguished object in it 
represented by B itself. 

Further pursuing this duality, we have the following correspondence for sub- 
classes of H-C*-algebras and (Rep H)-module categories [33]. Among the H- 
C*-algebras we consider the braided-commutative Yetter—-Drinfeld algebras, while 
among the module categories we take the C*-tensor categories with module 
structure induced by a tensor functor from Rep H. A motivating example for this 
duality is the coideal of the function algebra coming from a quantum subgroup 
K of H, on one side, and the forgetful functor RepH — RepK, on the other. 
In this formulation the quantum subgroup coideals precisely correspond to the 
factorizations Rep H + @ — Hilbs of the canonical fiber functor on Rep H through 
some C*-tensor category @. 

One of our discoveries is that the noncommutative Poisson boundary of the 
discrete dual of H, and its counterpart on the categorical side, fits very well 
into this scheme [34]. The noncommutative Poisson boundary, modeled on the 
classical theory for discrete groups initiated by Furstenberg [14], was introduced by 
Izumi [16] to understand the lack of minimality for infinite tensor product actions 
of non-Kac quantum groups. This theory requires the operator algebraic framework 
in an essential way, and that is why we need to work with compact quantum groups 
instead of, for example, cosemisimple Hopf algebras. We find that the categorical 
Poisson boundary has a universality property for what we call amenable tensor 
functors. A concrete implication is that if G, is the Drinfeld—Jimbo g-deformation 
of a compact connected semisimple Lie group G with a maximal torus T, then 
for g # 1 the forgetful functor RepG, — RepT is a universal tensor functor 
defining the classical dimension function on Rep G. This shows that the undeformed 
classical torus T < G, can be detected already at the categorical level. This also 
implies that the dimension-preserving fiber functors on Rep G are parametrized by 
the invariant Poisson structures on the torus, or the Poisson—Lie group structures of 
G, as expected from the case of infinitesimal deformations. 

Returning to the first problem of classifying rigid C*-tensor categories with 
fusion rules of G, there is a simple class of examples of such categories in addition 
to Rep G,. We have a natural grading of Rep G, by the Pontryagin dual of the center 
of G, or more intrinsically, by the chain group of Rep G,. Then any T-valued 3- 
cocycle on the chain group defines an associator, and we obtain a twisted tensor 
category, which has the same fusion rules as G. Note that this is analogous to, but 
much easier than, the famous Knizhnik—Zamolodchikov associator constructed by 
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Drinfeld, which relates Rep G and Rep G,. What we wrote in the previous paragraph 
about the categories Rep G, applies equally well to these twisted categories and 
allows us to classify dimension-preserving fiber functors on them. In the case 
of SU(n), up to monoidal equivalence, these exhaust the tensor categories with 
fusion rules of SU(m) [18, 21]. It seems reasonable to expect that a similar result 
is true, or at least close to be true, for other simple Lie groups. Finally, the second 
problem of classifying autoequivalences of such categories has been essentially 
solved in [30, 31]. 

To summarize our results, for any compact connected simple Lie group G, we 
classify up to isomorphism all compact quantum groups with the same fusion rules 
and dimensions of representations as for G which, moreover, have representation 
categories monoidally equivalent to Rep G, for g € 1 or to twists of such categories 
by 3-cocycles on the dual of the center of G, see Theorems 6.3 and 6.8. Whether 
such categories exhaust all categories with fusion rules of G beyond the case of 
SU(n), as well as whether one can say something precise for g = 1, are the main 
remaining open questions. 


2 Monoidal Categories 


Throughout the exposition we fix a universe and assume that all categories are 
small [23]. See [32] for the details on the following notions. 


2.1 C*-Categories 


A C*-category is a category @ with morphism sets @(U,V) that are com- 
plex Banach spaces, endowed with a complex conjugate involution @(U,V) —> 
€@(V,U), T+ T*, satisfying the C*-identity 


I7*7\| = TI? = 77", 


and such that the composition of morphisms is bilinear and ||ST|| < ||S|| ||7'||. Unless 
said otherwise, we always assume that @ is closed under finite direct sums and 
subobjects. The latter means that any idempotent in the endomorphism ring @(X) = 
@ (X,X) comes from a direct summand of X. The existence of finite direct sums 
guarantees that, for any T:X — Y, the morphism 7*T is positive as an element 
in the C*-algebra @(X), which otherwise we would have to add as an additional 
axiom. 

An object is called simple if its endomorphism ring is isomorphic to C, and a C*- 
category is said to be semisimple if any object is isomorphic to a finite direct sum of 
simple ones. We then denote the isomorphism classes of simple objects by Inr @ and 
assume that this is an at most countable set. Many results admit formulations which 
do not require this assumption, and can be proved by considering subcategories 
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generated by countable sets of simple objects, but we leave this matter to the 
interested reader. 

A unitary functor, or a C*-functor, is a linear functor of C*-categories ¥:@ > 
@' satisfying F(T*) = FA(T)*. 

A few times we will need to perform the following operation: starting from a 
C*-category @, we replace the morphisms sets by some larger multiplicative system 
Q(X, Y) naturally containing the original @(X, Y). Then we perform the idempotent 
completion to construct a new category Y. That is, we regard the projections p € 
G(X) as objects in the new category, and take gA(X, Y)p as the morphism set from 
the object represented by p € F(X) to the one by g € A(Y). Then the embeddings 
6 (X,Y) > F(X, Y) can be considered as a C*-functor @ > J. 


2.2 C*-Tensor Categories 


A C*-tensor category is a C*-category endowed with a unitary bifunctor 
QECxEC GE, 
a distinguished object 1 € @, and natural unitary isomorphisms 
1@®UZz=UZzUVUeEl, BU, V,W):(USV)®W>U®(VE@W) 


satisfying certain compatibility conditions. If these isomorphisms can be taken to be 
the identity morphisms, then @ is said to be strict. 

We denote by Hilbs a category of finite dimensional Hilbert spaces with a 
strict model of tensor product (see, for example, [48] or [32, p. 37] for concrete 
realizations). 

A unitary tensor functor, or a C*-tensor functor, between two C*-tensor 
categories @ and @’ is given by a triple (Ao, F, Fx), where ¥ is a C*-functor 
6 — G', Fo is a unitary isomorphism ly > ¥(1q), and -F, is a collection of 
natural unitary isomorphisms ¥(U) ® ¥(V) > F(U @ V) compatible with the 
structure morphisms of @ and @’. 

As a rule, we denote tensor functors by just one symbol .¥. A tensor functor 
between strict C*-tensor categories is said to be strict if Ao and FY» are the identity 
morphisms. The composition of tensor functors ¥Y and #’ is defined by taking the 
usual composition of C*-functors and setting (F.F'). = F(F5)Fy and FF" = 
F (#))F . A natural transformation of tensor functors is a natural transformation 
in the usual sense which is also compatible with the isomorphisms -¥ and Fo. 

When the C*-functor part of ¥ is an equivalence of categories, F is said to 
be a unitary monoidal equivalence. Analogously to the case of ordinary functors, 
unitary monoidal equivalences can be inverted (up to a natural unitary monoidal 
isomorphism) as unitary tensor functors, so for any -¥ as above there is another 
unitary monoidal equivalence .¥': @’ — @ such that ¥.¥’ and ¥' F are naturally 
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unitarily monoidally isomorphic to the identity functors of the respective categories. 
If the target and source categories are the same, such a tensor functor ¥ is called an 
autoequivalence, and we denote by Aut®(@) the group of autoequivalences of @ 
considered up to natural unitary monoidal isomorphisms. Let us also note that a 
version of Mac Lane’s coherence theorem [23, Chapter XI] says that any C*-tensor 
category is unitarily monoidally equivalent to a strict one. 

When @ is a C*-tensor category and U € @, an object V is said to be a dual 
object of U if there are morphisms R € @(1, VU) andR € @(1, U@V) satisfying 
the conjugate equations 


(ty ® R*)O(R @ ty) = wy, (iy @ R*)P(R ® ty) = Ww, 


where we assumed for simplicity that the unit is strict, so that 1 @U = U@1 =U. 
If any object in @ admits a dual, @ is said to be rigid and we denote a choice of a 
dual of U € @ by U. 

Any rigid C*-tensor category with simple unit has finite dimensional morphism 
spaces and hence is automatically semisimple. The quantity 


d©(U) = min ||R\| | R\ . 
(R.R) 


where (R, R) runs through the set of solutions of conjugate equations as above, is 
called the intrinsic dimension of U. We omit the superscript @ when there is no 
danger of confusion. A solution (R, R) of the conjugate equations for U is called 
standard if 


[Rl] = Ri = avy”. 
Solutions of the conjugate equations for U are unique up to the transformations 
(R,R) > ((T* @ OR, (0 ® TYR). 


Furthermore, if (R, R) is standard, then such a transformation defines a standard 
solution if and only if T is unitary. 

In a rigid C*-tensor category @ we often fix standard solutions (Ry, Ry) of the 
conjugate equations for every object U. Then @ becomes spherical in the sense 
that one has the equality R7(¢ ® T)Ru = RET ® Ry for any T € @(U). The 
normalized linear functional 
RU(T @ Ru 


tty(T) = —_ R50 ®@ T)Ru = 


1 
d(U) d(U) 
is a tracial state on the finite dimensional C*-algebra @(U), called the normalized 
categorical trace. It is independent of the choice of a standard solution. 
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For any semisimple C*-tensor category we denote by Kt (@) the Grothendieck 
semiring of @. As an additive semigroup it is generated by the isomorphism 
classes [U] of objects in @ and satisfies the relations [U @ V] = [U] + [V], so 
it is the free commutative semigroup with generators [U] € Irr@. The product is 
defined by [U] [V] = [U ® V]. 

Let us fix representatives {U;};em¢ of the isomorphism classes of simple objects 
of @. We will often use the subindex s to denote various construction related to U,. 
For every object X € @, denote by Ty = (a) sel © the matrix describing the 
multiplication by [X], 


[xX] (U:] = 0 ak), 


so aX = dim @(U,, X ® U,). It is not difficult to see that || || < d® (X). Moreover, 
the same is true for any dimension function d in place of d®, by which one means 
a unital semiring homomorphism d: K+ (@) — [0, +00) such that d([X]) = d([X]) 
for all X. 

Another algebraic structure naturally associated with a semisimple C*-tensor 
category @ is the chain group Ch(@). It is the group with generators g,, s € Inr@, 
satisfying the relations g, = g,g; whenever U, embeds into U, ® U;. It is closely 
related to the notion of grading on a category. For a discrete group I”, we say that @ 
is graded over I” if we are given full subcategories (@,)zer such that 1 € @, any 
object of @ is isomorphic in an essentially unique way to a finite direct sum @Xz, 
with X, € @,, and X @ Y is isomorphic to an object in G, if X € @, and 
Y € G,. The chain group Ch(@) defines a grading on @: for every g € Ch(@), 
the subcategory ©, consists of direct sums of simple objects U, such that g, = g. 
Any other grading over a group I" defines a canonical homomorphism Ch(@) > I’, 
so the chain group is a universal group over which @ is graded. 


3 Compact Quantum Groups 


Compact quantum groups, or compact matrix pseudogroups as introduced by 
Woronowicz [56], are our main object of interest. We again follow the presentation 
of [32]. 


3.1 Tannaka-Krein Duality 


A compact quantum group G is represented by a unital C*-algebra C(G) equipped 
with a unital *-homomorphism A: C(G) > C(G) ® C(G) satisfying 
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* coassociativity: (A ®u)A = (6 ® A)A, 
* cancellation properties: the linear spans of 


(C(G) @ 1)A(C(G)) and (1 ® C(G))A(C(G)) 


are dense in C(G) ® C(G). 


There is a unique state A on C(G) satisfying (h @ 1) A = h(-)1 (and/or (¢ ® h)A = 
h(-)1) called the Haar state. If h is faithful, C(G) is called the reduced function 
algebra of G, or G is called a reduced compact quantum group, and we are mainly 
interested in such cases. By taking the image of C(G) in the GNS representation of 
h, we can always work with a reduced model. 

A finite dimensional unitary representation of G is a unitary element U € 
B(Hy) ® C(G) such that (¢ ® A)(U) = U;2Uj3, where Hy is a finite dimensional 
Hilbert space. The intertwiners between two representations U and V are the linear 
maps T from Hy to Ay satisfying V(T ® 1) = (T ® LU. The tensor product of 
two representations U and V is defined by U;3V23 and denoted by U @ V. This way, 
the category Rep G of finite dimensional unitary representations with intertwiners 
as morphisms and with tensor product © becomes a semisimple C*-tensor category. 

When w is in the (pre)dual B(Hy)« & Hy ® Hy, the element (w @1)(U) € C(G) 
is called the matrix coefficient associated with w. The dense *-subalgebra of C(G) 
spanned by the matrix coefficients of finite dimensional representations is called 
the regular algebra of G, and is denoted by C[G]. This space is closed under the 
coproduct, and becomes a Hopf «-algebra. Its antipode is characterized by 


(t @ S)(U) = U* for U € RepG. 


Let us put %(G) = C[G]*. This space has the structure of a *-algebra, 
defined by duality from the Hopf *-algebra (C[G], A). Every finite dimensional 
unitary representation U of G defines a *-representation my of Y@(G) on Hy by 
ty (@) = (t@w)(U). When convenient, we omit zy and write w& instead of my(w)é 
for € € Hy. 

An important ingredient of the duality for unitary representations of G is the 
Woronowicz character f, € Z(G), which we denote by p. Namely, the element 
p € Z(G) is uniquely determined by the properties that it is positive, invertible, 
Tr(su(p)) = Tr(xu(p')), and 


U = (i(p)'? ® YDE®YU*)G(p)' @ 1) € BA) @ CIG], 


is unitary, where U is any finite dimensional unitary representation and j denotes 
the canonical *-anti-isomorphism B(Hy) X B(Hy) defined by j(T)E = T*E. 
This element U, which is again a unitary representation, is called the conjugate 
representation of U. The representation U is dual to U in the sense of Sect. 2.2, and 
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a convenient choice of solutions of the conjugate equations for U is given by 


Rul) = 9) & @ p7& and Ru(1) = D9 7 @ &, 


where {&;}; is an orthonormal basis in Hy. This solution is standard. In particular, 
the intrinsic dimension function on Rep G coincides with the quantum dimension 


dim, U = Tr(zy(p)). 


Therefore RepG is a rigid C*-tensor category. The forgetful functor U #& 
Hy defines a strict unitary tensor functor into Hilby called the canonical fiber 
functor of G. Woronowicz’s Tannaka—Krein duality theorem recovers the «-Hopf 
algebra C[G] from these categorical data. 


Theorem 3.1 ([58]) Let @ be a rigid C*-tensor category with simple unit, and 
#6 —> Hilbe be a unitary tensor functor. Then there exist a compact quantum 
group G, a unitary monoidal equivalence €:RepG — @, and a natural unitary 
monoidal isomorphism from the canonical fiber functor of G to # €. Moreover, the 
Hopf *-algebra C|G] is determined uniquely up to isomorphism. 


The key idea is that if @ C Hilbe and ¥ is the embedding functor, then, with 
representatives {U,}, of Irr@ and H, = F(U,), the coalgebra 


@— BH)« = QB A, @H, 


sel @ sel @ 


admits an associative product induced by irreducible decompositions of tensor 
products, which makes it into a bialgebra, analogously to the description of 
the product of matrix coefficients for usual compact groups. Moreover, standard 
solutions of the conjugate equations determine the involution by the formula 


H, ® H, SE@nK (1 @ E*)Rs ® (n* @ WR, € H; ® H3. (3.1) 


This way one obtains the *-bialgebra C[G]. 

The representation semiring of G is defined as R* (G) = K* (RepG). A possible 
way of saying when a compact quantum group is a deformation of a genuine group 
is as follows. 


Definition 3.2 Given a compact group H, we say that a compact quantum group G 
is of H-type if there exists a semiring isomorphism R*(G) & Rt (H) preserving the 
(classical) dimensions of representations. 


This definition is essentially due to Woronowicz [58]. In [1] the Hopf «-algebras 
C[G] for compact quantum groups G of H-type are called dimension-preserving 
Rt -deformations of C[H]. 


234 S. Neshveyev and M. Yamashita 


Problem 3.3 (cf. [58]) Given a compact connected Lie group H, classify the 
compact quantum groups of H-type. 


Our aim is to develop a general method to attack this problem, as outlined in 
Sect. 1. 


3.2 Cohomology of the Discrete Dual 


Deformation problems for compact quantum groups are controlled by a cohomology 
theory of the dual discrete quantum groups, which plays a central role in our 
considerations. We again refer the reader to [32] for a more thorough discussion. 

The *-algebra Y (G) can be identified with | ],¢),,¢ B(As) (the algebraic direct 
product) using the correspondence 


C[G]* > w « (av,(o))s € [] BUS). 


s€lirG 


More generally, we can consider the algebra 


u(G')=(Cig®)*=~ |] BH.) ®---@ B(A,,). 


S],...,5¢E ltr G 


and interpret it as the space of (possibly unbounded) k-point functions on the 
“discrete dual” quantum group G. This is, for example, how the discrete quantum 
groups are defined in [53]. If G is a genuine commutative compact group, this agrees 
with the usual notion of functions on the k-th power of the Pontryagin dual group G. 

The spaces % (G*) can be regarded as the components of the standard complex 
for the group cohomology with multiplicative scalar coefficients as follows. We call 
the invertible elements of Y (G*) the k-cochains on G. Given a k-cochain w, we put 


M@)=1e@e8, dw) =o @1, 


d(w) = Aj(w) (A applied to the j-th position), 
(which are all in Y (G**')), and call 
A(w) = 3°(w)P(w) --- PLE! (wy! (wo) H(w~!) --- PLE +(w) 


the coboundary of w. When 0(@) = 1, w is said to be a k-cocycle. We denote the set 
of k-cocycles by Z‘(G; C*). Two k-cocycles y and y’ are said to be cohomologous if 


7X =P (W)P()--- PL W) za! (YH!) PUTIN!) 


holds for some (k — 1)-cochain w. 


Towards a Classification of Compact Quantum Groups of Lie Type 235 


In general the relation of being cohomologous is not even symmetric. But if it 
happens to be an equivalence relation, the set of equivalence classes of k-cocycles is 
denoted by H* (G; C*) and called the k-cohomology of G. When one requires all the 
ingredients to be unitary instead of invertible, the corresponding set is denoted by 
H‘(G: T). If a k-cochain w commutes with the image of A‘ (defined inductively 
as (Ak? ® 1) A), we Say that w is invariant. Invariant cocycles are also called lazy 
in the algebraic literature. If we consider only invariant cocycles (with coboundaries 
defined also using only invariant cochains), we get sets HE(G; C*), and HKG; T) 
for the unitary case, whenever these sets are well-defined. 

When G is a commutative group, HE(G; T) = H*'(G; T) agrees with the usual 
group cohomology of the Pontryagin dual. We also note that, in general, if H is a 
quantum subgroup of G, the natural inclusion Y (H*) > Y (G*) induces maps from 
the cohomologies of H to those of G. 

We are mainly interested in the cohomology in low degrees (k < 3), which have 
direct connections with various aspects of Rep G. Let us briefly summarize these 
connections. 

The set H! (G: T= 7! (G; T) consists of unitary group-like elements in Y(G). 
If G is a genuine compact group, then any such group-like element arises from an 
element of G, so we have canonical isomorphisms 


H'(G;T) = G and HL(G;T) & Z(G). 


For arbitrary G, a categorical interpretation of H! (G; T) is that this is the group of 
unitary monoidal automorphisms of the canonical fiber functor 7: Rep G > Hilbr, 
while the group role (G; T) is the group of unitary monoidal automorphisms of the 
identity functor on Rep G. 

Next, a unitary 2-cochain x € Y(G*) is a 2-cocycle if and only if it satisfies 


(x® 1)(A@ V(x) = 1 @xU@ A)(x). 


If c is a unitary element in the center of Y (G) (an invariant unitary 1-cochain), then 
its coboundary is (c @ cA(c). The set of invariant unitary 2-cocycles forms a 
group under multiplication, and the coboundaries form a subgroup. Thus, He (G; T) 
becomes a group, called the invariant 2-cohomology group of G. 

If x is an invariant unitary 2-cocycle, the multiplication by x~' on Hy @ Hy can 
be considered as a unitary endomorphism of U @ V in Rep G. Such endomorphisms 
form a natural unitary transformation of the bifunctor © into itself. The cocycle 
condition corresponds to the fact that this transformation is a monoidal autoequiva- 
lence of Rep G. Up to natural unitary monoidal isomorphisms, any autoequivalence 
of RepG fixing the irreducible classes can be obtained in this way. Moreover, 
the cohomology relation of cocycles corresponds to the natural unitary monoidal 
isomorphism of autoequivalences. Thus H2(G; T) can be considered as the normal 
subgroup of Aut® (Rep G) consisting of (isomorphism classes of) autoequivalences 
that preserve the isomorphism classes of objects. Without the unitarity, H2(G; C*) 
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corresponds to a subgroup of monoidal autoequivalences of RepG as a tensor 
category over C. 

Let x be an arbitrary unitary 2-cocycle on G, invariant or not. Then the triple 
F, = (idc, U + Hy, x7!) defines a new unitary tensor functor RepG — Hilbs. 
By Theorem 3.1, “, can be considered as the canonical fiber functor of another 
compact quantum group G, satisfying RepG = RepG,. Concretely, Y(G,) 
coincides with Y@(G) as a *-algebra, but is endowed with the modified coproduct 
A.(T) = cA. By duality, C[G,] is the same coalgebra as C[G], but has a 
modified x-algebra structure (pre)dual to (%(G), Ay): 

Up to natural unitary monoidal isomorphisms, the functors .F, exhaust all unitary 
tensor functors ¥’':RepG —> Hilbs satisfying dim.¥’(U) = dim Hy. Moreover, 
if T is a unitary element in Y(G), then x7 = (T ® T)xA(T7') defines another 
unitary fiber functor which is naturally unitarily monoidally isomorphic to ¥,. 
Therefore the set H2(G; T) gives a parametrization of the set of isomorphism classes 
of dimension-preserving unitary fiber functors Rep G —> Hilby. 

The group H2(G;T) acts on the set H2(G;T) by multiplication on the right. 
This corresponds to the restriction of the obvious right action of Aut®(Rep G) 
on the natural unitary monoidal isomorphism classes of unitary fiber functors 
Rep G — Hilb;. Note that by Theorem 3.1, the orbits of this action by Aut® (Rep G) 
precisely correspond to the isomorphism classes of compact quantum groups with 
representation category Rep G. 

Let us move on to 3-cohomology. An invertible element ® ¢€ W(G?) is a 3- 
cocycle if and only if it satisfies 


(1@ 4) ® A @i(S)(S @ 1) = (1. @1@ A\(S)(A B18 W\(). 


Invariant 3-cocycles are also called associators. If ® is such a cocycle, its action 
on Hy ® Hy ® Hw can be considered as a new associativity morphism on the C*- 
category Rep G with bifunctor ©. If @ is unitary, this gives a new C*-tensor category 
(Rep G, ®), which has the same data as RepG except for the new associativity 
morphisms defined by the action of ®. If @ is a semisimple C*-tensor category 
with the same fusion rules as Rep G, that is, with the same Grothendieck semiring, 
then by transporting the monoidal structure of @ along any choice of a C*-functor 
@ —> RepG defining the isomorphism Kt(@) = R*(G), we see that @ is 
monoidally equivalent to some (Rep G, ®) as above. We remark that in general it is 
not clear whether any such category is automatically rigid. 

If x is an invariant unitary 2-cochain, the categories (Rep G, ®) and (Rep G, ®,) 
are naturally unitarily monoidally equivalent, by means of the unitary tensor functor 
(idy, Idrepg,x |): (RepG, ®) — (Rep G, ®,). This way the set H3(G; T) gives a 
parametrization of the categories of the form (Rep G, ®) considered up to unitary 
monoidal equivalences that preserve the isomorphism classes of objects. 

A simple way of constructing elements of H3(G; T) is by considering the 
chain group Ch(RepG), which we denote by Ch(G). Namely, any cocycle @ € 
Z3(Ch(@); T) can be considered as a 3-cocycle on G such that its component in 
B(H,) @ B(H;) ® B(H,) is the scalar $(g,, gs, g;). We denote the category Rep G 
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with the associator given by this cocycle by (Rep G)®. Therefore in (Rep G)? the 
associativity morphism (U © V) © W > U @ (V © W) is the scalar operator 
b(g,h,k) if U, V and W have the degrees g, h and k € Ch(G), respectively. The 
category (Rep G)? is always rigid. 

Let us note in passing that the Pontryagin dual of the abelianization Ch(G)*” 
of the chain group is naturally isomorphic to HL(G; T), cf. [4, 27]. Namely, any 
character y: Ch(G) — T defines a 1-cocycle (7(g5))semey € UY (G), or equivalently, 
a monoidal automorphism 7% of the identity functor on RepG such that ie = 
X(g)tu if U has degree g € Ch(G). 

In particular, if G is a genuine group, then Ch(G) is abelian and we get an 
isomorphism Ch(G) = Z(G). More concretely, if U is an irreducible representation 
of G, then the group Z(G) must be acting by si scalars, that is, by some character 
Xue Z(G), and the isomorphism Ch(G) = Z(G) maps gy into 7y,. 


3.3. q-Deformation 


Let G be a simply connected compact Lie group with a maximal torus T, g be the 
corresponding semisimple complex Lie algebra. Fix a system of simple roots and 
denote the Cartan matrix by (a;);;. We fix a scalar product defining the root system 
of G. When G is simple, such a scalar product is unique up to a scalar factor and we 
normalize it so that for every short root a; we have (a;, @;) = 2. 

For a fixed positive real number g # 1, the quantized universal enveloping 
algebra Y%,(g) is the *-Hopf algebra (over C) generated by elements E;, F;, K*! 
satisfying 


= : 7 = K, — K;! 
[KK] =0, KiEjK;'=q"E, KiFK7'=9,'F;, (Ei, = 6;-——{. 
qi — Wj 
1-ajj 
aS |! =| Etg,E, * =0 
qi 
1-ajy 


xe | FrjF) “* = 0. 
qi 


k= 0 v 
where g; = g“ and d; = (a, a;)/2. The coproduct is 
A,(E) = E;@1+K;@E;, A,(F) =F;@K;'+1@F, A,(K) =K,@K;, 


and the involution is characterized by 


E* =F;K;,, F* =K;'E, K* =K;. 
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A finite dimensional representation of %,(g) is said to be admissible if it defines 
a representation of the maximal torus T of G, so that the elements K; act as the 
elements gq: in the complexification of T, where H; is the element of the Cartan 
subalgebra of g defined by aj(H;) = aj. The finite dimensional admissible unitary 
representations form a rigid C*-tensor category. Since it is given as a subcategory 
of Hilbe, Woronowicz’s Tannaka—Krein theorem gives a compact quantum group, 
which is called the g-deformation of G,. The application of Woronowicz’s theorem 
is a bit of an overkill here, and concretely, the Hopf *-algebra C[G,] is defined 
as the subalgebra of %,(g)* generated by the matrix coefficients of admissible 
representations. It is known that the quantum group G, is of G-type according to 
Definition 3.2. 

The algebra of the discrete dual Y% (G,) can be regarded as a completion of Y%,(g) 
(although one should note that the latter has non-admissible representations which 
do not extend to %(G,)). The quantum group G, contains T as a closed subgroup, 
with the corresponding embedding Y(T) <> W(G,) given by identifying ta 
with K;. Intrinsically the torus T can be characterized as the maximal quantum Kac 
subgroup of Gg, that is, the largest quantum subgroup of G, on which the antipode 
is involutive [51]. 

The center Z(G) C T of G is contained in the center of Y(G,). It follows that 
for any subgroup I” C Z(G) the quantum group G,/I" makes sense. This allows 
one to deform compact connected semisimple Lie groups that are not necessarily 
simply connected by letting (G/I"), = G,/I’. In other words, (G/I"), is obtained 
from %,(g) by considering only the admissible representations such that their 
restrictions to T factor through T/I’, i.e., that have weights annihilating I’. 

It is known that for gq # 1 we have H'(G,;T) = T and Hy, (Gq: T) = ZO), 
which is a simple consequence of Soibelman’s classification of irreducible 
representations of C[G,] [50]. The second cohomology will be described in 
Sects.5.2 and 6.1. As for the third cohomology, since G, and G are known to 
have the same fusion rules, there is a canonical bijection HG, (Gy; T) = H3(G; T). 


For the same reason there is a unique element in HBG; T) corresponding 
to RepG,. An associator ®xz,, representing this element was constructed by 
Drinfeld [11] using the Knizhnik—Zamolodchikov equations (see also [20, 29]). 
Since the categories Rep G, are mutually inequivalent for different g € (0, 1], 
we thus get a family of different classes [®xz,4] € H3(G; T) indexed 
by gq € (0,1). By our discussion in Sect.3.2, there also are classes in 
H3(G;T) coming from 3-cocycles on Ch(G) = Zc), as well as from their 
products with ®xz,,. What else is contained in H3(G; T), is a major open 
problem. 
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4 Categorical Duality for Actions of Quantum Groups 


In this section we describe several extensions of the Tannaka—Krein duality to 
actions of compact quantum groups. These extensions are not strictly speaking 
needed for the classification problem for compact quantum groups, but they provide 
motivation for some of the subsequent constructions. 


4.1 G-Algebras and (Rep G)-Module Categories 


Given a compact quantum group G, a unital G-C*-algebra is a unital C*-algebra B 
equipped with a continuous left action a: B — C(G) © B of G. This means that a 
is an injective unital *-homomorphism such that (A @ 1a = (t ® a@)@ and such 
that the space (C(G) ® 1)a(B) is dense in C(G) ® B. The linear span of spectral 
subspaces, 


B={x€B| a(x) € C[G] @ag Bh. 


which is a dense +-subalgebra of B, is called the regular subalgebra of B, and the 
elements of & are called regular. More concretely, the algebra Z is spanned by the 
elements of the form (A © 1)((x ® 1)a(a)) for x € C[G] and a € B. This algebra is 
of central importance for the categorical reconstruction of B. 

Next let us explain the categorical counterpart of the G-algebras. We also note 
that a particular type of this structure plays a central role in the subfactor theory. 


Definition 4.1 Let @ be a C*-tensor category. We say that F is a right @ -module 
category if 


« YisaC*-category, 
* we are given a unitary bifunctor J x @ > Q, denoted by (X, U) & X x U, and 
¢ natural unitary isomorphisms 


Xx1—>xX, (XxU)xV>Xx(U@YV) (4.1) 


satisfying the obvious compatibility conditions analogous to those for monoidal 
categories. 


When Y and # are @-module categories, a @-module functor 9 > FY 
is a pair (F,0), where ¥ is a C*-functor from Y to Y’, and @ is a unitary 
natural transformation ¥(X) x U > ¥(X x U), again satisfying a standard set 
of compatibility conditions. When @ is obvious from context, we simply write 
instead of (.¥, 0). The @-module functors can be composed in a way similar to the 
monoidal functors. 

We say that two @-module functors (F, 0), (F', 0"): > QF are equivalent 
if there is a natural unitary transformation n:.¥ — #¥’ which is compatible with 0 
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and 6’. Note that this equivalence relation is compatible with composition of module 
functors. 

Our starting point is the following categorical duality theorem for G-algebras, 
which could be called the Tannaka—Krein duality theorem for quantum group 
actions. Results leading to this theorem have a long history, starting from the work of 
Wassermann [54] and Landstad [22] in the early 1980s on full multiplicity ergodic 
actions of compact groups, and continuing in [3, 40, 43, 52]. 


Theorem 4.2 ([8, 28]) Let G be a reduced compact quantum group. Then the 
following two categories are equivalent: 


1. The category of unital G-C*-algebras, with unital G-equivariant *-homomor- 
Pphisms as morphisms. 

2. The category of pairs (Y,M), where F is a right (Rep G)-module C*-category 
and M is a generating object in Z, with equivalence classes of unitary (Rep G)- 
module functors respecting the prescribed generating objects as morphisms. 


The condition that Y is generated by M means that any object in Y is isomorphic 
to a subobject of M x U for some U € RepG. 


Remark 4.3 Let End(Y) be the C*-tensor category of C*-endofunctors on J, 
with uniformly bounded natural transformations as morphisms. Then, having a @- 
module structure on Y is the same as giving a unitary tensor functor ¥:¢2? —> 
End(Y), where Yo and .¥2 correspond to the morphisms in (4.1). For G = SU,(2) 
and, more generally, for free orthogonal quantum groups this point of view leads to 
a combinatorial classification of ergodic actions [9]. 


To describe the above equivalence, given a G-C*-algebra (B, ~), we consider the 
category Y, of G-equivariant finitely generated right Hilbert B-modules. In other 
words, objects of Zz are finitely generated right Hilbert B-modules X equipped with 
a linear map 6 = dy: X — C(G) @ X which satisfies the comultiplicativity property 
(A ® 1)6 = (¢ @ 4)6 together with the following conditions: 


* (C(G) ® 1)6(X) is dense in C(G) @ X, 
¢ 6 is compatible with the Hilbert B-module structure, in the sense that 


5(Ea) = 6(E)o(a), (5(§).8(S)) =a((&,0)),  (E,6 € X,a € B). 
Here, C(G) ® X is considered as a right Hilbert (C(G) ® B)-module. 


For X € Bz and U € RepG, we obtain a new object X x U in Ye, given by the 
linear space Hy ® X, which is a right Hilbert B-module such that 


(§@x)a = E@xa, (E@x, N@y)a = (7, €)(x,y)e for &,n € Hy, x,y EX, ae B, 
together with the compatible C(G)-coaction map 


6 = byye@x:Hy ®X > C(G) @ Hy @X, 8(E @ x) = Uj, (E ® 8x(x))a13. 


Towards a Classification of Compact Quantum Groups of Lie Type 241 


This construction gives the structure of a right (Rep G)-module category on Ye, 
together with a distinguished object B € Zz. 

In the other direction, we construct what would be the regular subalgebra of a G- 
algebra starting from a pair (Y, M) as in Theorem 4.2. The generating condition 
on M implies that, by replacing Y by an equivalent category, we may assume 
that Z is the idempotent completion of the category Rep G with larger morphism 
sets Z(U,V) than in RepG, such that M is the unit object 1 in RepG and the 
functor 1 x U on @ is an extension of the functor 1 @ U on RepG. Namely, we 
simply define the new set of morphisms between U and V as Y(M x U,M x 
V). 

Consider the linear space 


B= B H, @ BL, Us). 


sélrrG 


Note that this gives C[G] if D is Hilbr with the action of Rep G induced by the 
canonical fiber functor. Using this observation, the associative product on # is 
defined by 


(E@T)-C@S= D) ur ESD Our (T@S), 
rélrrG 


where (u/’), is an orthonormal basis in the space of morphisms U, — U; © Us. 
Similarly, the *-structure on & is given by the following analogue of (3.1): 


E@T) =p'VE@(T*@OOR, ESTEHA, ® A(1,U,). 


The *-algebra ¥ has a natural left C[G]-comodule structure, defined by the map 
a: B — C[G] ® Z such that if {;}; is an orthonormal basis in H; and uj are the 
matrix coefficients of U; in this basis, then 


a(& @T) =) ) uy @ § @T. 


J 


It is shown then that the action @ is algebraic in the sense of [8, Definition 4.2], 
meaning that the fixed point algebra A = @° X FY(1) is a unital C*-algebra and 
the conditional expectation (h ® 1)a: B — A is positive and faithful. It follows that 
there is a unique completion of & to a C*-algebra B such that w extends to an action 
of the reduced form of G on B. This finishes the construction of an action from a 
module category. 
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4.2 Yetter-Drinfeld Algebras and Tensor Functors 


An important class of G-C*-algebras is the quantum homogeneous spaces defined 
by quantum subgroups. Namely, when f: C[G] — C[H] is a surjective homomor- 
phism of Hopf «-algebras, the subalgebra 


CIG/H] = {x € CG: W@/A) =x@V 


completes to a C(G)-comodule subalgebra of C(G). As the notation suggests, this 
should be regarded as the space of functions on the quotient G/H. The categorical 
counterpart to this structure is the (Rep G)-module category Rep H, where Rep G 
acts through the unitary tensor functor Rep G — Rep H induced by f. 

In general, we could ask when a (Rep G)-module category structure comes from 
a tensor functor, or in other words, when the G-equivariant Hilbert B-modules admit 
a tensor product operation. The answer is that the G-algebra structure of B should be 
extended to that of a braided-commutative Yetter-Drinfeld G-algebra. Let us briefly 
recall the relevant definitions. 

Assume we have a continuous left action of a:B — C(G) ® B of a compact 
quantum group G on a unital C*-algebra B, as well as a continuous right action 
B:B> (BSc (G)) of the dual discrete quantum group G. The action B defines 
a left C[G]-module algebra structure >: C[G] ® B > B on B by 


xb a=(t@x)B() for xe C/G] and ae B. 


Here we view co(G) as a subalgebra of Y(G) = C[G]*. This structure is compatible 
with involution, in the sense that 


x>a™ = (S(x)* > a)*. 


Definition 4.4 We say that B is a Yetter-Drinfeld G-C*-algebra if the following 
identity holds for all x € C[G] anda € &: 


a(x a a) = X1)ayS (xy) ® (x2) Pa ay), 
where we use Sweedler’s sumless notation, so we write the effect of A and a as 
X(1) ®X2), etc. A Yetter—-Drinfeld G-C*-algebra B is said to be braided-commutative 
if for all a,b € GZ we have 


ab = by) (S"'(ba) > a). (4.2) 


Note that when d is in the fixed point algebra A = ¥®, the right hand side of the 
above identity reduces to ba, and we see that A is contained in the center of &. 
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Remark 4.5 Yetter-Drinfeld G-C*-algebras can be regarded as D(G)-C*-algebras 
for the Drinfeld double D(G) of G, and they are studied in the more general setting 
of locally compact quantum groups by Nest and Voigt [37]. 


The categorical counterpart of a braided-commutative Yetter—Drinfeld G-C*-al- 
gebra is a pair (@, &), where @ is a C*-tensor category and &:RepG > @ isa 
unitary tensor functor such that @ is generated by the image of &. The condition 
that @ is generated by the image of & means that any object in @ is isomorphic 
to a subobject of &(U) for some U € RepG. We stress that we do not assume 
that the unit in @ is simple. In fact, the C*-algebra @(1) is exactly the fixed point 
subalgebra B® of the C*-algebra B corresponding to (@, &) in the next theorem. 

Define the morphisms (@,&) —> (@’, &’) as the equivalence classes of pairs 
(F,n), where ¥ is a unitary tensor functor ¥:@ — @’ and n is a natural 
unitary monoidal isomorphism 7: F¥& — &’. We say that (¥,7) and (¥',n’) 
are equivalent if there is a natural unitary monoidal transformation of the unitary 
tensor functors £: 4 -—> ¥' which is compatible with n and 7’ in the sense 
that ny = ny&ewy: F(E(U)) > &'(U) for all U € @. Again, this relation is 
compatible with the composition of morphisms, and we denote by Jens(Rep G) the 
category of pairs (@, &) with morphisms given by the equivalence classes of this 
relation. 


Theorem 4.6 ([33]) Let G be a reduced compact quantum group. Then the follow- 
ing two categories are equivalent: 


1. The category YDp~(G) of unital braided-commutative Yetter—Drinfeld G-C*- 
algebras, with unital G- and G-equivariant *-homomorphisms as morphisms. 
2. The category Tens(Rep G). 


Moreover, given a morphism |(¥,n)|:(@,@) > (@', 6’), the corresponding 
homomorphism of Yetter-Drinfeld C*-algebras is injective if and only if F is 
faithful, and it is surjective if and only if F is full. 


To prove this theorem we have to enhance the ingredients of Theorem 4.2. 
Suppose that B is a Yetter-Drinfeld G-C*-algebra. Then any G-equivariant right 
Hilbert B-module X automatically admits a left action of Z, given by 


a& = &2)(S"'(Eay) b a) (ae &, & € X such that 6x(E) € C[G] ag X), 


that is, we interpret (4.2) as a formula for the left action on X. When B is braided- 
commutative, (4.2) guarantees that X isa @-bimodule, and Zz becomes a C* -tensor 
category with tensor product given by X ® Y = Y @gX. Moreover, then U + Bx U 
becomes a unitary tensor functor RepG > Zz. 

In the opposite direction, suppose &:RepG — @ is a unitary tensor functor. 
Similarly to the previous subsection, we may assume that it is simply an embedding 
and construct a G-algebra Z = @,(H, ® @ (1, U;)). We then have to define a C[G]- 
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module structure >: C[G] @ @ > &. It is defined using the map 


: (A, ® H,) ® (A; ® G(1, U;)) > (A, ® H; ® Hy) ®@ (1, Us DU; © U,), 


(E@O)5 HOT) = (EON ®@ pL) @(L@T@UR,, 


by decomposing U, © U; © U, into irreducibles. 

Let us now consider the case when the target category @ is Hilbr. Then it can be 
shown that Theorem 4.6 establishes a bijection between the isomorphism classes of 
unitary fiber functors Rep G — Hilby and the isomorphism classes of unital Yetter— 
Drinfeld G-C*-algebras B such that 


* the G-algebra Z is a Hopf—Galois extension of C over C[G], meaning that Z° = 
C1 and the Galois map 
T:B®B>CGOB, x@y x Oxy, (4.3) 


is bijective, 
¢ the C[G]-module structure >: C[G] ® @ > Z is completely determined by the 
action of G and coincides with the Miyashita—Ulbrich action, defined by 


x> a= 1(«®@ lial 1 ®@ 1). 


In the purely algebraic setting the correspondence between fiber functors and 
Hopf-—Galois extensions of C over C[G] was established in [52]. In the operator 
algebraic setting this was done in [3]. Note that in the last paper instead of bijectivity 
of the Galois map an equivalent condition of full quantum multiplicity is considered. 


4.3 Dual Category 


Two most natural braided-commutative Yetter-Drinfeld algebras associated with 
any compact quantum group G are the algebras of functions on G and on its discrete 
dual G. Let us consider the latter in more detail. 

In the Hopf—von Neumann algebraic framework, the discrete dual is defined by 


(@(G) =e". BD B,) C UG). 


sélrrG 
We have a left adjoint action a of G on £2(G) defined by 


B(Hs) 3 T +> (Us)3) (1 ® T)(Us)a1. (4.4) 
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This action is continuous only in the von Neumann algebraic sense, so in order 
to stay within the class of G-C*-algebras, instead of Lo? (G) we consider the norm 
closure B(G) of the regular subalgebra 9° (G) c €%(G). The right action A of 


G on (© (G) makes this algebra into a unital braided-commutative Yetter—Drinfeld 
C*-algebra. In other words, the left C[G]-module structure on £°%° (G) is defined by 


alg 


alg 
xPa=(1 @ x) A(a). 


We want to describe the corresponding C*-tensor category € = G,~ and 


B(G) 
the unitary tensor functor F = F,, @:RepG > @. The category @ is the 
idempotent completion of the category with the same objects as in Rep G, but with 
morphism sets @(U, V) C B(Hy, Hy) ® £2(G). In this picture ¥ is the obvious 
embedding functor. For the reasons that will become apparent in a moment, it is 
more convenient to consider GU, V) as a subset of (2° (G) ® B(Ay, Hy). Then 


GU, V) is the set of elements T € ee (G) ® B(Ay, Hy) such that 
V3 (a @1)(T)U31 = 1 @T. 


From the definition of the adjoint action a we see that an element T € ¢ als 09 (G) ® 


B(Av, Ay) lies in €(U ,V) if and only if it defines a G-equivariant map H, ® Hy > 
H,®Hy for all s. It follows that @(U, V) can be identified with the space of bounded 
natural transformations between the functors 1 @ U andi © V on RepG, 


Nat,(i ® U,eD V) = €°- GB Homg(H, ® Hy, H, ® Hy). 


sé€lrrG 


The composition of morphisms is defined in the obvious way as the composition 
of natural transformations. The tensor product of morphisms is determined by the 
tensor products tw ® & and & @ tw for — = (Ex)x € Natp(t D U,t OD V). These are 
defined by 


(E @lw)x =Ex @tw, (tw @ &)x = Exow. (4.5) 


5 Poisson Boundary 


An essential ingredient in the classification of fiber functors is the notion of non- 
commutative Poisson boundary and its categorical counterpart, and the universality 
of the latter with respect to amenable tensor functors. 
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5.1 Noncommutative Poisson Boundary 


For a finite dimensional unitary representation U of G, consider the state dy 
on B(Ay) defined by 


ou (T) = BE for T € B(A). 
q 


If U is irreducible, it can be characterized as the unique state satisfying 
( ® gu)(U3,(1 ® T)Un) = gu(7). 


For our fixed representatives of irreducible representations {U;}; of G, we write ¢; 
instead of dy,. 

When ¢ is a normal state on £(G), we define a completely positive map Pg 
on £°(G) by 


Py(a) = (¢ @ AC). 


If jz is a probability measure on IrrG, we then define a normal unital completely 
positive map P,, on £°(G) by P,, = >°, (s)P¢,. The space 


H®(G; 2) = {x € £°(G) | x = P,,(x)} 


of P,,-harmonic elements is called the noncommutative Poisson boundary [16] of 
G with respect to ww. This is an operator subspace of £° (G) closed under the left 
adjoint action a of G defined by (4.4) and the right action A of G on itself by 
translations. It has a new product structure 


x+y = lim Pi(xy), (5.1) 


where the limit is taken in the strong* operator topology. With this product 
H™(G; jt) becomes a von Neumann algebra (with the original operator space 
structure) [7], which can be regarded as a generalization of the classical Poisson 
boundary [19]. Moreover, the actions of G and G on £(G) define continuous 
actions on H’ 00(G; 4) in the von Neumann algebraic sense. 


5.2 Categorical Poisson Boundary 


Using the categorical description of the discrete duals of compact quantum groups 
given in Sect. 4.3, we have a straightforward translation of noncommutative Poisson 
boundaries to its categorical counterpart [34]. 
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Let @ be a strict rigid C*-tensor category with simple unit. Consider the 
category @ defined as in Sect. 4.3 for @ = Rep G. We have “partial trace” maps 


1 


(Ry ® Y(t @T)(Rv @W). 


Using them we can define an operator Py on eV, W) by 
(Pu(n))x = (tty ®)(nuex) € C(X ® V,X @ W). 


As before, fix representatives U; of isomorphism classes of simple objects and 
write P, for Py,. Let jz be a probability measure on Irr@. Define an operator P,, 
acting on Nat,(¢ ® V,t ® W) by Py, = >., (s)Ps. It is called the Markov operator 
associated with i. A bounded natural transformation 7:1 ® V — 1 @ Wis called P,,- 
harmonic if P,,(j) = n. We denote the set of P,,-harmonic natural transformations 
L@V>1@Wby AG; p)(V, W), or just by A(V, W). 

As is the case for usual harmonic functions, the naive product of harmonic 
transformation is not guaranteed to be harmonic. However, the formula (5.1) still 
makes sense, and Y(@; )(V, W) can be considered as a morphism set of a new 
C*-category. We denote the subobject completion of this category by A(@; 2), or 
simply by Y. 

The category Y has the natural structure of a C*-tensor category defined 
similarly to @. Namely, at the level of objects (before the subobject completion), 
the tensor product ® is the same as in @, while the tensor product of morphisms is 
given by 


E@n=(E@Wl)-@n), 


where  @ 1 and ¢ © 7 are defined in the same way (4.5) as in i 

Any morphism 7:V — W in @ defines a bounded natural transformation 
(tx ® T)x from ¢ ® V into 1 @ W, which is obviously P,,-harmonic for every /L. 
This embedding of @-morphisms into Y-morphisms defines a strict unitary tensor 
functor [1:6 > FY. 


Definition 5.1 ((34]) The pair (“, I7) is called the Poisson boundary of (@, |). 


Note that @ (i) = ((Irr @). A probability measure yu on Irr @ is called ergodic, 
if the only P,,-harmonic bounded functions on Irr@ are the constant functions. 
This means that A(@; jz) still has a simple unit. It can be shown that such a w 
exists if and only if the intrinsic dimension function on @ is weakly amenable in 
the terminology of [15], meaning that there exists a state on €°(Irr@) which is 
P,-invariant for all s. In this case we say that @ is weakly amenable. For weakly 
amenable categories, the Poisson boundary has the following universal property. 
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Theorem 5.2 ([34]) Let @ be a rigid C*-tensor category with simple unit, and 
be an ergodic probability measure on Irr @.. Then the equality 


d?76 T(X)) = ||Pxll 


holds for all X € @. Moreover, if @' is another C* -tensor category with simple unit, 
and ¥:6 —» @' is a unitary tensor functor such that d®' (F(X)) = |\I°x|| holds 
for all X, then there exists a unitary tensor functor &: P(C; 1) > G', unique up 
to a natural unitary monoidal isomorphism, such that @IT is naturally unitarily 
monoidally isomorphic to F. 


Note that the subcategory generated by the image of -F is rigid, although the 
standard solutions for “(U) might not be in the image of .F. 

The proof of the above theorem consists of two parts, which rely on very different 
techniques. One part establishes a universal property of the Poisson boundary 
among the functors defining the smallest dimension function on @. It relies on a 
study of certain completely positive maps and their multiplicative domains, which 
can be thought of as analogues of the classical Poisson integral. The second part 
shows that the smallest dimension function must be X +> || I°x||. The proof relies on 
subfactor theory and is inspired by the works of Pimsner and Popa [41, 45]. It is clear 
that the second part is not needed once we have at least one functor ¥:6 — @’ 
such that d®’ (.¥(X)) = || [x|l, as is the case in the applications we describe below. 

Let us draw some implications of Theorem 5.2 for @ = Rep G for a compact 
quantum group G. Recall that G is called coamenable if Gis amenable. By a Kesten- 
type criterion this is equivalent to requiring ||Iy|| = dimU for all U € RepG. 
Furthermore, coamenability of G implies weak amenability of Rep G, so the above 
theorem can be applied. In our current setting the theorem says that there exists a 
universal unitary tensor functor IT: Rep G > Y such that d” (J7(U)) = dim U for 
all U. By universality and Woronowicz’s Tannaka—Krein duality this functor must 
correspond to a quantum subgroup of G. Since the classical and quantum dimension 
functions coincide only in the Kac case, it is not difficult to figure out what this 
quantum subgroup must be and obtain the following result. 


Theorem 5.3 ((35]) Let G be a coamenable compact quantum group, K < G its 
maximal quantum subgroup of Kac type. Then the forgetful functor Rep G + Rep K 
is a universal unitary tensor functor defining the classical dimension function on 


Rep G. 


Using the correspondence between the noncommutative and categorical bound- 
aries, this implies that if G is a coamenable compact quantum group and yp is an 
ergodic probability measure on IrrG, then the Poisson boundary H®(G; [L) is G- 
and G-equivariantly isomorphic to L°(G/K). This result was originally proved by 
Tomatsu [51] (he states the result in a more restricted form, but in fact his proof 
works in the generality we formulated). 
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What is more important for our deformation problems, Theorem 5.3 sometimes 
allows us to reduce the classification of dimension-preserving fiber functors to an 
easier task. 


Corollary 5.4 ((35]) With G and K as in Theorem 5.3, there is a bijective 
correspondence between the (natural unitary monoidal) isomorphism classes of 
dimension-preserving unitary fiber functors RepG —> Hilbs and those of Rep K. 
Namely, the correspondence maps a functor Rep K — Hilbs into its composition 
with the forgetful functor Rep G — Rep K. 

In other words, the natural map H* (K: T)- H2(G; T) induced by the inclusion 
U(K) > Z(G) is a bijection. 


This corollary is of course void of any content when G is already of Kac type, 
e.g., when G is a genuine compact group. In the latter case it is, however, still 
possible to say something interesting about H2(G: T) by the theory developed by 
Wassermann [54, 55] and Landstad [22]. We will say a few words about it later. 

Now, let us return to abstract C*-tensor categories and give another example of a 
computation of the categorical Poisson boundary. 

Recall that in Sect. 3.2 we introduced twistings (Rep G)? of Rep G by cocycles 
@ € Z3(Ch(G);T). The same construction makes sense for arbitrary @: given a 
cocycle ¢ € Z3(Ch(@); T), we define new associativity morphisms (U@ V)@W > 
U ® (V ® W) as those of @ multiplied by the factor #(g,h, k) if U, V and W have 
the degrees g, h andk € Ch(@), respectively, and denote the C*-tensor category we 
thus obtain by @?. 

The category @ is graded over Ch(@), since if X and Y are objects in @ of 
different degrees, then there are no nonzero morphisms X — Y in @. It follows 
that for any probability measure jz on Irr@ the Poisson boundary A(@; jz) is 
still graded over Ch(@). Therefore Ch(@) is a quotient of Ch(A(@; j2)), so any 
cocycle ¢ € Z?(Ch(@); T) can be viewed as a cocycle on Ch(A(@; ju)) and we can 
consider the twisted category A(@; 1)*. The functor I7:@ > A(@; 1) defines a 
tensor functor 6? > Y(@; w)*%, which we denote by /7%. A natural question is 
how (A(@; )*, IT®) is related to the Poisson boundary of (@?, 2). We have the 
following result. 


Theorem 5.5 ([4]) Let @ be a rigid C*-tensor category with simple unit, @ € 
Z3(Ch(@);T), and yt be an ergodic probability measure on \rr @. Then I1?: @% > 
P(E; )* is a universal unitary tensor functor such that dn? (IT? (X)) = 
|| x || for all X € G?, hence it is isomorphic to the Poisson boundary of (€°, 1). 


This theorem is proved in [4] for @ = Rep G, but the general case is essentially 
the same. See also [5] for a related result. 
From this we obtain the following useful extension of Theorem 5.3. 
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Theorem 5.6 ([4]) Let G be a coamenable compact quantum group with maximal 
closed quantum subgroup K of Kac type. Then 


¢ Ch(G) is a quotient of Ch(K); 
* for any 3-cocycle ¢ € Z>(Ch(G);T), the forgetful functor (Rep G)? — (Rep K)? 
is a universal unitary tensor functor defining the classical dimension function 


on (Rep G)?. 


6 Quantum Groups of Lie Type 


6.1 Fiber Functors on Twisted Representation Categories 


Let G be a compact connected semisimple Lie group and T C G be a maximal 
torus. We denote the weight and root lattices of g by P and Q, respectively, 
and denote by X*(T) C P the weight lattice of T. We also denote by YW = 
(X*(T), IT, X«(T), IT) a fixed based root datum of (G, T). 

For any g > 0 we have canonical isomorphisms 


Ch(G,) & Ch(G) & Z(G) & X*(1)/0. 


As described in Sect. 3.2, for every ¢ € Z? (Z(G): T) we can therefore consider a 
new category (Rep G,)* with associativity morphisms defined by the action of ¢. 


Example 6.1 Let us give concrete examples of such cocycles ¢. Assume Z(G) is 
isomorphic to a cyclic group Z/nZ (which happens, for example, when G is simple 
and G % Spin(4n)). Then any 3-cocycle on Ch(G,) & Z/nZ is cohomologous to 
the cocycle 


a 


(a,b,c) = pce -LaI-Lid)e (a,b,c € Z/nZ) 


for some n-th root of unity w. 


The first natural question is whether the categories (Rep G,)® admit any fiber 
functors. 

Suppose that c € W(T x T) is a T-valued 2-cochain on the dual group T= 
X*(T) such that its coboundary dc is invariant under Q in each variable. Then dc 
can be considered a 3-cocycle ®° on Z(G) and we obtain the twisted category 
(Rep Gy)” = (RepG,, ®°) as above. Since ®° is the coboundary of c over ‘eo 
we have a unitary fiber functor .¥.: (Rep G,, ®°) —> Hilby which is identical to the 
canonical fiber functor on Rep Gj, except that the tensor structure is given by 


(F.)2: Hy ® Hy > Huov, E@nr c*(EQ@n). 
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This functor defines a new compact quantum group Gj such that Rep G¢ is 
unitarily monoidally equivalent to (Rep G,, ®°). Explicitly, similarly to the case 
of twisting by 2-cocycles, C[G{] = C[G] as coalgebras, while the new *-algebra 
structure is defined by duality from (&%(G,), cA,(-)c*). Because c is defined on 
T, the coproduct of any element a € Y(T) computed in Y (G)) is the same as 


A,(a) = A(a).In particular, T is still a closed subgroup of G7. 


Example 6.2 A concrete example of c can be given as follows [36]. Let r be the rank 
of G, and let t = (%1,...,t,) € Z(G)’. Take any function c,: X*(T) x X*(T) > T 
satisfying 


CA, M+ Q=fA,m), crA+ a, h) = (ti, McA, ). 


Then ®* = Q(c,) is Q-invariant in each variable and hence can be considered as a 
3-cocycle on Z(G). Moreover, any other choice of c; only differs by a function on 
(X*(T)/Q)? and defines exactly the same quantum group Gy: 

Let T, be the subgroup of Z(G) generated by the components of t. Then the 
algebra C[G‘"] can be presented as a subalgebra of C[G,] T,, which can be used 
to understand the irreducible representations and K-theory of C(G?) [36]. 

The construction of G{ is a particular example of twisting by almost adjoint 
invariant cocentral actions developed in [4]. 


As was already mentioned in Sect.3.3, for q # 1, the torus T is a maximal 
quantum subgroup of G, of Kac type. By Theorem 5.6 it follows that for any 
EB (Z(G);T) the forgetful functor (Rep G,)? — (Rep 7)? is a universal unitary 
tensor functor defining the classical dimension function on (Rep G,)®. This can be 
used in two ways. On the one hand, applying this to ¢ = ®° we conclude that 


H?(G°;T) = H°(f;T). (6.1) 


In particular, the dimension-preserving fiber functors of G? produce only quantum 
groups of the form G° with cc! € 2 (P: T). On the other hand, since it is easy 
to understand when (Rep7)? admits a fiber functor, we conclude that (Rep G,)? 
admits a dimension-preserving unitary tensor functor if and only if @ lifts to a 
coboundary on T = X*(T). This leads to the following result. 


Theorem 6.3 ([4, 36]) Let G be a compact connected semisimple Lie group with a 
maximal torus T, and H be a compact quantum group of G-type with representation 
category (Rep G,)® for some q > 0, q # 1, and d € Z3(Z(G);T). Then 


¢ the cocycle ¢ is cohomologous to a cocycle of the form ®* constructed in 
Example 6.2; 
¢ the quantum group H is isomorphic to Ge for acocycle 6 € Z?(T;T). 


In particular, although the construction in Example 6.2 may seem somewhat 
ad hoc, the theorem shows that the only other way of constructing dimension- 
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preserving unitary fiber functors on (Rep G,)* is by multiplying the cochains c; 
in that example by 2-cocycles on T 


Remark 6.4 


1. Since the classical and quantum dimension functions on (Rep G,)? coincide if 
and only if g = 1, instead of requiring g 4 1 we could say that H is not of Kac 
type. 

2. Another way of formulating the above theorem is by saying that for g # 1 the 
quantum groups G* exhaust all quantum groups of G-type corresponding to the 
classes [¢®xz,q] € H3(G; T). 

3. The cocycles ¢ cohomologous to the cocycles of the form ®* can be abstractly 
characterized as those that vanish on A3(X*(T)/Q) C H3(X*(T)/O; Z) [36]. In 
particular, when G is simple, then A3(X*(T)/Q) = 0 and all cocycles satisfy this 
property. 


Isomorphism (6.1) and Theorem 6.3 fail miserably for g = 1. First of all, the 
map H 2; T)—- H2(G; T) maps the orbits under the action of the Weyl group into 
single points. Therefore as soon as the rank of some simple factor of G is at least 2, 
the map H 2; T) — (G; T) is not injective. More importantly, when the rank is 
large enough, the map is very far from being surjective. In order to formulate the 
precise result, let us introduce some terminology. 

Let G be for a moment an arbitrary compact group. A cocycle x € Z(G: T) is 
called nondegenerate if its cohomology class does not arise from a proper closed 
subgroup of G. Denote by H?(G;T)* the (possibly empty) subset of H2(G: T) 
consisting of classes represented by nondegenerate cocycles. The following result 
is essentially due to Wassermann [54, 55], although the formulation is rather taken 
from [30]. For finite groups and without the unitarity condition similar results were 
also obtained in [12, 13, 26]. 


Theorem 6.5 For any compact group G we have a decomposition 


H°(G;T) = |_| HK: T)*/No(K), 
[K] 


where the union is taken over the conjugacy classes of closed subgroups K of G and 
Ng (K) denotes the normalizer of K in G, which acts through the adjoint action on 
H?(K;T). 


It can further be shown that a cocycle x € 2(K ;T) is nondegenerate if and 
only if the corresponding K-C*-algebra B, as described in Sect. 4, is simple (as a 
C*-algebra) [22, 54]. When K is finite, the structure of such K-C*-algebras is easy 
to understand: B must be a full matrix algebra End(A), and by bijectivity of the 
Galois map (4.3) its dimension has to be |K|, so the action of K must be given by an 
irreducible projective representation K —- PU(H) of dimension dimH = |K|!/2. 

Now, given a compact connected Lie group G with a maximal torus T, if G 
contains a non-abelian finite subgroup K admitting such a projective representation, 
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the corresponding class in H2(G; T) does not lie in the image of HT: T). 
Furthermore, as there can be a lot of such nonconjugate subgroups K, the above 
theorem suggests that we should not expect a simple parametrization of Kac 
quantum groups of G-type similar to Theorem 6.3, in particular, those that have 
representation category Rep G. 


6.2 Isomorphism Problem for Twisted q-Deformations 


In this last section we consider the problem of classifying the quantum groups Gf? 
up to isomorphism. Since we have already classified the dimension-preserving 
unitary fiber functors on Rep G¢ (for q # 1), for this we have to understand 
unitary monoidal equivalences between these categories, and in particular, their 
autoequivalences. 

We start with autoequivalences that preserve the isomorphism classes of objects. 
It is not difficult to see that the group of such autoequivalences of (Rep G,)? does not 
depend on ¢ [35]. Therefore these autoequivalences are described by the following 
result. 


Theorem 6.6 ([30, 31]) For any gq > 0 and any compact connected semisimple Lie 
group G, we have a group isomorphism 


(Z(G); T) © HG, (Gq; T) 


induced by the inclusion Y@ (Z(G)) —~ YW (Gy). 


In view of (6.1) the result is not surprising, at least for g # 1. The proof, however, 
relies on different ideas and is more constructive than that of (6.1). The main part 
of it shows that if x € ZG, (Go; T) is an invariant cocycle with the property that for 
any highest weight representations U, and U, it acts trivially via the representation 
U, @ U,, on the vectors of weights A + 7 and A + n —q; for all simple roots «;, then 
el, 

Assume now that we have a unitary monoidal equivalence between (Rep G,)®! 
and (Rep G,)®. It defines an automorphism of the representation semiring Rt (G). 
Such an automorphism must arise from an automorphism o of the based root 
datum W of G [24]. The automorphism o can then be lifted to an automorphism 
of G,, which has to map the class of ¢; in Hg, (Ga; T) into that of ¢2. At least for 
simple Lie groups it is not difficult to understand when this happens. 


Proposition 6.7 ((21, 35]) For any q > 0 and any compact connected simple 
Lie group G, the canonical map H?(Z(G);T) > HG, (Gq:T) is injective , or 
equivalently, the map 


H3(Z(G);T) > H3(G;T), [6] [@Gxz4]. 
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is injective. Furthermore, unless G X Spin(4n), the group Aut(W) acts trivially on 
HB (Z(G);T). 


The result is proved in [21] for G = SU(n). The proof for other simple groups is 
similar. The idea is that if U is an irreducible representation of G, and f: 1 + U ape 
is an isometric morphism which up to a phase factor can be described entirely in 
terms of the fusion rules, then the composition 


f@e ¢ L@f* 
U —>+ (Ue U°™)) opU —+ Ug (U*®) @U) —+ U 


in (Rep G,)° is a scalar which, on the one hand, depends only on the class of ¢ 
in HB, (Gy: T) and, on the other hand, can be explicitly computed in terms of @. 
It should be remarked that the proposition, as well as several other results in this 
section, is formulated in [35] for simply connected groups. But the proofs for their 
quotients are only easier. For example, the center of Spin(4) is Z/2Z ® Z/2Z and 
in the above argument several different representations U are needed to recover the 
class of @. But the center of any proper quotient of Spin(4m) is cyclic and it suffices 
to take only one U, namely, either the standard representation of SO, (47) or one of 
the spin representations. 

Returning to classification of the quantum groups G°, we see that, at least for 
simple G, unitary monoidal equivalences between their representation categories 
arise only from automorphisms of the root datum and from 2-cocycles on the dual 
of the center. Together with the classification of dimension-preserving fiber functors 
on Rep Gj, given by (6.1), this leads to the following result. 


Theorem 6.8 ((35]) Let G be a compact connected simple Lie group with a 
maximal torus T, q1,q2 € (0,1), and c\,c2 be T-valued 2-cochains on X*(T) 
such that 0c, 0c2 descend to X*(T)/Q. Then the quantum groups G7 and G2. are 
isomorphic if and only if qi = q2 and there exist an element o € Aut(W) and 
a T-valued 2-cochain b on X*(T)/Q such that cyo(c2)~'b™! is a coboundary on 


X*(T). 


If we knew that the categories (Rep G,)® exhausted all rigid C* -tensor categories 
with fusion rules of G, then the above theorem together with Theorem 6.3 would 
give a classification of all non-Kac compact quantum groups of G-type, giving a 
partial solution of Problem 3.3. For G = SU(n) this is known to be the case [18, 21] 
(see also [42, 44] for related slightly weaker results). Furthermore, in this case 
the algebras C[SUL@)] can be explicitly described in terms of generators and 
relations [35]. 


Remark 6.9 There are indications that a complete classification of non-Kac com- 
pact quantum groups of G-type should be possible beyond the case of G = SU(n). 
Specifically, in the framework of rigid semisimple C-linear tensor categories, there 
are several recent classification results showing that such tensor categories with 
fusion rules of G are exhausted by Rep G,, with q € C™ not a nontrivial root of 
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unity. For example, the case of G = PSp(4) is known by [6], and the case of the 
smallest exceptional group G = Gy» has been recently settled in [25]. For these cases 
it only remains to show the uniqueness of the compatible C*-structures when g is a 
positive real number. 
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A Homology Theory for Smale 
Spaces: A Summary 


Tan F. Putnam 


Abstract We consider Smale spaces, a particular class of hyperbolic topological 
dynamical systems, which include the basic sets for Smale’s Axiom A systems. 
We present an algebraic invariant for such systems which is based on Krieger’s 
dimension group for the special case of shifts of finite type. This theory provides 
a Lefschetz formula relating trace data with the number of periodic points of 
the system, answering a question posed by R. Bowen. The key ingredient is the 
existence of Markov partitions with special properties. 


1 Introduction 


Smale introduced the notion of an Axiom A diffeomorphism of a compact manifold 
[16]. For such a system, a basic set is a closed invariant subset of the non-wandering 
set which is irreducible in a certain sense. One of Smale’s key observations was that 
such a set need not be a submanifold. Typically, it is some type of fractal object. 

The Artin-Masur zeta function encodes the data of the periodic points for a 
dynamical system. Manning proved that, for any basic set of an Axiom A system, 
the associated Artin-Masur zeta function is rational. This led Bowen to conjecture 
the existence of a homology theory for such systems which had a Lefschetz-type 
theorem. Such a theory would immediately imply Manning’s rationality result. Such 
a theory is given in [14]. The aim of this article is to give a short summary of this 
theory without proofs. 

The theory takes, as its starting point, the notion of the dimension group of a shift 
of finite type introduced by Krieger [9] and the fundamental result of Bowen [2] that 
every basic set is a factor of a shift of finite type. 

In an effort to give a purely topological (i.e. without reference to any smooth 
structure) description of the dynamics on a basic set, Ruelle introduced the notion 
of a Smale space [15]: a Smale space is a compact metric space, (X,d), and a 
homeomorphism, g, of X, which possesses canonical coordinates of contracting 
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and expanding directions. The precise definition involves the existence of a map 
[,] giving canonical coordinates. Here, we review only the features necessary for 
the statements of our results. 

There is a constant €y > 0 and, for each x in X and 0 < € < ey, there are 
sets X*(x,€) and X“(x, €), called the local stable and unstable sets, respectively, 
whose product is homeomorphic to a neighbourhood of x. As € varies, these form a 
neighbourhood base at x. Moreover, there is a constant 0 < A < 1 such that 


d(p(y), p(2)) S Ady, 2), yz € X°(x, €x) 
d(y~'(y), 97!) < Ady, 2), y.z € X"(x, €x) 
The bracket [x, y] is the unique point in the intersection of X*(x, €x) and X“(y, €x). 


We say that (X, ¢) is non-wandering if every point of X is non-wandering for g [8]. 
Stable and unstable equivalence relations are defined by 


R= tay) | lim d(g"(a), p"(0)) = OF 


R= {(ry) | lim dg"), g "(y)) = 0}. 


We let X*(x) and X“(x) denote the stable and unstable equivalence classes of x in X. 
These subsets are typically not locally compact in the relative topology. However, 
there are natural, much nicer topologies, which are given by using the families 
X*(x',€), x’ € X*(x),0 < © < ey and X“(x’,€),.x’ € X"(x),0 < € < ey, respectively, 
as bases. 

The main examples of such systems are shifts of finite type (of which we will say 
more in a moment), hyperbolic toral automorphisms, solenoids, substitution tiling 
spaces (under some hypotheses) and, most importantly, the basic sets for Smale’s 
Axiom A systems [3, 16]. 

Let (Y, w) and (X, yg) be Smale spaces. A factor map from (Y, y) to (X,@) is a 
function x : Y — X which is continuous, surjective and satisfies 70 yw = poz. 
It is clear that, for any y in Y, z(¥*(y)) C X*(a(y)) and z(Y"(y)) C X"((9)). 
David Fried [7] defined z to be s-resolving (or u-resolving) if, for every y in Y, the 
restriction of z to Y*(y) (or to Y“(y), respectively) is injective. We say that z is s- 
bijective (or u-bijective) if, for every y in Y, z is a bijection from Y*(y) to X*(z(y)) 
(or from Y“(y) to X“(z(y)), respectively). This actually implies that z is a local 
homeomorphism from the local stable sets (or unstable sets, respectively) in Y to 
those in X. In the case that (X, g) is non-wandering, s-resolving (u-resolving) and 
s-bijective (u-bijective, respectively) are equivalent. 
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2 Shifts of Finite Type 


Shifts of finite type are described in detail in [10]. We consider a finite directed 
graph G. This consists of a finite vertex set G°, a finite edge set G! and maps i, t (for 
initial and terminal) from G! to G®. The associated shift space 


Xo = fe = (enez | & € G', t(e*) = i(e**!), k € Z} (2.1) 


consists of all bi-infinite paths in G, specified as an edge list. The map o is the 
left shift on DG defined by o(e)* = e**!, for all e in Ug and k in Z. By a shift 
of finite type, we mean any system topologically conjugate to (XG, oa), for some 
graph G. This is not the usual definition, but is equivalent to it (see Theorem 2.3.2 
of [10]). For e in YG, we define eK] = (eK... e'), for all integers K < Land also 
elK+1K] — #(eX), for convenience. We then use the metric 


die,f) = intl," | 2 =p NV Ot, 


for e,f in XG. We observe that such systems are Smale spaces by noting that the 
bracket operation is defined, with ey = 1/2, as follows. For e,f in XG, [e,f] is 
defined if r(e°) = t(f°) and then it is the sequence, (...,f~!, f°, e!, e?,...). For any 
1> 1 and eg in XG, the local stable and unstable sets are given by 

Tileo,2) =f{ee lle =e k>—h, 

Sen? Sees |e je kar. 


It is a simple matter to see the constant A = 1/2 will satisfy the axioms. 


Theorem 2.1 Shifts of finite type are exactly the zero-dimensional (i.e. totally 
disconnected) Smale spaces. 


The fundamental rdle of shifts of finite type is demonstrated by the following 
universal property, due to Bowen [2]. This builds on earlier results by many others, 
including Adler and Weiss and Sinai. 


Theorem 2.2 (Bowen) Let (X,) be a non-wandering Smale space. Then there 
exists a non-wandering shift of finite type (&’,0) and a finite-to-one factor map 


mw: (3,0) > (X, 9). 
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3 Krieger’s Dimension Group Invariant 


Krieger [9] defined the past and future dimension groups of a shift of finite, (2’, o), 
as follows. Consider Y*(',a) to be the collection of compact, open subsets of 
2/*(e,€), as e varies over »' and 0 < € < €y. We let ~ denote the smallest 
equivalence relation on Y* (2,0) such that 


1. If E,F are in Y(X,o) with [FE, F] = F and [F,E] = E (meaning both are 
defined), then E ~ F, 
2. If E, F, y(E) and g(F) are all in Y*(X',o), then E ~ F if and only if g(£) ~ 
g(F). 
As an example, it is a simple matter to check that for any eo, fo and integer / > 1, 
the sets YE (eo, 2-') and LE(fo, 2~') (as described just prior to Theorem 2.2) are 
equivalent if i(e) hy = at ig 
We generate a free abelian group on the equivalence classes of elements, E, of 
Y (5,0) (denoted [E]) subject to the additional relation that [E U F] = [E] + [F], 
if EU F isin Y*(,o) and E and F are disjoint. The result is denoted by D*(’, 0). 
There is an analogous definition of D“(2’,o). 


Theorem 3.1 (Krieger [9]) Let G be a finite directed graph and (Xig,o) be the 
associated shift of finite type. Then D*(Xig,o) (or D“(XG,o), respectively) is 
isomorphic to the inductive limit of the sequence 


76° > 269%... 


where ZG® denotes the free abelian group on the vertex set G° and the map y‘(v) = 
Desi i(e), for any v in G® (or respectively, replacing y° by y", whose definition 
is the same, interchanging the réles of i and t). 


The first crucial result for the development of our theory is the following 
functorial property of D® and D", which can be found in [4]. 


Theorem 3.2 Let (2',0) and (X",o) be shifts of finite type and let 
mw : (37,0) > (2,0) be a factor map. 


1. If x is s-bijective, then there are natural homomorphisms 


mw’ : D’(X,0) > D*(x’,0), 
x : D¥(Z",0) > D"(3,o). 


2. If x is u-bijective, then there are natural homomorphisms 


zw" : D"(X,0) > D"(x",0), 
w* : D§(X",0) > D*(X,0). 
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The idea is simple enough: in the covariant case, the induced map sends the class 
of a set E in Y*(2’, c) to the class of 2(£), while in the contravariant case, the map 
sends the class of E’ in J°(E’,o) to the class of x~!(E’). The latter is not correct 
since 7! (E’) may not even be contained in a single stable equivalence class, but it 
suffices that it may be written as a finite union of elements of F*(2’, 0). These ideas 
can be made precise under the stated hypotheses. 


4 s/u-Bijective Pairs 


The key ingredient in our construction is the following notion. 


Definition 4.1 Let (X,g) be a Smale space. An s/u-bijective pair, 1, for (X,¢@) 
consists of Smale spaces (Y, yw) and (Z, ¢) and factor maps 


Ts : (Y, w) = (X, ~), Ty : (Z, f) = (X, 9) 


such that 


1. Y“(y, €) is totally disconnected, for all yin Y and 0 < € < ey, 
2. I; is s-bijective, 
3. Z°(z, €) is totally disconnected, for all z in Z and 0 < € < ez, 
4. 7, is u-bijective. 


To summarize the idea in an informal way, the space Y is an extension of X, 
where the local unstable sets are totally disconnected, while the local stable sets 
are homeomorphic to those in X. The existence of such s/u-bijective pairs, at least 
for non-wandering (X, g), can be deduced from the results of [13] or [6]. It can be 
viewed as a coordinate-wise version of Bowen’s theorem. 

If (Y, W, mu, Z, ©, 1s) is an s/u-bijective pair for (X, g), then we form the fibred 
product X(z) = {(),z) € Y x Z| a;(y) = m,(z)} with the map o = y x ¢| s(x) 
and the two canonical projections p, : X‘(7) — Y and p, : X'(2) > Z. It is an easy 
matter to check that the former is u-bijective while the latter is s-bijective. It follows 
that both local stable and local unstable sets in ¥’(z) are totally disconnected and, 
hence, that ('(7r), ) is a shift of finite type. Thus, we recover Bowen’s result 2.2 
with the additional condition that z may be factored as 7 = m0 py = 1, ° Ps, With 
maps with the additional properties described. We remark that it is not true that an 
arbitrary map z as in Theorem 2.2 has such a decomposition. 


Theorem 4.2 [f (X, gy) is non-wandering, then there exists an s/u-bijective pair for 
(X, 9). 
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Definition 4.3 Let z = (Y, W, m,,Z, ¢, 15) be an s/u-bijective pair for 
(X, g). For each L, M => 0, we define 


Lipm(w) = {o,---. x, Z0,---52M) | 0 € Y.Zm € Z, 
Ts (V1) = Ty(Zm),0 <1 <L,0 <m< M} 


For simplicity, we also denote Xo9() by X'(z). 
We define ony: Yiu(2) > Yiu (7) by 


Om (Yo. ++ ++ YLs20,+++52M) = (W(y0),---, WOz), F(Z0), «+, F(Z). 


For L > 1 and0 </<L, we let 6, : Szu(a) > Lt-1.m(z) be the map which 
deletes entry y;. Similarly, the map 6, : Stu(a) > 'tm—i(z) deletes entry Z,, 
forM>1,0<m<M. 


The important properties of these systems and maps is summarized as follows. 
Theorem 4.4 


1. For every L,M = 0, (Xz.u(s), o1,m) is a shift of finite type. 
2. ForL > 1,0 <1<L, the map 4,, is an s-bijective factor map. 
3. ForM > 1,0<m<M, the map 54 », is a u-bijective factor map. 


5 Homology 


There are actually two homology theories here. One, based on the dimension group 
D* will be denoted by H and the other, based on D”, will be denoted by Hi. We 
will concentrate on the former for the remainder of this note. 

It is worth noting that, if (X,~) is a Smale space, then so is (X,g~'), although 
*stable’ in the former is the same as ‘unstable’ in the latter. Following this idea 
carefully through the theory, one can check that H“(X, @) is naturally isomorphic to 
Ht (X, gy"). 

Let (X, g) be a Smale space and suppose that 
ma = (Y,W,a5,Z,¢, 1.) is an s/u-bijective pair for (X, gy). By applying Krieger’s 
invariant to each of the shifts of finite type, X,,(7), and the maps between them 
induced by the maps 6;,,6.m,0 <1 <L,0 <m < M, one obtains a double complex. 
In a standard way, we can take the homology of this double complex as follows. 

We define 


C'(1)y = QB D*(Xiu(), Om) 


L—M=N 
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for every N in Z and a boundary map d°()y : Cy(a) > Cy_,() by 


L M+1 
d°(x)y|D'(E1.m.01m) = >) (-1)'6; + YO (-yn 
1=0 m=0 


where, in the special case L = 0, we set 55. = 0. 

Unfortunately, this complex is rather large and we will replace it with others that 
are more manageable. In more technical terms, the fact that Krieger’s invariant is 
covariant for the maps 6;, but contravariant for the maps 6,,, mean that the double 
complex is a ‘second quadrant’ double complex, despite our choice of indexing 
L,M >= 0. In simplicial homology, there are two complexes which may be used. 
One is called the ordered complex (which is analogous to one which we have 
above) and the second is called the alternating complex. In the former, the N- 
chains are constructed from N + 1-tuples of vertices, all in a single simplex. In the 
latter, the N-chains are constructed from the N-simplices. The difference is that the 
former allows for repetition of vertices (i.e. degenerate simplices) and distinguishes 
between permutations of the vertices. The latter does not consider the order, except 
for orientation. 

In our case, we have actions of the group permutation group S741 x Syw+1 
on (',u(7),oL.m) and hence on the invariant D*(X,u(z),0zm). We write 
these actions on the right. We form D's (21.u(),0z,.m) which the quotient of 
D*('pmu(x), 01m) by the subgroup of all elements which are fixed under some 
transposition and all elements of the form a — sgn(a)a- (a, 1), where a is in S;41. 
We also form a subgroup Dy (21m (x), orm) of D'(X't.u (2), Or.) consisting of 
those elements a such that a- (1, 8) = sgn()a, for all B in Sy+1. Finally, we form 
a subgroup of the former, also a quotient of the latter, D's. w(©LM(z), O1.u), which 
incorporates the action of S741 x S41. We define complexes (C’y (1), dy (1), 
(CY (a), dy ()) and (Cy (1), do .y()) using these groups instead. 

The most obvious advantage of these new complexes is the following. Each s- 
bijective or u-bijective factor map is finite-to-one. Indeed, there are constants Lo 
and Mp such that 


Hao! {x} < Lo, #7 {x} < Mo 


for all x in X. It follows that D'g (Xiu (7), orm) = Oif L => Lo, 
D' y(Xtm(%), OL.m) = Oif M > Mo and D'5 (2M (1), OLm) = 0 if either 
L>ILo or M > Mo. 

Standard techniques in homological algebra yield the following. 
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Theorem 5.1 Let x be an s/u-bijective pair for the Smale space (X, gp). We have a 
commutative diagram of chain complexes and chain maps as shown: 


(C(x), d4(2)) ——> (C(n),d(@) 


-| J 


J2 
(Cog (1), By og (™)) —> (Cig (1), ay (7) 


Moreover, the maps Q.@ and J g both induce isomorphisms on homology. 


So the three new complexes all have the same homology. It seems likely that 
the original complex also has the same homology, but this does not seem to follow 
easily from standard techniques. 


Definition 5.2 Let (X,g) be a Smale space and z be an s/u-bijective pair for 
(X, g). We define H* (zr) to be the homology of the complex (Co (1), do (%)). 
There is an analogous definition of H“(zr). 


We remark that the definition is valid for any Smale space which has an s/u- 
bijective pair, which includes all non-wandering Smale spaces. 


6 Properties 


We want to establish some basic properties of our theory. The first crucial result is 
the following. It is stated in a slightly informal manner, but one which conveys the 
main idea. 


Theorem 6.1 Let (X, g) be a Smale space and x be an s/u-bijective pair for (X, ¢). 
HH. (st) is independent of the s/u-bijective pair 
a =(Y,W,a;,Z, €, 1,) and depends only on (X, 9). 


Henceforth, we denote H{.(z) by H{.(X, ~) instead. 


Theorem 6.2. The homology theory H%. is functorial in the following sense. If 
p : (X,g) > (X’,¢’) is an s-bijective factor map, then there are induced group 
homomorphisms 


p’: Hy(X, 9) > Hy (X’.¢’), 


for all N in Z. If the map p is a u-bijective factor, then there are induced group 
homomorphisms 


p : Hy(X',0') > HN(X, 9), 


for all N in Z. 
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The following is an easy consequence of our earlier observation that 
Do «g(£iM(), OL.) is non-zero for only finitely many values of L and M and the 
fact that Krieger’s invariant is always a finite rank abelian group. 


Theorem 6.3 For any Smale space (X,g) which has an s/u-bijective pair, the 
groups Hy (X, p) are finite rank and are non-zero for only finite many values of N. 


Finally, we have the following analogue of the Lefschetz formula. Given (X, ¢), 
we can regard g~! as a factor map from this system to itself. It is both s-bijective 
and u-bijective and so, by Theorem 6.2, induces an automorphism of our invariant, 
denoted (g~')’. The proof of the following result, already known in the case of 
shifts of finite type, uses ideas of Manning [11]. 


Theorem 6.4 For any non-wandering Smale space (X,) and p = 1, we have 


Lvez(-1)"Tr[((p')’ ® Ip)? : Hy(X, g) ® Q > Ay(X, 9) ® Q| 
= #{x € X | g(x) = x}. 


7 Examples 


We present four examples where the computations above may be carried out 
quite explicitly. All of the examples are computed using the double complex 


(Co og (7), a's g(X)). 

Example 7.1 Suppose (X’,) is a shift of finite type. In this case, an s/u-bijective 
pair is just (Y, w) = (Z,¢) = (2c). Only the 0, 0-term in the double complex is 
non-zero and it is just D°(X’, 0). Hence, Hy,(2’, a) is just D(X’, 0), for N = 0, and 
zero otherwise. 


Example 7.2. For m = 2, let (X, y) be the m°-solenoid. More specifically, we let 
X = {(Zo, Z1,---) | Zn € T, 2m = Gai, M = O}, 
with the map 
P(Zo,Z15- ++) = (Speer s)s 


for (Zo, Z1,...) in X. In this case, there is an s-bijective factor map onto (X, y) from 
the full m-shift (i.e. G is the graph with one vertex and m edges). The simplest s/u- 
bijective pair here is (Y, Ww) = (XG,o) and (Z,f) = (X,@). The only non-zero 
groups in the double complex occur for (L, M) equal to (0,0) and (1,0) and these 
are Z[m~'] and Z, respectively. The boundary maps are all zero (only one needs to 
be computed) and H},(X, ¢) is isomorphic to Z[m™'], for N = 0, Z, for N = 1 and 
zero for all other N. 
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This is a special case of a one-dimensional solenoid. The general case is 
described and analyzed in [1]. 


Example 7.3 Letn > m > 1 be relatively prime. Let X be the mn-solenoid as above 
and define 


2 2 


2 
P(Z05Z15++-) = (2 6% Zoe) 


Note that X is the dual of the discrete group Z[-] and ¢ is the dual of the 


nm 
automorphism which is multiplication by 7. We refer to (X,@g) as an 7 -solenoid. 


Here, the local stable sets are totally disconnected (in fact, they are open sets in the 
field of n-adic numbers) while the local unstable sets are of the form (—t, t) x C, 
where C is totally disconnected. Here, (Y,o) is the full shift on n symbols, while 
Z=xX. 

We have H;,(X, ¢) is isomorphic to Z[1/n] for N = 0, Z[1/m], for N = 1, and 0 
for all other values of N. For complete details, see [5]. 


Example 7.4 Let X be the 2-torus, T*, and g be the hyperbolic automorphism 
determined by the matrix 
A= Pe : 
10 


The systems (Y,y) and (Z,¢) are both DA (or derived from Anosov) systems. 
Moreover, the shift of finite type (20,0(), 00.0) arises from the Markov partition 
with three rectangles which appears in many dynamics texts, for example [10]. 
The only non-zero terms in the double complex are in positions (L,M) = 
(0,0), (1,0), (0, 1) and (1, 1). The calculation yields Hy,(X, y) is Z for N = 1 and 
N = —1 and is Z? for N = 0. Notice that the homology coincides with that of the 
torus, except with a dimension shift. 


Example 7.5 There is an example via inverse limits roughly based on the Sierpinski 
gasket. Its local stable sets are totally disconnected while its local unstable sets look 
like the Sierpinski gasket. Its homology is the same as that of the full 3-shift. The 
example is given in [17], although the homology calculations have not appeared 
as yet. 


8 Concluding Remarks 


Remark 8.1 It is certainly a natural question to ask whether this theory can be 
computed from other (already existing) machinery. A more specific question would 
be to relate our homology to, say, the Cech cohomology of the classifying space of 
the topological equivalence relation R*. (For a discussion of the topology, see [12].) 
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There are examples, such as the first three above, where they are different, but only 
up to a dimension shift (depending on the space under consideration). 


Remark 8.2 An important motivation in the construction of this theory was to 


co. 


mpute the K-theory of certain C*-algebras associated with the Smale space 


(X, g). See [12] for a discussion of these C*-algebras. At present, there seems to 


be 


a spectral sequence which relates the two; this work is still in progress. 
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On the Positive Eigenvalues and Eigenvectors 
of a Non-negative Matrix 


Klaus Thomsen 


Abstract The paper develops the version of the classical Perron-Frobenius theory 
which is appropriate for the study of KMS weights of generalized gauge actions on 
simple graph C*-algebras. 


1 Introduction 


Recent work on KMS states and weights on graph C*-algebras has uncovered an 
intimate relation to positive eigenvalues and eigenvectors for non-negative matrices 
naturally associated to the graph and the one-parameter action. Specifically, for 
the gauge action on a graph C*-algebra there is a non-negative matrix B over 
the vertexes V in the graph, such that KMS weights corresponding to the inverse 
temperature f € R are in bijective correspondence with the non-zero non-negative 
vectors € with the properties that 


YS" Buby Seb (1.1) 
weV 

for all vertexes v, and 
> Baw _ cP &, (1.2) 
weV 


when v is not a sink and does not emit infinitely many edges. If a state, rather than 
a weight is sought for, one should in addition insist that )>,, & = 1. The same kind 
of equations, but with different matrices determine also the gauge invariant KMS 
weights and states for more general actions on graph C*-algebras. See [2, 4, 8]. 
Finding the solutions to (1.1) and (1.2) is in general a highly non-trivial task. 
The literature on positive eigenvalues and eigenfunctions of a non-negative matrix 
is enormous, and for finite graphs there are in fact results available that can be 
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used to determine the possible values of 6 and for each f get a description of 
the corresponding vectors &, albeit with some additional work, cf. [3]. For infinite 
matrices this is no longer the case—very far from. The most fundamental questions 
prompted by the connection to KMS states and weights are those that I guess come 
to the mind of any mathematician: 


(a) For which f are there non-zero non-negative solutions to the equations ? 
(b) How does the structure of the solutions vary with B ? 


From the theory of countable state Markov chains it is known that these questions 
are often extremely hard to answer already when the matrix is irreducible and 
stochastic, but also that the structure of the solutions can be very rich and interesting. 

The concern here is that a general setting for an approach to the above problem 
is missing, although the theory of harmonic and super-harmonic functions of 
countable state Markov chains comes close. It is the purpose with the present paper 
to provide a framework for the work on the problem when the graph C*-algebra 
is simple, or more precisely when the graph is cofinal. As far as I know, no one 
has developed the theory in this setting. It involves a possibly infinite matrix B as 
above for which the underlying directed graph need not be strongly connected, and 
what is sought are neither exactly the harmonic functions of e~°B nor exactly the 
super-harmonic functions. But it is something in between and the cofinality of the 
associated graph is a property which can substitute for the often assumed strong 
connectivity. What I show is how the known methods, which typically deal with 
harmonic or super-harmonic functions (or vectors) of a non-negative matrix, often 
stochastic or sub-stochastic for which the underlying digraph is strongly connected, 
can be modified to the yield the desired framework. As a consequence the paper 
is expository because the ideas I present are known. The purpose is to show how 
the tools must be arranged in order to address the problem above. When the graph is 
strongly connected with finite out-degree at every vertex, everything I present can be 
obtained from the theory of countable state Markov chains in combination with the 
work of Vere-Jones, [9], although the translation may not be straightforward. In the 
more general cofinal case, and in the presence of infinite emitters, some non-trivial 
adjustments to the methods developed for Markov chains must be performed, and 
rather than describing first the Markov chain results and then the adjustments, I have 
chosen to give a self-contained account, requiring no knowledge of Markov chains 
or random walks. I make no claim of originality for the underlying ideas, but I hope 
that the presentation will be useful for mathematicians interested in KMS weights 
and states on C*-algebras. Needless to say, I would be happy if workers from other 
fields of mathematics also find it worthwhile. I have kept the list of references to 
an absolute minimum by quoting only my own sources. The reason for this is that 
I am unable to point to the original sources of the ideas presented, not for lack of 
good will, but out of ignorance. I therefore choose to follow the principle ‘none 
mentioned, none forgotten’. I apologise to anyone offended by this. 

Once the right setup is in place it is easy to begin to harvest results from the theory 
of Markov chains. As an illustration of this I use in the final section the theorem 
on convergence to the boundary for a countable state Markov chain to obtain the 
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general and abstract description of extremal solutions to Eqs. (1.1) and (1.2) in the 
cofinal case. 


2 The Setting 


Let V be accountable set and 
Vx V=2>(v,w) B Aww € [0, 00) 


a non-negative matrix A over V. We can then consider the directed graph G with 
vertexes V such that there is an arrow from v € V tow € Vif and only if Ay, 4 
0. Let E denote the set of edges (or arrows) in G. When yp is an edge, or more 
generally a finite path in G, we denote by s(jz) and r(jZ) its initial and terminal 
vertex, respectively. Let Vo denote the union of the sinks and the infinite emitters 
in V, Le. 


Voo = {v eV: #s|(v) € {0, co} }. 


A subset H C V is hereditary when e € E,s(e) € H => r(e) € H, and saturated 
when 


v EV\Voo, rs '(v)) CH > VER. 


We assume that A is cofinal in the sense that V does not contain any subsets that are 
both hereditary and saturated other than @ and V. 


Lemma 2.1 Assume that A is cofinal. Let e,e2e3-++ be an infinite path in G. For 
every v € V there is ani € N and a finite path js in G such that s(u) = v and 
r(L) = s(éi). 


Proof The set of vertexes v which do not have the stated property is hereditary and 
saturated, and it is not all of V since it does not contain s(e,). It must therefore be 
empty. oO 


A vertex v € V is non-wandering when there is a finite path jz in G such that 
v = s(u) = r(j). We denote by NW the set of non-wandering vertexes in V. 
The non-wandering subgraph of G is the subgraph G*™ consisting of the vertexes 
NW and the edges emitted from any of its elements. It follows that GY is strongly 
connected in the sense that for any pair v, w € NW there is a finite path yz in G such 
that s(u) = v and r(j) = w: 


Lemma 2.2 NW is a (possibly empty) hereditary subset of V and the graph GX“ is 
strongly connected. 
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Proof When v € NW there is an infinite path in G which visits v infinitely often. 
So when e € E and s(e) € NW the cofinality of G ensures that there is a path jz in 
G connecting r(e) to s(e) by Lemma 2.1. Then ey is a loop in G containing r(e), 
proving that r(e) € NW, and hence that NW is hereditary. The proof that GY" is 
strongly connected is similar. Oo 


Let 6 € R. We are here looking for maps (or vectors) & : V — [0, co) such that 


Y Aids = eFE, (2.1) 
weV 

for all v € V\ Vo and 
Y > Avwéw < Fé (3) 
weV 


for v € Voo. We say then that & is almost B-harmonic for A. When (2.1) holds for 
all v € V, and not only for v € V\Voo, we say that € is B-harmonic for A. 


Lemma 2.3 Let H be a non-empty hereditary subset of V and n : H — [0,00) a 
function such that (2.1) holds for all v € H\Voo and (2.2) holds for allv € HN Voo. 
There is a unique almost B-harmonic vector & such that &, = ny forall v € H. 


Proof Set 
A, ={veEV\Voo: Aw 40 > we ASU. 


Then H, is hereditary, contains H and there is a unique extension of 7 to H; given by 
the condition that e? Ny = Spe Dawn for all v € H,\H. Continuing by induction 
we get a sequence H C H; C Hy C A; C--- of subsets of V and a unique extension 
E of n to U, H,,. This completes the proof since U, H,, is hereditary and saturated, 
and hence equal to V. oO 


Lemma 2.4 Assume that G contains a sink (i.e. A contains a zero row). It follows 
that for all B € R there is a non-zero almost B-harmonic vector, unique up to 
multiplication by constants. 


Proof Note that a sink s constitutes a hereditary subset in itself. It follows therefore 
from Lemma 2.3 that an almost B-harmonic vector is determined by its value at s. 
To show that there exists a non-zero almost B-harmonic vector, set 7; = 1 and apply 
Lemma 2.3. oO 


Lemma 2.5 Let & be a non-zero almost B-harmonic vector. It follows that &, > 0 
forallv € V. 


Proof The set {v € V: & = 0} is hereditary and saturated. Since & is not zero the 
set is not all of V, and it must therefore be empty. Oo 
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We define the matrices A”,n = 0,1,2,..., recursively such that A° = I, where 
Tis the identity matrix, 


1 whenv =w 
Ly = ' 
0 otherwise, 


A! =A, and 


n+1 __ n 
Av — AA, 


ueV 


when n > 1. While the entries in A are finite by assumption, this need not be the 
case for A”, but since (2.1) and (2.2) imply that 


Di An Ev < e"&, (2.3) 


weV 


for all v,n and every almost -harmonic vector &, the following conclusion follows 
from Lemma 2.5. 


Lemma 2.6 Assume that there is a non-zero almost B-harmonic vector for A. It 
follows that A”, < oo for alln € N and allv,w é€ V. 


UW 


In the rest of the paper we therefore assume that all powers of A are finite. Since 
Lemma 2.4 contains all the information we seek when there is a sink present, there is 
also nothing lost by assuming that there are no sinks in G. To summarise we assume 
in the rest of the paper that 


i) Gis cofinal, 
ii) that there are no sinks in G (equivalently, there are no zero rows in A), and 
iii) that A”, < co for all n € N and all v,w € V. 


UW 


In particular, from now on Vo consists of the infinite emitters in G, correspond- 
ing to rows in A with infinitely many non-zero entries. 


Lemma 2.7 No vertex v € V\NW is an infinite emitter, i.e. Voog C NW. 


Proof Let v € V be an infinite emitter. Set 

A={weV: there is a finite path jz in G such that w = s(jz) and r(jz) = v}U{v}. 

Since V\A is hereditary and saturated, it follows that A = V. In particular, 
r(s“'(v)) SA, 


which implies that v ¢ NW. oO 
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Lemma 2.8 Let 6 € IR. Assume that there are vertexes vo, wo € V such that 


CO 

n —nB 
y Avge = &: 
n=0 


Then \~>., An e—"8 = o9 for all vertexes v € V. 


vwo 
Proof Set 
io.) 
C= ivev: yA er < 00 
n=0 
The equality 
N N+1 
ye Amn Ane = 4 yA ~ 2 Tig (2.4) 
ueV n=0 n=0 


shows that @ is hereditary and saturated. Since vp ¢ @ it follows that@ =@. O 


When NW is not empty we take an element v € NW and set 


1 


Bo = log (iim sup cai.) 


with the convention that logoo = oo. Since GY” is strongly connected by 


Lemma 2.2 the value Bo is independent of the choice of vertex v € NW, and in 
fact 


Bo = log (iim sup «,)*) 


for all v, w € NW. We see from (2.3) that A”& < e"Bé, for all n when & is an 
almost B-harmonic vector. Since & > 0 by Lemma 2.5 it follows that there cannot 
be an almost 6-harmonic vector for A unless 6 > Bo. We will therefore also in the 


following assume that 
iv) Bo = log (im sup,, (a",)*) < oo forall v e NW, 


when NW + @. 
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3 The Recurrent Case 


In this section we consider the case where NW 4 @ and where 


CoO 


Ae = 00 (3.1) 


n=0 


for one and hence all v € NW. We say that A is recurrent in this case. The main 
result will be the following theorem. In the irreducible case, i.e. when G is strongly 
connected, it is contained in Corollary 2 on page 371 in [9]. 


Theorem 3.1 Assume that A is recurrent. There is a non-zero almost Bo-harmonic 
vector which is unique up to multiplication by scalars, and it is Bo-harmonic for A. 


The proof will require some preparations, some of which will also play a role in 
the following sections. Let 8B > Bo. If the sum 


[oe 
Aue” (3.2) 
n=0 


is finite for some u € NW, it will be finite for all u € NW because G"’ is strongly 
connected by Lemma 2.2. Since 


Co 
veV: yore" < © 


n=0 


is hereditary and saturated, we conclude that if the sum (3.2) is finite for some 
u € NW, the sums 


CO 
Ae (3.3) 
n=0 


where v € V,u € NW, will all be finite. Since Vag C NW by Lemma 2.7, it follows 
that the sums (3.3) are all finite when v € V and u € Voo, provided the sum (3.2) is 
finite for one (and hence all) u € NW. 


Lemma 3.2 Let k : Voo — [0, 00) be a non-negative function on Voo such that 


[o,e) 
Yo De AN ky < 00. (3.4) 


UuEVog n=0 


278 K. Thomsen 


It follows that there is a vector k defined such that 


[o.@) 
n= > > eA oo (3.5) 


u€Vog n=0 
for all v € V, and that k is an almost B-harmonic vector. 


Proof Straightforward. Oo 


We say that a non-negative function k : Voo — [0, 00) is B-summable when (3.4) 
holds. When Vo is a finite set and k ¥ 0, this condition is equivalent to the finiteness 
of the sum (3.2) for any u € NW. 


Lemma 3.3 (Riesz Decomposition) Let y an almost B-harmonic vector. There is 
a unique pair $,k, where @ is a B-harmonic vector and k : Voo — [0, 00) is B- 
summable, such that 


w=ot+k (3.6) 


Proof The arguments are standard, cf. e.g. 6.43 on page 170 in [10]. @ is defined as 
the limit 


i= pou » e PAT Ww, 


weV 


while 


Ky =— Wu — > a oe Wy. 


vEeV 


It is then easy to see that (3.6) holds. For uniqueness, assume that ¢’ is B-harmonic, 
that k’ : Vog — [0, 00) is B-summable and that y = ¢’ + k’. Then 


: —nB an fp 
ne De Aaa 8 
weV 


for all v € V and hence ¢/, = limy+o0 Dey 077A, Ww = Gy for all v. Thus 
$ = ¢' andk = K’. It follows that 


ky => ky = 2 CPA why = Wo = > PAW Wy = ky = > CP Ah wy = ke, 


weV weV weV 


for all v € Voo. oO 
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Corollary 3.4 Assume that A is recurrent. It follows that all almost Bo-harmonic 
vectors are By-harmonic. 


Proof This follows from Lemma 3.3 since no non-zero function k : Vog — [0, 00) 
can be fo-summable in the recurrent case. oO 


With Corollary 3.4 in place, the proof of Theorem 3.1 can be copied from the 
work of Vere-Jones, [9]. We introduce for v, w € Vandn = 0, 1,2,..., the numbers 
Tyw(n) such that ryy(0) = 0, row (1) = Avw and 


ow(n + 1) = Aur 
uzw 
whenn > 1. 


Lemma 3.5 (Equation (4) in [9].) Assume NW 4 @ and that B > Bo. Then 


Co Co Co 
Ae = Low + (3 rain) $3 Aye") : 


n=0 n=1 n=0 


for all v,w € NW. 


Proof By using the product rule for power series the stated equality follows from 
the observation that forn > 1,A", = 7", row(s)An™ YY. Oo 


UW 


Lemma 3.6 (Lemma 4.1 in [9].) Assume & : V — [0, 00) satisfies that 
Yo AvwEw Ss eg, 
weV 
for all v. Assume &,, 4 0 for some vertex vo € V. It follows that 
CO 
> Tyv9 (n)e"P < be 
n=1 Fup 
forall v. 
Proof We prove by induction in N that 


N 


Yo row (me* < ee (3.7) 


n=1 Y% 


for all N and all v. To start the induction note that 


Bey Amine oe Aunty — bahay e 


weV 
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Assume then that (3.7) holds for all v. It follows that 


Ey —p by —p Ew 
é,. ze DAs =e Aus + Avg 
vo vo vO 


weV wvo 


N 
= e P > Aowl wo (n)e""? + & PF Anny 


n=lw#v0 


N N+1 
= Tov (n + Let 8 + oP rig (l) = > Typ (nye? 


n=1 n=1 
| 


Proof of Theorem 3.1 In view Corollary 3.4 we must prove the existence and 
essential uniqueness of a non-zero Bo-harmonic vector. Existence: Fix a vertex 
w € NW. It follows from Fatou’s lemma that 


(oe) 


lim Ate"? = oo, 
BL Bo 


n=0 
Since 
[oe oe) pe 
At en =1+ (>: rove (324m) 
n=0 n=1 70 
for all B > Bo by Lemma 3.5, it follows that 
[oe 


lim Tww(nje”® = 1. 
BY Bo 


n=1 
By the monotone convergence theorem this leads to the conclusion that 


CO 


So rvw(nyen"®? = 1. (3.8) 


n=1 


Now note that 


N 
we (>: rate) 


ueV n=1 
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N N 
= 0 > Aura ae" + Aow > Tw (me (3.9) 


n=1 uAw n=1 


N N 
> Tyy(n 7 Leno + Aw Fw (nye "Fo 


n=1 n=1 


N+1 N 
ae 3 Tow(ne "Po oF Aww (> Tww (nye "Po _ ) : 


n=1 n=1 


It follows from (3.9) and (3.8) that 


lo) 
. ev: rine < ~f 


n=1 


is both hereditary and saturated, and hence equal to V since G is cofinal. By letting 
N tend to infinity in (3.9) we see that 


[o) 


gy = ~~ Ty (nye "Po 


n=1 


defines a Bp-harmonic vector &. 
Uniqueness: Fix a vertex w and let &’ be a non-zero By-harmonic vector for A 
such that &’ = 1. We must show that &’ = &. It follows from Lemma 3.6 that 
’ > &, forall v € V. By comparing this to the fact that 


er = STAN by = ANE 


vEeV vEeV 


for alln € N, we conclude that &” = &, for every vertex v € V with the property that 
A" . #0 for some n. In particular, and &’ agree on NW since w € NW, and Gis 


strongly connected by Lemma 2.2. As NW is also hereditary by the same lemma, it 
follows from Lemma 2.3 that &’ = &. Oo 


3.1 When NW Is Finite 


By definition of the graph G there is at most one directed edge from one vertex to 
another. So when NW is finite there are no infinite emitters in NW and hence no 
infinite emitters at all by Lemma 2.7. In particular, all almost 6-harmonic vectors 
are 6-harmonic. 
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Lemma 3.7 Assume that NW is non-empty but finite. Then A is recurrent and there 
are no non-zero B-harmonic vectors for A when B > Bo. 


Proof Note that e* is the spectral radius of A| yw. It follows from linear algebra that 
there is a non-zero vector y : NW — C and acomplex number A € C, |A| = 1, 
such that D> evy A, Ww = eA", for all n € N and all v € NW. In particular, 
the sequence A”,,e~”* cannot converge to zero for all v, w € NW. It follows that 
A must be recurrent. Assume that € is a non-zero B-harmonic vector. Let v € NW. 
Then 


np _ y n n 
e &y a AnwSw = K max Aj, 
weENW 


where K = (#NW)(maxyenw &,). There is therefore a vertex w € NW such that 


eriB &,) < KA" 


UW 


for an increasing sequence n, < m2 < n3 <... of natural numbers. It follows that 


e? = lim (e"be,) < lim sup (KA” " = eo, 


UW 
n 


proving that B < Bo. Oo 


Corollary 3.8 Assume that NW is non-empty and finite. It follows that there are no 
non-zero B-harmonic vectors for A unless B = Bo. There is a non-zero By-harmonic 
vector which unique up to multiplication by scalars. 


Proof The first statement follows from Lemma 3.7, and the second from Lemma 3.7 
and Theorem 3.1. oO 


4 The Transient Case 


In this section we consider the non-recurrent cases. Specifically, we assume that 


[o) 


yi Are"? < 00 (4.1) 


UW 


n=0 


for all v, w € V, and refer to this as the transient case. The following lemma shows 
that the transient case covers all the non-recurrent cases. 


Lemma 4.1 Assume that NW = @ or that \°°,,A",e-"" < 00 for some u € NW. 
It follows that (4.1) holds for all v,w € V. 
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Proof If (4.1) fails for some v, w, it follows from Lemma 2.8 that yA 7 ner = 
oo. In particular, w € NW and B = fo. This is a recurrent case, contrary to 
assumption. Oo 


We say that A is row-finite when there are no infinite emitter in G, i.e. when 
#{w EV: Avy > 0} < co 


forall v € V. 
Theorem 4.2 Let 6B € R and assume that (4.1) holds for all v,w € V. 


a) Assume that NW = 9. Then A is row-finite and there is a non-zero B-harmonic 
vector for A. 

b) Assume that NW is non-empty but finite. There are no non-zero almost B- 
harmonic vectors for A. 

c) Assume that NW is infinite. There is a non-zero almost B-harmonic vector if and 


only if B > Bo. 
Proof In case a), it follows from Lemma 2.7 that A is row-finite. Case b) follows 
from Lemma 3.7 and Corollary 3.8. It remains therefore only to show that there is 
a non-zero almost B-harmonic vector in case a) and c). To this end, fix vo € V and 
set 


Hy = {weV: Al # 0 for some / € N}. 


vow 


Consider a vertex v € H,,, and choose / € N such that a # 0. Then 


A‘ ny Yai —B > Ang) es Yale (4.2) 


It follows that 


pean A" e —nB eB 


vwe 


= 1 
n eanB _ 
pa oAvow? Aas 


for all w € H,,. Note that H,, is infinite. When NW is infinite this follows since 
NW CH, by Lemma 2.1. When NW = 9 it follows because there are no sinks by 
assumption. It follows therefore from (4.3) that there is a sequence {w,} of distinct 
elements in H,, such that the limit 


(4.3) 


in Ane 
to = im, 5 age 


i) wee 


284 K. Thomsen 


exists for all uv € H,,. Note that 7,, = 1. By letting N tend to oo in (2.4) we find 
that 


CO CO 
vu Se = vw = vw: : 
Av > An, 6-78 = oF Sane" — oF] (4.4) 


ueV n=0 n=0 


It follows from (4.4) that ep Aue = nv for all v € Ay,\Voo, while Fatou’s 
lemma shows that 0 ,cy AvuwMu < e Ny for all v € H,,. The existence of a non-zero 


almost B-harmonic vector for A follows then from Lemma 2.3. oO 


When G is strongly connected and A is row-finite, c) in Theorem 4.2 is a result 
of Pruitt, [5]. When A is not row-finite it can happen, also when G is strongly 
connected, that there are no non-zero f-harmonic vectors for any 8 > fo or that 
they exist for some 6 > fo and not for others. See [8] for such examples. 


4.1 The Structure of the Positive Eigenvectors 


We denote the set of almost B-harmonic vectors for A by E(A, 6). Assume that 
E(A, B) # 0. For a given vertex vo € V we set 


E(A, B)oy = t& € E(A, B): Su) = 1. 


Equipped with the product topology RY is a locally convex real vector space, and 
E(A, B) is a closed convex cone in R’. It follows from Lemma 2.5 that E(A, B)» is 
a base for E(A, 8), and we aim now to show that E(A, f),, is a compact Choquet 
simplex! and to obtain an integral representation of the elements in E(A, B),; 
analogous to the Poisson-Martin integral representation for the harmonic functions 
of a countable state Markov chain, cf. e.g. Theorem 7.45 in [10]. For this purpose 
we consider the partial ordering > in E(A, f) defined such thaté > @& €-—we 
E(A, B). 


Lemma 4.3 E(A, B) is a lattice cone; i.e. every pair of elements &,n € E(A, B) has 
a least upper bound — V n € E(A, B) and a greatest lower bound — \ n € E(A, B) 
for the order =. 


Proof Given a vector w € E(A, B) we let (w", w”) be the unique pair such that 
w" is B-harmonic and w? a non-negative vector supported on Voo fulfilling that 
wa=wt V, cf. Lemma 10. (For simplicity of exposition we consider yw’ as a 
non-negative vector on V with support in Vo.) Given two vectors w, g : V — [0, 00) 


'We use [1] as reference for the convexity theory we need. The basic definitions and results 
regarding Choquet simplices are nicely presented there. 
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we define w n gy : V = [0, ov) such that 


(v Ag) = minty, go}. 


Set now 
CO 
ler (2 Demat, (En) ) + ean, (Ar). 
weV us n=0 wEV w 
The identity 
é, = (& A nN)» = 
(* Se ae) + rear, (- (eA), ) 
weV ” n=0 weEV w 


shows that § A 7 < & in E(A, B). Similarly, € A 71 < n, showing that € A 7 is a lower 
bound for € and 7 in E(A, B). To show that it is the largest lower bound, assume that 
A <&, A < nin E(A, B). There is then a vector x € E(A, B) such that A + k = &. 
The uniqueness in Lemma 10 implies then that &’ = A” + «” and &? = AP + K?, 
showing that A" < & and AY < & for all v € V. Similarly, A” < n” and Ay < nf 


for all v € V. It follows first that A, < (é A n) and AY < ( rn ) , and hence 


that AM = litmy-soo Dyev oPAN yaw S Tittn-so0 Dye e PAN, (E An) for all 
v € V. It follows that A + «’ = & A n, where 


(2 eA (EAn) — 2) + 3 yeas (EP Aw) — a8). 


weV n=0 wEV 


Since x’ € E(A, B) this shows that A < & A n and we conclude that & A 7 is the 
greatest lower bound for & and 7 in E(A, f). To obtain a least upper bound for € and 
n, set 


Evn=E+n—-EAN, 


which is clearly an upper bound for both € and 7. To show that it is the least, let 
E<A, yn <AME(A,f). ThnE+y7< At+E)AA+n =A+(EAN) => 
E+n-—EAE <A in E(A, 8). 
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Fix now a vertex vg € V. As in the proof of Theorem 4.2, set 


Ay = {w eV: Al, #0 for somen € N} : 
and note that H,, is a hereditary set of vertexes. For every v € V we consider the 
function KP : Hy, — [0, co) defined by 

> uae eB 


n= UW 


pry. eanB* 


vow 


K?(w) = 


Lemma 4.4 Let H C V be a non-empty hereditary subset of vertexes. For each 
v € V there isam, € N such that 


Al, £0, l>m > wed. 


Proof Define subsets H; € V recursively such that Hp = H and 
An41 = {v EV: Aw x 0> we H,} U My. 


Then Hj) C AH; C Hp» C --- is a sequence of hereditary subsets, and the union 
U,, Hn is both hereditary and saturated. It is therefore all of V since G is cofinal by 
assumption. When v € H; we can use m, = k. oO 


Lemma 4.5 Let B € R and assume that ¥-°~ A” e778 < 00 forall v,w € V. For 
every vertex v € V there are positive numbers l,, Ly and a finite set F, © Hy, such 


that KP (w) < L, for allw € H,, and0 <1, < K® (w) for allw € Hy \Fy. 


Proof Consider first a vertex v € H,,. There is an/ € N such that Alay # 0. Set 
N, = CV e'® and note that the calculation (4.3) gives the upper bound 


KP (w) < Ny (4.5) 


for all w € H,,. Consider then a vertex v € V\H,,. By Lemma 4.4 there is an 
m, € N such that every path in G of length m, emitted from v terminates in H,,. 
Let I” denote the set of finite paths jz in G starting at v and terminating in H,,, and 
such that r(jz) is the only vertex in jz which is in H,,. Then |jz| < m, forall we I. 
Now note that 


Voo © NW C Ay, 


where the first inclusion comes from Lemma 2.7 and the second follows from 
Lemma 2.1. Since Vo C H,, and v ¢ H,,, the set I” has only finitely many 
elements. For every @ = €1€2°++e),) € I’, set 


W(u) = As(ey)r(e1)As(e2)r(ex) er Arteiaprteype . 
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Then 


oe) 


yan e" = S wu) So Arie ela 


n=0 wel n= | 


= V2 WW Ki) ae) (4.6) 


pel n=0 


co 
< ( A ere de WH) Nea 
0 


n= wel 


for all w € H,,. It follows that we can use L, = N, when v € H,, and Ly = 
Dee W() Niu), otherwise. 


To establish the existence of /, and F,,, assume for a contradiction that for all 
€ > 0 there are infinitely many elements w € H,, such that 


K® (w) <e, 


We can then construct a sequence {w,} of distinct elements in H,,, such that 


1 
KB) <5 (4.7) 
for all k. The calculation (4.4) shows that 
as -1 
So AvuK? (we) = e KP. (we) — (34ine) Ty, (4.8) 
ueV n=0 


for all v’ € V and all k € N. It follows from (4.8) that a condensation point & = 
(€),ev in [],cy [0, Lu] of the sequence 


(KP (wi) ey KEN, 


is an almost B-harmonic vector for A with &,, = 1. But (4.7) implies that &, = 0 
which is impossible by Lemma 2.5. This contradiction shows that there must be an 
l, > O and a finite set F, C Hy, such that 1, < Ke (w) for all w € H,, \Fo. oO 


0 


It follows from Lemma 4.5 that Ke is a bounded function on Hy, i.e. Ke E 
1° (H,,) for all v € V. We denote by 1,, the characteristic function of an element 


w € H,,. Let sp be the C*-subalgebra of /°° (H,,) generated by K? .v € V, and the 
functions 1,,,w € H,,, and let Bg be the image of .% in the quotient algebra 


I? (Ay) /€o (Avy \Voo) - 
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Here co (Hy, \Voo) denotes the ideal in /° (H,,) consisting of the elements f : 
H,,, — C with the property that for all « > 0 there is a finite subset F C Hy, \Voo 
such that |f(w)| < « Ww € Ay, \F. In particular, f(Voo) = {0} when Voo # Y and 
f Eco (Ay \Voo)- 

Note that it follows from Lemma 4.5 that for every v € V there is a finite subset 
F, C H,, such that 


KP 4 > ie 


wéF, 


is invertible in /°°(H,,). Thus g and Ag are both unital C*-algebras. Since they 
are also separable, the set Xg of characters of 4g is a compact metric space and 4g 
can be identified with C (x, s) via the Gelfand transform. Since evaluation at a vertex 
w € Voo annihilates co (Hy, \Voo), each element of Voo gives rise to character on By 
and hence an element of Xg. It follows that there is a canonical inclusion 


Vig Xp (4.9) 


For each v € V the function w bh Ke (w) is an element of % and its image in By 


is a continuous function on Xg which we also denote by Ke . Let M (X, ) denote the 
set of Borel probability measures on Xg. We consider M (X, a) as a compact convex 
set in the weak*-topology obtained by considering the measures as elements of the 
dual of C(Xg). 


Theorem 4.6 Let 6 € R. Assume that NW = § or that NW is infinite. Assume 
also that yee < oo forall v,w € V. Then E(A, B)y, is a non-empty 
compact metrizable Choquet simplex and there is a continuous affine surjection 


I: M(Xg) — E(A, B)v,. defined such that 


I(m)y = Kb dm. 
Xp 


Proof It follows from Theorem 4.2 that E(A, B),, 4 @. Since E(A, B)y,. is a base 
of E(A, B), which is a lattice cone by Lemma 4.3, to conclude that E(A, f),, is a 
compact Choquet simplex we need only show that E(A, 8), is compact in R’, cf. 
e.g. [1]. Note that J : M(Xg) > RY is continuous by definition of the topologies. It 
suffices therefore to show that 


I (M(Xp)) = E(A, B) xo. (4.10) 
Let x € Xg. If x € Voo, we find that 


oo n ,—np 
aa Anne 


K® (x) = 
: : p DARI 
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and it follows from (4.4) that 


S > AvuK8 (x) < ef F(x) (4.11) 


ueV 


for all v € V with equality when v # x. To show that (4.11) also holds when 
x € Xg\Voo, note first that point-evaluations at points in H,, constitute a dense 
subset of the character space of .%g. It follows that there is a sequence {uz} C Ay, 
such that Ke (x) = limg—oo Ke (ux) for all v € V. Since &¢ is the quotient of .~% by 
the ideal co(H,, \Voo), the sequence {u,} must eventually leave every finite subset 
of H,,\Voo, and since x ¢ Voo it must also eventually leave every finite subset of 
Voo. That is, limy— oo us = oO in the sense that for any finite set F of vertexes there 
is an N € N such that m%, ¢ F Vk > N. It follows then from (4.4) that (4.11) holds 
for all v € V with equality when v ¢ Voo. This shows that the inequality 


u— 


SAK? < eP KP 


ueV 


holds point-wise on Xg for all v € V, and that equality holds globally on Xg when 
v € Voo. It follows therefore by integration that [(m) € E(A, B)») for allm € M(Xg). 
To obtain (4.10) it remains to show that E(A, B),, CG I(M(X~g)). For this we 


modify the argument from the proof of Theorem 4.1 in [7]. Let — € E(A, B)x. 
Fix an element x € Xg and let {wx} be a sequence of elements in H,, such 


that limg— oo KP (wx) = KP (x) for all v € V. Observe that since KP (x) > 0 by 
Lemma 2.5 it follows that 


lim nK*(w,) = 00 (4.12) 
noo 
for all v € V. For eachn € N, set 


é” = min {E,, nK?(w,)}. 


Then 


—mB n__ 
lime » Ane =o (4.13) 


weV 


for all n, v. To see this note that 


(oe) CO 


MY ace a em A w a yA voWn& ne ALE, (Wn) 


j=0 weV j=0 weV 


= new”? ye, ao é ee =nyoAl vw’ ss 


weV j=m 
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Hence (4.13) follows because )°~°,, Aye < oo. Set 
kn(v) = & a eF Awe) 
weV 


We claim that k, > 0. To see this observe first that it follows from (4.8) that 
cP cy AwKe(Wn) < KP (wn). Combined with e8 DcyAuwéw < & this 
implies that 


a: Ame, < min {Ev nK? (wy)! = as 
weV 


proving the claim. Since 


m 


De Dd Aah) =F er Aa Se 


l=0 weV weV 


it follows from (4.13) that 


CoO 
= Se PS AL kn) = D> KE Ow) An(w) (4.14) 
1=0 weV WEA yy 
when v € Ay, where h,(w) = > po eR Al Kn(w). In particular, it follows 


from (4.14) that 


»~ h,(w) = Ye KP (w)hn(w) = ae = Eup =1. 


WEA, WEA, 


We can therefore define a positive linear functional jz, of norm < 1 on .% such that 


Hn(g) = >_ g(w)h»(w). 


weH, v0 


By compactness of the unit ball in the dual space of .% there is a strictly increasing 
sequence {n;} in N and a positive linear functional jz on .% such that 


L(g) = jim Ln (8) 
coo 
for all g € o@%. Since limj+o0 &' = & by (4.12), it follows from (4.14) that 


uw (KB) = &, (4.15) 
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for all v € H,,. For any fixed w € H,, we have that &” = &, for all large 1, 
and hence also that k,,(w) = 0 for all large / when w € A,,.\Voo. It follows that 
limy-+99 Mn yw) = 0 for all w € Hy) \Voo, which shows that jz factors through Bp. 
It follows therefore from (4.15) and the Riesz representation theorem that there is 
a Borel probability measure m on Xg such that J(m), = &, for all v € Hy. By 


Lemma 2.3 this implies that [(m) = &. Oo 


When A is sub-stochastic, irreducible and 6 = 0, it follows from the abstract 
characterisation given in Theorem 7.13 of [10] that the spectrum of .% is the Martin 
compactification of the associated Markov chain, cf. Definition 7.17 in [10], while 
Xp is the Martin boundary when A is also row-finite (has finite range in the sense of 
[10]). When A is not row-finite Xg consists of the Martin boundary and the vertexes 
Voo: 

Let 6, denote the Dirac measure at a point x € Xg. Then 


T(6x)y = Kb (x) 


for all v € V. Thus / takes the extreme points in M(Xg) to elements of the form 


ve KP (x) for some x € Xg. By definition of Xg, when x € Xp\Voo, there is a 
sequence {w,} of distinct elements in H,, such that 


lim K? (wy) = K8 (x). 
k-> oo 


Recall now that under a continuous affine surjection between compact convex sets, 
the pre-image of an extremal point is a closed face and therefore contains an 
extremal point. In this way we obtain from Theorem 4.6 the following description 
of the extreme points in E(A, f),,. 


Corollary 4.7 Let B € R. Assume that NW = 9 or that NW is infinite. Assume also 
that) 9 A" ,e-"8 < 00 for all v,w € V. Let € be an extremal point of E(A, B) vy: 
There is a sequence {wx} of distinct elements in H,, such that 


oo n —np 
ee Aoi e 


y = lim 4.16 
5 k->00 LO ae 
forall v € V, or there is a vertex w € Hy, O Voo such that 
22 4 Aten" 
é, = pea vwe (4.17) 


paar Ar gee 
forallv € V. 


Every infinite emitter w € Voo gives rise to an extremal element in E(A, 8), 
via the formula (4.17) (in the transient case we consider here). This follows from 
the uniqueness part in the Riesz decomposition lemma, Lemma 3.3. The question 
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about which sequences of vertexes {w,} give rise to extremal 6-harmonic by the 
formula (4.16) is generally much more difficult to answer. But at least we shall 
show below that the vertexes in {w;} can be chosen to be the vertexes in an infinite 
path in G without repeated vertexes. It follows from this that there are cases where 
A is not row-finite and where there are no non-zero 6-harmonic vectors, for any 
B, because there are no paths in G of this sort. This can occur also when all our 
standing assumptions hold and G is strongly connected. See Example 2.9 in [6]. 

Let dE(A, B),, be the extreme boundary of the Choquet simplex E(A, 8),,. By 
identifying an element x € Xg with the corresponding Dirac measure 5, € M(Xg), 
we have an inclusion Xz C M(Xg), and we set 


0Xg = Xz NI7'(9E(A, B)x,), 


which is a Borel subset of Xg, cf. Theorem 4.1.11 in [1]. Thus 0Xg consists of the 


elements x € Xg for which v > Ke (x) is extremal in E(A, f),,, and it corresponds 
to the minimal Martin boundary, [10], when X¢ is identified as a Martin boundary. 


Lemma 4.8 V. C 0X, and I is injective on 0Xp. 
Proof Let u € Voo. Then 


Iu)» = Kp (u) = Kus. 
where k(u) : Voo — [0, 00) is the function 


(CoAT ie") when w =u, 


k(u)(w) = 
otherwise. 
It follows therefore from the uniqueness part of the statement in Lemma 3.3 that 
Voo © OX and that J is injective on Voo. Furthermore, dE(A, f),, is the disjoint 
union 


JE(A, B)u = OA(A, B)v U I (u) : u € Voo}, 


where 0H(A, B)y, is the set of extremal B-harmonic elements of E(A, B),,. It 
suffices therefore now to show that J is injective on dXg I~! (0H(A, B)y). Since 
I(u) is not B-harmonic when u € Voo, it follows that 


Xg NI (H(A, B)uy) © XB\Voo- 


As &g is generated by the image of the functions Ke ,u € V, and 1,,u € Vo, it 
follows that J is injective on Xg\Voo and therefore also on 0Xg N I (0H(A, B)v)- 
oO 


Let M(0X,) denote the subset of M(Xg) consisting of the elements m of M(Xz) 
with m(0Xg) = 1. 
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Theorem 4.9 The map I: M(0Xg) — E(A, B)v is an affine bijection. 


Proof Surjectivity: Let y € E(A, B)y). Since E(A, B),. is a metrizable Choquet 
simplex there is a unique Borel probability measure v on dE(A, f),, such that 


y= / z v(z), 
JE(A,B)uo 


in the sense that 
a= ave) 
JE(A.B) ug 


for all continuous and affine functions a on E(A, B),,, cf. Theorem 4.1.15 in [1]. By 
Lemma 4.8 we can define a Borel probability measure m on dX, such that m(B) = 
v(/(B)). Extending m to a Borel probability measure on Xg such that m (Xz \ax s) = 
0, we can consider /(m). For each v € V, the evaluation map ev,(¢) = ¢y is 
continuous and affine on E(A, B),, so we find that 


oe / _ KEG) dingy) = i KPI“(2)) dv(2) 
B 


E(A.B) uo 


= / €Vy (z) dv(z) = ev, (W) = W. 
JE(A,B) up 


Injectivity: Assume m,, m2 € M(0Xg) and that J(m,) = I(m2). Using Lemma 4.8 
again it follows that there are Borel probability measures v; on dE(A, 6)», such that 
mj = v; oT on 0Xg, i = 1,2. Note that 


1, = / _ REQ) dm) = / KP(I“(2)) dvilz) 
B 


JEA.B)vg 


= / ev, (z) dv;(z) = evy i, z dv;(z) 
JE(A.B)vy BE(A.B) ng 


forall v € V,i = 1,2. As I(m,) = I(mz) it follows that 


/ zdv,(z) = i z dv>(z). 
JECA.B)vy JEA.B)vg 


Since dE(A, B),, is a Choquet simplex this implies that v; = v2, and hence my = 
my). 


(4.18) 


| 
Corollary 4.10 Xp\Voo = {x € OXp : Dyey AK) = eP K(x) Wo € VI 
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Proof Let x € 0Xg\Voo. Then I(x) € 0E(A, B)y) and it follows from the Riesz 
decomposition, Lemma 3.3, that /(x) is either 6-harmonic or equal to [(w) for some 
w € Voo. Since x ¢ Voo and J is injective on M(0Xg) by Theorem 4.9, it follows that 


I(x) is B-harmonic, i.e. Yawk. (x) = eb KP (x) for all v € V. oO 


It follows from Theorem 4.9 and Corollary 4.10 that the map J of Theorem 4.6 
restricts to an affine bijection between the 6-harmonic elements of E(A, B)y) and 
the Borel probability measures m on Xg with the property that m (aX, B\Voo) = 1. 


4.2 An Improvement 


The purpose with this section is to use results from the theory of Markov chains to 
improve the description of the extremal 6-harmonic vectors given in Corollary 4.7. 
Let P(V) denote the set 


PV) ={@)2, eV": A 0 a= 1953-1}, 


VIVj+I 
Since there are no multiple edges in G the elements of P(V) are the infinite paths 
in G. We consider P(V) as a complete metric space whose topology is generated by 
the cylinder sets 


C(v1v2 +++ Un) = {21 € PCV): x = v;, §=1,2,--- nh. 


Lemma 4.11 Let y be a non-zero B-harmonic vector. There is a Borel measure my 
on P(V) such that 


My (C(vy Vas Un)) = Ay wArwnrs -_ Augtn® Oot, 


for every cylinder set C(v,v2--+ Up). 


Proof The matrix 
Boy — eo A Ww (4.19) 


is stochastic. It follows then from Theorem 1.12 in [10] that there is a Borel 
probability measure m, on C(v) for each v € V such that 


My (C(v Va++ Un)) = Wg Aap Aani iis ny OM a ie Wo, : (4.20) 


Define my, such that 


my(B) = > ym, (C(v) NB). 


vEeV 
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oO 


Theorem 4.12 Assume that pn a a < oo forall v,w € V. Let w be an 
extremal non-zero B-harmonic vector with Wy, = 1. There is an infinite path t = 


(t;)22, in P(V) such that t; = vo, i A j > t; # tj, and 


re, At, e-"8 
vein SS 4.21 
_ K-00 pa re 


forallv € V. 


Proof By construction the measure m, on C(v) given by (4.20) is the measure Pr, 
from Theorem 1.12 in [10] and the measure P,, with x = v, from (2.2) in [7], 
coming from the stochastic matrix B from (4.19). Since y is extremal in E(A, B),, 
the constant vector | is minimal harmonic for the stochastic matrix B restricted to 
H,,,. It follows therefore from Theorem 5.1 in [7] that with respect to the measure 
m,, almost all elements in 


{(xi) € P(V) : x1 = vo} (4.22) 


have the property that 
-=1 (4.23) 


for all v € Hy). Let w € Hy,. Since )°°., BY, = °° A%,e-"F < 00, it follows 


ww Www 


from Theorems 3.2 and 3.4 in [10] that the set 
{(xi) € P(V) : x1 = vo, x; = w for at most finitely many 7} 
has full m,,-measure. Since H,, is countable it follows that so has 


() {(x;) € P(V) : x1 = vo, x; = w for at most finitely many 7} , 


WEA, 


which is the same set as {(x;) € P(V) : x; = Vo, limj-—+oo x; = 00}. Hence the set 
of elements (x;) from (4.22) for which (4.23) holds for all v € H,, and at the same 
have the property that lim;_,.0 x; = 00, is also a set of full m,,-measure. Since 


weer Dee —_ afl ee 
Dey, Bee 


n=0 ~ vox; VOX; 
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it follows that there is an element (¢,) from (4.22) such that limj-.0 f, = oo and 


lim ——*—_ = ¥, (4.24) 


for all v € H),. It follows then from the uniqueness part of the statement in 
Lemma 2.3 that (4.24) holds for all v € V. Finally, since limj—o0 f; = oo it Is 
easy to construct from / a path (4;) € P(V) such that i # j = t;  t;, and such that 
there is a sequence n, < ny <n3 <--- inN witht; = a for all i. The sequence (t;) 
has the stated properties. Oo 


In summary we have found that in the transient case the extremal elements of 


E(A, B)v) consist of the vectors arising from an element w € H,, M Voo by the 


formula (4.17) when they are not 6-harmonic, and are given by an infinite path 
(t;) € P(V) such thati # j > t; A t; via the formula (4.21) when they are B- 
harmonic. 
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Classification of Graph Algebras: A Selective 
Survey 


Mark Tomforde 


Abstract This survey reports on current progress of programs to classify graph 
C*-algebras and Leavitt path algebras up to Morita equivalence using K-theory. 
Beginning with an overview and some history, we trace the development of 
the classification of simple and nonsimple graph C*-algebras and state theorems 
summarizing the current status of these efforts. We then discuss the much more 
nascent efforts to classify Leavitt path algebras, and we describe the current status 
of these efforts as well as outline current impediments that must be solved for this 
classification program to progress. In particular, we give two specific open problems 
that must be addressed in order to identify the correct K-theoretic invariant for 
classification of simple Leavitt path algebras, and we discuss the significance of 
various possible outcomes to these open problems. 


1 Introduction 


In 1976 Elliott proved a result, now known as Elliott’s theorem, which states that 
direct limits of semisimple finite-dimensional algebras may be classified up to 
isomorphism by the dimension group (later identified with the scaled, ordered Ko- 
group) of the algebra. Elliott’s theorem implies that for the class of AF-algebras (i.e., 
C*-algebraic direct limits of finite-dimensional C*-algebras) the scaled, ordered 
topological Kp-group is a complete isomorphism invariant, and it also implies that 
in the class of ultramatricial algebras (i.e., algebraic direct limits of direct sums 
of semisimple finite-dimensional algebras over a fixed field) the scaled, ordered 
algebraic Ky-group is a complete isomorphism invariant. (In this case the algebraic 
Ko-group and topological Ko-group coincide.) Based on this result, Elliott boldly 
proposed that many additional classes of (C*-)algebras can be classified up to 
isomorphism by K-theoretic invariants, and he famously formulated what is now 
called Elliott’s conjecture: “All separable nuclear simple C*-algebras are classified 
up to isomorphism by K-theoretic invariants.” Work on this conjecture has been 
referred to as the Elliott program, and over the past four decades there have been 
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numerous contributions made by several mathematicians, not the least of which 
are due to Elliott himself. Very recently, work of Tikuisis, White, and Winter has 
completed the final steps for classifying all unital, separable, simple, and nuclear 
C*-algebras of finite nuclear dimension which satisfy the UCT [21]. 

The established work on the Elliott program is vast—indeed, papers on the 
subject total thousands of pages and even a survey of all the accomplishments over 
the past four decades would most likely require a document the size of a book 
if it wished to be comprehensive. (See the book [16] for an introductory survey 
of the Elliott program with an emphasis on providing a technical overview of the 
Kirchberg-Phillips classification theorem, and see the papers [9, 17] for a summary 
of the accomplishments in the Elliott program over the past 15 years.) 

In the discussions here we wish to focus on two natural extensions of the Elliott 
program: 


Extension 1: Go beyond the simple C*-algebras and attempt to classify certain 
nonsimple nuclear C*-algebras using K-theory. 

Extension 2: Step outside of the class of C*-algebras and attempt to classify 
certain simple algebras using (algebraic) K-theory. 


Of course there is little to no hope these two extensions can be accomplished 
for all nuclear C*-algebras or all simple algebras, so one major component of 
each program is to identify classes of nonsimple C*-algebras and simple algebras 
that are amenable to classification. Another major component of each program is 
determining exactly what K-theoretic data is needed for the classifying invariant. 

Significant progress for Extension 1 has been made for the class of graph C*- 
algebras, while progress for Extension 2 has been more difficult, but had some 
stunning successes for the class of Leavitt path algebras. These two classes, which 
we collectively refer to as graph algebras, will be the focus of this survey. 

Readers who have no prior experience with graph algebras may initially (and 
incorrectly!) believe these classes are fairly small and specialized. However, keep in 
mind that every AF-algebra is Morita equivalent to a graph C*-algebra [5] and every 
ultramatricial algebra over C is Morita equivalent to a Leavitt path algebra. Thus the 
graph C*-algebras and Leavitt path algebras are generalizations of the AF-algebras 
and ultramatricial algebras to which Elliott’s theorem from 1976 applies. As such, 
they are very suitable classes to explore at the beginnings of these programs. 

Moreover, every Kirchberg algebra with free K,-group is Morita equivalent to 
a graph C*-algebra [20], so the class of graph C*-algebras also generalizes many 
of the simple C*-algebras to which the Kirchberg-Phillips classification theorem 
applies [14]. Consequently, the graph C*-algebras comprise a large class containing 
several nonsimple C*-algebras as well as many simple C*-algebras of both AF 
and purely infinite type. At the same time, the graph C*algebras are not too large 
to escape classification. The proposed invariant, called the filtered (or sometimes 
“filtrated”) K-theory, is a natural generalization of the invariant used for simple 
C*-algebras, and contains the collection of all ordered Ko-groups and K)-groups of 
subquotients of the C*-algebra taking into account all the natural transformations 
among them. While this seems like the obvious choice for the invariant, Meyer and 
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Nest have constructed two separable, purely infinite C*-algebras in the bootstrap 
class (each with a primitive ideal space having four points) that have the same 
filtered K-theory but are not Morita equivalent, thus demonstrating that filtered 
K-theory is inadequate to classify general nonsimple nuclear C*-algebras. This 
example also means that restricting to the class of graph algebras is not an artificial 
choice, but done out of necessity to obtain working theorems. The counterexamples 
of Meyer and Nest lie outside the class of graph C*-algebras, and the current 
working conjecture is that filtered K-theory suffices to classify graph C*-algebras. 

While a promising candidate for the classifying invariant of graph C*-algebras 
has been identified, and many initial cases have been established successfully (see 
[6] for a taxonomy), classification results for Leavitt path algebras have been more 
piecemeal, and the correct invariant for classification is still uncertain. In this survey, 
we give a summary of the current status of classification results for simple and 
nonsimple graph C*-algebras, and we describe how these results have guided initial 
work on classifying the simple Leavitt path algebras. We also outline the existing 
classification results for simple Leavitt path algebras, and describe the current search 
for a complete Morita equivalence invariant in terms of K-theory. We state two 
important open questions currently facing the classification program for simple 
Leavitt path algebras, and we also discuss the implications of various answers to 
these two open questions. 

The “selective survey” of the title refers to the fact that our attention will be 
primarily be concentrated on the “geometric” classifications described in terms of 
moves on the graphs. We will discuss the role that dynamical systems have played in 
these geometric classifications, and outline how dynamics results have been applied 
to graph algebras. We will omit proofs in favor of focusing on the big picture, but do 
our best to explain the key ideas used to obtain results. In addition, to avoid getting 
bogged down in too many technicalities, throughout this survey we shall restrict 
our attention to classification up to Morita equivalence (eschewing any mention of 
results for classification up to isomorphism). 

In addition to giving an update on current research, the author believes that the 
narrative, like many instances of mathematical investigation, provides an interesting 
story of the twists and turns that have occurred as several researchers have 
contributed to an area of investigation. 


2 Preliminaries 


In this section we establish notation and state some standard definitions. To begin, 
we mention that we shall allow infinite graphs, but work under the standing 
hypothesis that all our graphs are countable. 
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Definition 2.1. A graph (E°, E',r,s) consists of a countable set E° of vertices, a 
countable set E! of edges, and maps r : E! — E® and s : E! — E° identifying the 
range and source of each edge. A graph is finite if both the vertex set E° and the 
edge set E! are finite. 


Let E := (E°, E', r,s) be a graph. We say that a vertex v € E® is a sink if s~'(v) = 
@, and we say that a vertex v € E” is an infinite emitter if |s~'(v)| = 00. A singular 
vertex is a vertex that is either a sink or an infinite emitter, and we denote the set of 
singular vertices by EQ.,,. We also let E?., := E° \ EQ,,, and refer to the elements 
of Eee as regular vertices; i.e., a vertex v € E° is a regular vertex if and only if 
0 < |s-!(v)| < 0. 


2.1 Definitions of Graph Algebras 


Graph C*-algebras were introduced in the 1990s, motivated by (and generalizing) 
earlier constructions, such as the Cuntz algebras and the Cuntz-Krieger algebras. 


Definition 2.2 (The Graph C*-Algebra) If E is a graph, the graph C*-algebra 
C*(E) is the universal C*-algebra generated by mutually orthogonal projections 
{py : v € E°} and partial isometries with mutually orthogonal ranges {s, : e € E'} 
satisfying 


1. s*se= prey forallee E! 
2. ses* <pyey foralle € E! 
3. py = Eien idaut sess foralluv € ae 


Based on the success of graph C*-algebras, in 2005 algebraists were inspired to 
define algebraic analogues, which are called Leavitt path algebras [1]. 


Definition 2.3 (The Leavitt Path Algebra) Let E be a graph, and let K be a field. 
We let (E!)* denote the set of formal symbols {e* : e € E'}. The Leavitt path 
algebra of E with coefficients in K, denoted Lx(E), is the free associative K-algebra 
generated by a set {v : v € E°} of pairwise orthogonal idempotents, together with 
a set {e,e* : e € E'} of elements, modulo the ideal generated by the following 
relations: 


1. s(e)e = er(e) =e foralle € E! 

2. r(eje* = e*s(e) = e* foralle € E! 

3. e*f = be r(e) for all e,f € E! 

4.v= > ee* whenever v € EQ. 


{e€E!:s(e)=v} 


As with the graph C*-algebras, the Leavitt path algebras include many well-known 
classes of algebras and have been studied intensely in the algebra community since 
their introduction. The interplay between these two classes of “graph algebras” has 
been extensive and mutually beneficial—graph C*-algebra results have helped to 
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guide the development of Leavitt path algebras by suggesting what results are true 
and in what direction investigations should be focused, and Leavitt path algebras 
have given a better understanding of graph C*-algebras by helping to identify those 
aspects of C*(E) that are algebraic, rather than C*-algebraic, in nature. Moreover, 
results from each class have had nontrivial applications to the other, and the work of 
researchers from each side has guided discovery for the other. Indeed, nearly every 
theorem from each class seems to have a corresponding theorem in the other. For 
example, the graph-theoretic conditions on E for which C*(E) is a simple algebra 
(respectively, an AF-algebra, a purely infinite simple algebra, an exchange ring, a 
finite-dimensional algebra) in the category of C*-algebras are precisely the same 
graph-theoretic conditions on E for which Lx(E£) is a simple algebra (respectively, 
an ultramatricial algebra, a purely infinite simple algebra, an exchange ring, a finite- 
dimensional algebra) in the category of K-algebras. The exact reason for these 
similar properties is a bit of a mystery—the graph C*-algebra and Leavitt path 
algebra theorems are proven using different techniques, and the theorems for one 
class do not seem to imply the theorems for the other in any obvious way. It has 
been suggested that there may exist some kind of “Rosetta Stone” that would allow 
for translating and deducing one set of theorems from the other, but currently such 
a Rosetta Stone remains elusive. 

We mention that when the underlying field of the Leavitt path is the complex 
numbers, then Lc(£) is isomorphic to a dense *-subalgebra of C*(E). However, 
this alone is not enough to account for the similar results, since it is possible for 
dense *-subalgebras to have considerably different properties and structure from 
the ambient C*-algebra. 

It is also noteworthy that the field plays little role in most theorems for the Leavitt 
path algebras, and properties of Lx(E) are frequently obtained entirely in terms of 
the graph E with no dependence on the field K. We will see in the final section of 
this survey that classification by K-theory is one of the few examples where this 
is not true, and the underlying field will be important in our theorems and in the 
invariants used for classification of simple Leavitt path algebras. 


2.2 Computation of K-Groups 


We shall use the notation K,(A) for the n™ topological K-group of a C*-algebra 
A, and we shall use the notation Ke (R) for the n' algebraic K-group of a ring 
R. Due to a phenomenon called Bott periodicity, for any C*-algebra A we have 
K,(A) & Ky+2(A) for all n € Z. Thus for C*-algebras, all K-group information is 
contained in the Ko-group and K,-group, and these are typically the only K-groups 
mentioned. For rings (and Leavitt path algebras) there is no periodicity and all the 
algebraic K-groups may be distinct. 

Computation of the topological K-groups of a graph C*-algebra and the algebraic 
K-groups of a Leavitt path algebra is described in the following definition and 
proposition. 
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Definition 2.4 If E = (E°,E',r,s) is a graph, we define the vertex matrix Ag to 
be the (possible infinite) square matrix indexed by the vertex set E°, and for each 
v,w € E° the entry Ag(v, w) is equal to the number of edges in E from v to w. Note 
that the entries of Ag take values in {0,1,2,..., co}. 


In the following proposition, for a set X and an abelian group G, we use the notation 
G* = Brex G. 
Proposition 2.5 (Computation of K-Groups for Graph Algebras) Let E be a 


graph and decompose the vertices of E as E° = Ee u ae and with respect to 
this decomposition write the vertex matrix of E as 


where Bg and Cr have entries in Z and the *’s have entries in Z U {oo}. For 
0 
each v € E®, let &, € Z® denote the vector with 1 in the v" position and 
0 
0’s elsewhere, and for x € Z™ let [x] denote the equivalence class of x in 


_ pt 
coker ((‘ 2) » 7s > 2"). 
—CE 


(a) The topological K-theory of the graph C*-algebra may be calculated as 
follows: We have 


_ pt 
Ko(C* (E)) & coker ((' =) » ZF tee > 2") 
ME 


via an isomorphism that takes [py]o +» [5,] and takes the positive cone of 


_ Rpt 
Ko(C*(E)) to the cone of coker ((‘ 2) » Ze: > 2") generated by the 
“E 
elements 


{[pu - ise :v€E°,F Cs'(v), and F finite}, 


eCFr 
and we have 


_ Rpt 
K\(C*(E)) & ker ((‘ ) » 7 Ete > z*) : 
ad 5) 


(b) If K is any field, then the algebraic K-theory of the Leavitt path algebra Lx(E) 
may be calculated as follows: We have 


_ pt 
K*" (Lx(E)) = coker ((' :) » ZF > z*) 
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via an isomorphism that takes [v]o 8 [6,] and takes the positive cone of 
— Rt 
K**(Lx(E)) to the cone of coker (Ce) : Zr: > z”) generated by the 
E 
elements 


{fv - yee") :v€ EF Cs 1(v), and F finite}, 


ecF 


and we have 


_ pt 
KIM x(E)) = ker ( (772) sz + 2") 
E 


® coker ((' 2) : (KM8(K))Fre > (KMe wy") 
7” SE 


with es (K), +) & (K%,-). Moreover, there is a long exact sequence 


I-B', 
t 


—Ch 
K2¢ (KB —> Ke8(K)E —» K®®(Lx(E)) —> K™2,(K)Pm 


forne Z. 


Remark When E has no singular vertices (which occurs, for example, whenever E 
is finite with no sinks), then one may make the substitution (2) = ]—Aj, in all 
the above expressions. ° 

Throughout this survey we shall be concerned with classification of C*-algebras 
and algebras up to Morita equivalence. If A is an algebra (or C*-algebra) from a 
given class, and an object I(A) is assigned to A, we call the assignment a Morita 


equivalence invariant for the class if 
A Morita equivalent to B = > I(A) = I(B) forall A, B in the class 
and we call the assignment a complete Morita equivalence invariant for the class if 


A Morita equivalent to B <=> I(A) = I(B) _ forall A, B in the class. 


3 Classification of Simple and Nonsimple Graph 
C*-Algebras 


All graph C*-algebras are nuclear and in the bootstrap class to which the UCT 
applies. Furthermore, the standing assumption that our graphs are countable ensures 
the associated graph C*-algebras are separable. Simple graph C*-algebras are either 
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AF (and classified by Elliott’s theorem) or purely infinite (and classified by the 
Kirchberg-Phillips classification theorem). Consequently, when E is a graph and 
C*(E) is simple, the pair 


((Ko(C* (E)), Ko(C*(E))*), Ki (C*(E))) 


consisting of the (pre-)ordered Ko-group together with the K,-group is a complete 
Morita equivalence invariant for C*(E). By looking at the ordering on the Ko- 
group, we can tell whether C*(£) is purely infinite or AF: If Ko(C*(E))t = 
Ko(C*(E)), then C*(E) is purely infinite and the invariant reduces to the pair 
(Ko(C*(E)), Ki(C*(E)); while if Ko(C*(E))* ¢ Ko(C*(E)), then C*(E) is AF, 
K,(C*(E)) = 0, and the ordered Ko-group 


(Ko(C*(E)), Ko(C*(E))*) 


classifies C*(E) up to Morita equivalence. 

While the classification of simple graph C*-algebras is a special case of the 
existing classification theorems for simple nuclear C*-algebras (specifically Elliott’s 
theorem and the Kirchberg-Phillips classification theorem), rather than merely 
considering the graph C*-algebra result as a corollary, it perhaps better to take a 
historical view and think of simple graph C*-algebras as the test cases that provided 
intermediate steps successively leading to more general theorems for classifying 
simple nuclear C*-algebras. Indeed, the classification of AF-algebras up to Morita 
equivalence given by Elliott’s theorem, which initiated the entire classification 
program, is tantamount to classifying C*-algebras of graphs with no cycles (since 
the two classes coincide up to Morita equivalence). Likewise, the purely infinite 
simple graph C*-algebras (especially particular subclasses) provided important 
initial steps leading to the Kirchberg-Phillips Classification theorem. 

For example, Cuntz first calculated the K-theory of the Cuntz algebra @,, (which 
is the C*-algebra of a graph with one vertex and n edges) in the paper [3], showing 
that Ko(@,) & Z/nZ. This implies a very specific case of the Kirchberg-Phillips 
theorem for the Cuntz algebras: @,,, is Morita equivalent to 0, <=> Ko(@n) = 
Ky(G,) <=> m=n. 

Likewise, the classification of simple Cuntz-Krieger algebras was an important 
early step in the classification program. (The Cuntz-Krieger algebras are precisely 
the C*-algebras of finite graphs with no sinks or sources.) Simple Cuntz-Krieger 
algebras are purely infinite and classified up to Morita equivalence by their Ko- 
group. (The K,-group turns out to be redundant, because the K,-group of a Cuntz- 
Krieger algebra is isomorphic to the free part of the Ko-group.) The groundwork for 
this classification was laid by Cuntz and Krieger [4], who recognized the connection 
with dynamics, and the final portions of the classification were later established by 
Rerdam (using an important lemma outlined by Cuntz in a talk) [15]. We will return 
to this result, its proof, and the connection with dynamics in the next section. 

In addition to providing stepping stones toward more general classification 
theorems for simple nuclear C*-algebras, the graph C*-algebras have also provided 


Classification of Graph Algebras: A Selective Survey 305 


a class for exploring classification of nonsimple C*-algebras. In a graph C*-algebra 
with finitely many ideals, each quotient and each ideal is Morita equivalent to a 
graph C*-algebra, so any graph C*-algebra with finitely many ideals may be built 
up from the simple graph C*-algebras by taking extensions a finite number of times. 
The invariant used to classify a nonsimple graph C*-algebra C*(E) is called the 
filtered (or sometimes “filtrated”) K-theory and denoted FK{ (C*(E)), where X is 
the primitive ideal space of C*(E). The filtered K-theory contains the collection 
of all ordered Ko-groups and K\-groups of subquotients of the C*-algebra, taking 
into account all the natural transformations among them (see [6, §1] for a precise 
definition). When C*(E) has a single (nonzero) ideal, the filtered K-theory is simply 
the six-term exact sequence in K-theory (including the ordering on all Ko-groups) 
determined by the unique ideal. Eilers and the author [8] proved that the filtered K- 
theory (i.e., the six-term exact sequence) is a complete Morita equivalence invariant 
for the class of graph C*-algebras with one ideal. This kicked off a flurry activity 
in which several researchers established classification results for graph C*-algebras 
with multiple ideals. A summary of these results and description of the status quo for 
this program can be found in the survey [6]—in particular, the authors there describe 
how we have a complete classification of graph C*-algebras with a primitive ideal 
space having three or fewer points, and for graph C*-algebras whose primitive ideal 
space has four points 103 of the 125 cases have been solved, leaving less than one 
fifth of the cases open. In addition, as we will discuss at the end of Sect. 4, Eilers, 
Restorff, and Ruiz recently announced that they have recently shown that filtered K- 
theory is a complete Morita equivalence invariant for all unital graph C*-algebras. 


4 In Search of Techniques to Classify Algebras: Shift Spaces, 
Flow Equivalence, and Moves on Graphs 


Many of the techniques used to establish classification theorems for C*-algebras 
have no hope of going through for general algebras. Indeed, the classification proofs 
frequently make use of the C*-algebra structure (e.g., the completeness is used 
frequently to take limits). As one undertakes a classification of algebras, the first step 
is to begin with simple algebras. In addition, it is sensible to restrict initial attention 
to algebras that are somehow similar to the C*-algebras for which the classification 
program had early successes using more modest methods. The graph C*-algebras 
(particularly the Cuntz-Krieger algebras) are such a class, and hence their algebraic 
analogues, the Leavitt path algebras (particularly Leavitt path algebras of finite 
graphs), arise as natural candidates for attempts at classification. 

Simple Leavitt path algebras exhibit a dichotomy similar to simple graph C*- 
algebras: A simple Leavitt path algebra is either ultramatricial (if the graph has no 
cycles) or purely infinite (if the graph has a cycle). In the ultramatricial case, Elliott’s 
theorem applies and the Leavitt path algebra is classified by its ordered Ky-group. 
In the purely infinite case, we seek an algebraic analogue of the Kirchberg-Phillips 
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classification theorem, and therefore we look at how the classification was obtained 
for early investigations into special cases—more specifically, we shall carefully 
examine the classification of simple Cuntz-Krieger algebras. 

The Cuntz-Krieger algebras correspond to C*-algebras of finite graphs with no 
sinks and no sources, and the simplicity of the Cuntz-Krieger algebras corresponds 
to the graph being strongly connected (1.e., for each pair of vertices v and w there is a 
path from v to w and a path from w to v) and nota single cycle. Let E = (E°, E'_ r,s) 
be a finite graph with no sinks and no sources. One may define the (two-sided) shift 
space 


Xp i= {...e-2€-1.€0€1€2... 1 GFE E! and r(e;) = s(e;41) for all i € Z} 


consisting of all bi-infinite paths in the graph, together with the shift map o : Xz > 
Xg given by o(...e-2e-1.e9@1@2...) = ...e-1e9.€1;@2€3.... Cuntz and Krieger 
observed a connection between the (characterizations of) flow equivalence of this 
dynamical system and the Morita equivalence class of the C*-algebra associated 
with the graph. 

If E and F are finite graphs with no sinks and no sources, the shift spaces 
X, and Xf are flow equivalent if their suspension flows are homeomorphic via a 
homeomorphism that carries orbits to orbits and preserves each orbit’s orientation. 
A precise definition of flow equivalence may be found in [12, §13.6], but as we 
shall see shortly, for the purposes of this survey one does not need to understand 
flow equivalence so much as note that it is equivalent to other conditions. 

Franks gave an algebraic characterization of flow equivalence for strongly 
connected graphs: If E and F are strongly connected finite graphs, then X; and 
Xf are flow equivalent if and only if 


coker(1 — Aj,) = coker(1 — Aj,) and sgn(det(1 — Aj,)) = sgn(det(1 — A;). 


Here Az is the vertex matrix of the graph E, and sgn(det(1 — A’,)) is the sign of the 
number det(1 — Aj,); i-e., the value +, —, or 0. 

In addition, Parry and Sullivan gave a different characterization of flow equiva- 
lence based on “moves”; i.e., operations that may be performed on the graph and 
which preserve flow equivalence of the associated shift space. Parry and Sullivan 
needed three moves for their characterization, which are named as follows: 


Move (O): Outsplitting Move (1): Insplitting Move (R): Reduction 


Precise definitions of these moves can be found in [18, §3], but for the purposes of 
this survey any readers unfamiliar with the moves may be better served by informal 
descriptions: Outsplitting allows one to partition the outgoing edges of a vertex into 
nonempty sets and “split” the vertex and incoming edges so that each set of outgoing 
edges from the partition now emits from its own vertex. Insplitting allows one to 
partition the ingoing edges of a vertex into nonempty sets and “split” the vertex and 
outgoing edges so that each set of ingoing edges from the partition now enters its 
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own vertex. Reduction allows one to “collapse” certain vertices that have a single 
edge going from one vertex to the other. 

For each move there is also an inverse move, so that if a Move X is applied to the 
graph E to obtain the graph E’, we say E is obtained by performing the inverse of 
Move X to E’. Although we will not need their names, for the reader’s edification 
we mention that the inverse of outsplitting is called outamalgamation, the inverse 
of insplitting is called inamalgamation, and the inverse of reduction is called delay. 

Parry and Sullivan proved that if E and F are strongly connected graphs, then Xz 
and Xf are flow equivalent if and only if the graph E may turned into the graph F 
by finitely many applications of Moves (O), (I), (R), and their inverses. 

Combining Franks result with the result of Parry and Sullivan, we thus obtain the 
following: 


Theorem 4.1 (Franks, Parry and Sullivan) Let E and F be strongly connected 
finite graphs. Then the following are equivalent: 


(1) The shift spaces Xz and Xr are flow equivalent. 

(2) coker(1 — Aj,) = coker(1 — Aj,) and sgn(det(1 — Aj,)) = sgn(det(1 — A;)). 

(3) The graph E may turned into the graph F by finitely many applications of Moves 
(O), (I), (R), and their inverses. 


Cuntz and Krieger had multiple insights to recognize the relationship of flow 
equivalence with the Morita equivalence of Cuntz-Krieger algebras. First, after 
calculating the K-groups of a Cuntz-Krieger algebra, Cuntz and Krieger observed 
that the Ko-group coincides with the group coker(1 — Aj,) appearing in the flow 
equivalence classification. (This group is sometimes called the Bowen-Franks group 
by dynamicists.) The second important observation of Cuntz and Krieger was 
that the Moves (O), (I), (R) (and consequently their inverses) preserve Morita 
equivalence of the associated C*-algebra. 

These observations, combined with Theorem 4.1, imply that if E and F are 
strongly connected finite graphs with isomorphic Ko-groups and with sgn(det(1 — 
A’,)) = sgn(det(1 — Aj,)), then E can be transformed into F using a finite number 
of Moves (O), (I), (R) and their inverses, and consequently the C*-algebras of E 
and F are Morita equivalent. (Note that we really only need the equivalence of (2) 
and (3) in Theorem 4.1, and for the purposes of Cuntz and Krieger’s result, we can 
completely ignore the notion of flow equivalence if we wish, viewing (2) <=> (3) 
as a purely combinatorial fact about graphs.) 

Although Cuntz and Krieger formulated their study of the Cuntz-Krieger algebras 
in terms of matrices, we wish to use the more modern approach of describing the 
C*-algebras in terms of graphs. The Cuntz-Krieger algebras may be thought of as 
the C*-algebras of finite graphs with no sinks or sources. If a graph C*-algebra is 
simple and purely infinite, then the graph cannot contain a sink, so when we restrict 
to the simple purely infinite case we automatically have the “no sinks” condition for 
Cuntz-Krieger algebras. However, we do need a method to deal with sources, and to 
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accomplish this we introduce a new move: 
Move (S): Source Removal 


A precise definition of Move (S) can be found in [18, §3], but an informal 
description is fairly accurate and informative: To perform Move (S) we select a 
source vertex in the graph and then remove this vertex and all edges beginning at 
this vertex. As with the other moves, Move (S) preserves Morita equivalence of the 
associated C*-algebra. The is also an inverse move called source addition. Note that 
the process of performing Move (S) removes a source, but may create other sources 
in doing so. Nonetheless, one can easily show that in a finite graph with no sinks, 
repeated applications of Move (S) will ultimately (and in a finite number of steps) 
result in a graph with no sources. 

The following is a reformulation of Cuntz and Krieger’s result in the language of 
graphs that also takes the presence of sources into account. 


Theorem 4.2 (Cuntz and Krieger) Let E and F be finite graphs for which C*(E) 
and C* (F) are simple and purely infinite. If Ko(C*(E)) & Ko(C*(F)) and 


sgn(det(1 — Aj,)) = sgn(det(1 — A‘,)), 


then C*(E) is Morita equivalent to C*(F). Moreover, in this case, the graph E may 
turned into the graph F by finitely many applications of Moves (S), (O), (I), (R), and 
their inverses. 


Cuntz and Krieger suspected that sgn(det(1 —Aj,)) was not a necessary condition 
for Morita equivalence of the C*-algebras, but they were unable to remove the 
hypothesis from their theorem. It was not until 15 years later that R¢rdam was able 
to remove the “sign of the determinant” condition and obtain a complete Morita 
equivalence invariant for Cuntz-Krieger algebras. To accomplish this, R¢rdam used 
an additional graph move that did not appear in the study of flow equivalence. 
This move is called the Cuntz splice, and because it will be important for us in 
the remainder of this survey, we shall describe it in greater detail than the other 
moves. 


Move (CS): Cuntz Splice 


If E is a graph and v is any vertex in E that is the base of two distinct cycles, then 
Move (CS) is performed by “splicing” on the following additional portion to E: 


Here is an example showing the Cuntz splice performed on a graph with two vertices 
and three edges to produce a new graph with four vertices and nine edges. 
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Example 4.3 


Cuntz splice —S n@ — 


(Cec => Ue ee 2 

Unlike the other moves, we shall have no need of an inverse move for the Cuntz 
splice. The usefulness of the Cuntz splice is due to the following fact: If E is 
a graph and E™ is obtained by performing a Cuntz splice to a vertex of F, then 
Ko(C*(E)) = Ko(C*(E)) and sgn(det(J — Aj,)) = —sgn(det(/ — Aj_)). In other 
words, the Cuntz splice preserves the Ko-group of the associated C*-algebra while 
“flipping” the sign of the determinant. Rgrdam’s main contribution was to prove that 
the Cuntz splice preserves Morita equivalence of the associated C*-algebra. Using 
this fact, one can start with two purely infinite simple graph C*-algebras having 
the same Ko-group. If the signs of the determinants are the same, simply apply 
Theorem 4.2 to deduce Morita equivalence. If not, apply the Cuntz splice once to 
one of the graphs to switch the sign of the determinant, and then apply Theorem 4.2 
to deduce Morita equivalence. Rgrdam phrased his result in terms of the matrix 
description of Cuntz-Krieger algebras, but we reformulate it here in the modern 
language of graphs, which also takes the presence of sources into account. 


Theorem 4.4 (Rgrdam) Let E and F be finite graphs for which C* (E) and C*(F) 
are simple and purely infinite. Then the following are equivalent: 


(1) C*(E) is Morita equivalent to C*(F). 

(2) Ko(C*(E)) © Ko(C*(F)). 

(3) The graph E may turned into the graph F by finitely many applications of 
Moves (S) (O), (I), (R), and their inverses, and at most one application of 
Move (CS). Moreover, no applications of Move (CS) are needed if sgn(det(1 — 
Aj,)) = sgn(det(1 — Aj,)), and exactly one application of Move (CS) is required 
otherwise. 


Theorem 4.4 shows that Kj(C*(E)) is a complete invariant for Morita equiva- 
lence in the class of simple purely infinite C*-algebras of finite graphs. Even better 
than that, Theorem 4.4 gives moves on the graph generating the equivalence relation 
(in analogy to moves for other equivalence relations, such as the Reidemeister 
moves for the isotopy class of a knot). This allows one to turn the question of 
Morita equivalence of the C*-algebras into a combinatorial problem on graphs. For 
this reason, the moves of Theorem 4.4 are sometimes said to give a “geometric 
classification” of these graph C*-algebras. 

In addition, for finite graphs whose C*-algebras are purely infinite and simple, 
Theorems 4.1 and 4.4 explain the precise relationship between flow equiva- 
lence of the shift space and Morita equivalence of the C*-algebra. In particular, 
Ko(C*(E)) is a complete invariant for Morita equivalence of C*(E), and the pair 
(Ko(C*(E)), sgn(det(1 — Aj,))) is a complete invariant for flow equivalence of 
X,. Consequently, for these graphs the flow equivalence of the shift space is 
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a finer equivalence relation than Morita equivalence of the C*-algebra (ie., Xz 
flow equivalent to Xr implies that C*(E) is Morita equivalent to C*(F), but not 
conversely in general). 

After Rgrdam’s work and this geometric classification of Cuntz-Krieger algebras, 
efforts in the classification program progressed in ways that were less “geometric”. 
However, in 2005 Abrams and Aranda Pino introduced Leavitt path algebras. In 
2008, approximately 13 years after the geometric classification for simple Cuntz- 
Krieger algebras was obtained, Abrams, Louly, Pardo, and Smith were inspired to 
seek a similar geometric classification for simple Leavitt path algebras of finite 
graphs [2]. We will discuss the Leavitt path algebra classification in Sect.5, and 
as with graph C*-algebras we shall see the sign of the determinant condition is a 
stumbling block. Unlike the C*-algebra situation, however, this problem has not 
been resolved and it is an open question as to whether the sign of the determinant 
may be removed. We will discuss the ramifications of this question, and the 
implications of possible answers, in the next section. 

With Leavitt path algebra considerations causing attention to be returned to a 
geometric classification, S¢rensen had the novel idea to reconsider the graph C*- 
algebras and seek geometric classifications for simple C*-algebras of infinite graphs 
[19]. Although the Kirchberg-Phillips theorem, established in 2000, showed that 
the pair of the Ko-group and Kj-group is a complete Morita equivalence invariant 
for purely infinite simple graph C*-algebras, the result is highly non-geometric 
and does not allow one to establish the Morita equivalence in any concrete or 
constructive way. Sgrensen’s key insight was to realize that classification by moves 
could still be obtained when the graph has a finite number of vertices and an infinite 
number of edges. In this case, the K-groups of the C*-algebras are obtained as the 
cokernel and kernel of a finite rectangular (but not square) matrix indexed by the 
vertices. In this situation, due to the fact there are infinitely many edges, one cannot 
define a shift space as before. This is because definition of a shift spaces requires a 
finite alphabet (i.e., finitely many edges) from which each position in the bi-infinite 
sequences may be chosen. Despite this, one can still focus on the equivalence of (2) 
and (3) in Theorem 4.1, considering it as a purely combinatorial fact about graphs, 
and seek an analogous result for infinite graphs with finitely many vertices. As one 
would expect, the object coker(J—Aj,) & Ko(C*(E)) from the finite graph case must 
now be replaced by the pair (Ko(C*(E)), Ki(C*(E)). It is less clear what quantity 
should play the analogous role of sgn(det(J — A’,)), since the matrix involved is not 
square and hence its determinant does not exist. Surprisingly, Sgrensen proved that 
the sign of the determinant condition simply disappears in the presence of infinitely 
many edges, and—in what is even better news—this means there is no need for the 
Cuntz splice. Sgrensen’s results from [19] may be summarized as follows. 
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Theorem 4.5 (Sgrensen) Let E and F be graphs with a finite number of vertices 
and an infinite number of edges and with the property that C*(E) and C*(F) are 
simple. Then the following are equivalent: 


(1) C*(E) is Morita equivalent to C*(F). 

(2) Ko(C*(E)) = Ko(C*(F)) and K\(C*(E)) = Ki(C*(F)). 

(3) The graph E may turned into the graph F by finitely many applications of Moves 
(S), (O), (1), (R), their inverses. 


The fact that Sgrensen’s result does not involve the Cuntz splice has two impor- 
tant consequences: First, the moves (S), (O), (I), (R), and their inverses produce 
explicit Morita equivalences, and consequently one can concretely construct the 
imprimitivity bimodule linking C*(E) to C*(F) by using full corners of the C*- 
algebras of the intermediary graphs between E and F. (The Cuntz splice does 
not produce an explicit Morita equivalence, so this concrete construction cannot 
be accomplished for the finite graphs in Theorem 4.4 when sgn(det(1 — Aj,)) # 
sgn(det(1 — Aj,)).) Second, when seeking a version of Theorem 4.5 for Leavitt 
path algebras, the sign of the determinant condition is no longer present to cause 
difficulties. 

A graph C*-algebra C*(E) is unital precisely when the graph E has a finite 
number of vertices. Since any unital simple graph C*-algebra is either Morita 
equivalent to C or purely infinite, the combination of Theorems 4.4 and 4.5 gives a 
complete classification of unital simple graph C*-algebras up to Morita equivalence. 

In May 2015 Eilers, Restorff, Ruiz, and Sgrensen posted a preprint [7] to 
the arXiv in which they extended the geometric classification to all unital graph 
C*-algebras of real rank zero. Specifically, they show that filtered K-theory is a 
complete Morita equivalence invariant for unital graph C*-algebras of real rank 
zero, and that when Morita equivalence occurs, one graph may be turned into the 
other using a finite number of Moves (S), (O), (1), (R), their inverses, and Move 
(CS). In July 2015, Eilers, Restorff, Ruiz, and Sgrensen posted an update to their 
arXiv entry stating that they are now able to remove the hypothesis of real rank zero 
and give a geometric classification for all unital graph C*-algebras. They also stated 
that the preprint [7] will not be published, and instead a paper with the more general 
results (containing all results of [7] as special cases) will be written and published in 
its place (see http://front.math.ucdavis.edu/1505.06773). In talks, Eilers has stated 
that the filtered K-theory is a complete Morita equivalence invariant for unital graph 
C*-algebras and that a geometric classification is possible. However, when the 
unital graph C*-algebra is not real rank zero, we must include one additional move 
besides Moves (S), (O), (D, (R), their inverses, and Move (CS), in order to handle 
the situation of cycles with no exits. Since this additional move was discovered 
while Eilers and Restorff were visiting Ruiz at his home institution in Hawai’i, and 
since the move involves a graphical picture similar to a butterfly, the authors have 
tentatively called the move “pulelehua”—the Hawaiian word for butterfly. 
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5 Classification of Leavitt Path Algebras of Finite Graphs 


Since the Leavitt path algebras are defined in a manner analogous to the graph C*- 
algebras, they are a natural candidate for a class of algebras that may be amenable to 
classification by K-theory. In addition, the geometric classification of unital graph 
C*-algebras, described in terms of moves on the graph, provides a viable approach 
to classification for Leavitt path algebras. 

Abrams, Louly, Pardo, and Smith initiated the classification of Leavitt path 
algebras in [2]. (A preprint of [2] was posted to the arXiv in 2008, and a published 
version appeared in 2011.) To begin, they observed that for any graph F and any field 
K, one has Ke (Lx(E)) & Ko(C*(E)) so that the algebraic Ky-group of the Leavitt 
path algebra agrees with the Ko-group of the graph C*-algebra and is independent 
of the field K. In addition, Abrams, Louly, Pardo, and Smith proved that the graph 
moves (S), (O), (D), (R), and their inverses preserve Morita equivalence of the Leavitt 
path algebra of the graph. However, they were unable to determine whether or not 
the Cuntz splice preserves Morita equivalence of the associated Leavitt path algebra. 
Thus, following the proof strategy established by Cuntz and Krieger (with later 
contributions by Rérdam), they could not avoid the sign of the determinant condition 
and were only able to establish sufficient conditions for Morita equivalence. We state 
their result here. 


Theorem 5.1 (Abrams, Louly, Pardo, and Smith) Let K be any field, and let E 
and F be finite graphs for which Lx(E) and Lx(F) are simple and purely infinite. If 
K*"(Lx(E)) & K*8(Lx(F)) and sgn(det(1 —A‘,)) = sgn(det(1 —A',), then Lx(E) is 
Morita equivalent to Lx (F’). Moreover, in this case, the graph E may turned into the 
graph F by finitely many applications of Moves (S), (O), (I), (R), and their inverses. 


One noteworthy consequence of this result is that, as with most of the Leavitt path 
algebra results, the field plays no role in determining the Morita equivalence class 
of the Leavitt path algebra for these particular types of graphs. Indeed, the invariant 
sufficient for classification, the pair (Kee (Lx(E)), sgn(det(1 — Aj,))), depends only 
on the graph E and is independent of the field. 

Currently, it is unknown whether the sign of the determinant is a Morita equiv- 
alence invariant for Leavitt path algebras. This puts the classification program for 
simple Leavitt path algebras of finite graphs in a similar state that the classification 
of simple graph C*-algebras found itself in during the 15 years period following 
Cuntz and Krieger’s work and prior to Rgrdam’s contribution of the Cuntz splice. As 
a result, resolving whether the sign of the determinant can be removed is currently 
one of the central issues in the classification of simple Leavitt path algebras. This 
problem is equivalent to determining whether the Cuntz splice preserves Morita 
equivalence, and thus the open question may be formulated as follows. 


Open Question 1 Let K be a field and let E be a finite graph such det(1 — Aj,) # 0 
and Lx(E) is simple and purely infinite. If E~ denotes the graph obtained by 


Classification of Graph Algebras: A Selective Survey 313 


performing a Cuntz splice to E, then are the Leavitt path algebras Lx(E) and 
Lx(E_) Morita equivalent? 


This question has been open since the first preprint of [2] appeared in 2008, and 
it is currently at the forefront of the classification program for Leavitt path algebras. 
Many researchers have worked on this problem, but with little to show for their 
efforts. In fact, we currently cannot answer the question in even elementary special 
cases. 

For example, suppose we take E> to be the graph with one vertex and two edges 
(arguably, the most basic example of the graphs the question is asking about), and 
let EZ be the graph obtained by performing a Cuntz splice at the vertex of E. 


E> e E 


. fees 


Then Lx(E2) is isomorphic to the Leavitt algebra Lz, and we have Ke (Lx(E2)) & 
Ke (ix(B)) = {0}, det(1 — Ap.) = 1, and det(1 — Ar) = —1. However, it is 
currently an open question as to whether Lx (£2) and Lx (E; ) are Morita equivalent. 

Besides restricting the graph, another approach to finding a more tractable special 
case of Open Question | is to restrict the field, for instance to fix K = C or 
K = Zy. However, no results for this special case have been obtained either. Even 
combinations of these restrictions (i.e., restricting both the graph and the field) 
yield open problems—no one knows, for example, whether Lc(E2) and Lc (Ez ) 
are Morita equivalent, or whether Lz, (E2) and Lz, (E; ) are Morita equivalent. 

In July 2015, Johansen and Sgrensen announced the preprint [11], which to the 
author’s knowledge contain some of the first concrete results concerning the sign of 
the determinant condition. Although Leavitt path algebras are defined over fields, 
as noted by the author in [22], for any graph EF and any commutative ring R it is 
possible to construct a Leavitt path algebra Lr(£) with coefficients in R. Johansen 
and Sgrensen proved that if we choose the coefficients to be the ring Z, then 
Lz(Ez) is not *-isomorphic to Lz(E; ). (This is contrasted with the graph C*-algebra 
situation, where C* (E>) is *-isomorphic to C* (E; ).) Consequently, the Cuntz splice 
does not preserve *-isomorphism of Leavitt path algebras over the ring Z. What this 
means—if anything—for Morita equivalence (instead of *-isomorphism) of Leavitt 
path algebras over fields (instead of rings), is yet unclear. But at the very least, 
Johansen and Sgrensen’s result shows us that not all Cuntz splice results for graph 
C*-algebras will generalize to algebras over commutative rings, and this raises the 
potential for some unexpected phenomena with Leavitt path algebras over fields. 
More importantly, up to this point a preponderance of researchers’ efforts have 
been spent trying to prove that the Cuntz splice does preserve Morita equivalence 
of Leavitt path algebras (over fields). Johansen and S¢rensen’s result suggests that 
perhaps we should be spending more time trying to establish the negative. 
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The lack of an answer to Open Question | is currently a major stumbling block 
in the classification program for Leavitt path algebras. The fact we do not have 
an answer, even in special cases or for elementary examples, indicates there is 
something important about the structure of simple Leavitt path algebras that we 
do not yet understand. In addition, Open Question | is not only an impediment 
for classification of simple Leavitt path algebras, but until we have a solution it 
essentially impossible to classify nonsimple Leavitt path algebras of finite graphs— 
to do so, we would most likely need to deal with the simple ideals and quotients, 
which are as of yet unmanageable. Consequently, a solution to Open Question | is 
of paramount importance for the classification program for Leavitt path algebras. 

Open Question | is compelling to the mathematical community not only for 
its applications to classification of algebras, but also because whatever the answer 
turns out to be, it will have consequences for the subjects of Algebra, Functional 
Analysis, and Dynamics. As the author sees it, there are three possible answers to 
Open Question |: “Yes”, “No”, and “Sometimes”’. 

If the answer is “Yes”, then this would provide further compelling evidence 
for the existence of some sort of “Rosetta Stone” allowing for the translation of 
results between graph C*-algebras and Leavitt path algebras. Identifying the reason 
for these similarities could lead to a deeper understanding of the relationships 
between C*-algebras and algebras. It could even serve as a call to action for more 
collaboration between algebraists and analysts. Perhaps we can find conditions 
under which dense *-subalgebras of C*-algebras have structural properties similar 
to their ambient C*-algebras. Perhaps one can find larger classes of algebras for 
which analogues of C*-algebra results can be proven. Or perhaps (if we dream big) 
a version of the Kirchberg-Phillips classification theorem could be proved for a large 
class of purely infinite simple algebras. 

If the answer is “No”, meaning the sign of the determinant is an invariant 
of Morita equivalence, then the pair (Ke (Lx (E)), sgn(det(1 — Aj,))) would be a 
complete Morita equivalence invariant for simple Leavitt path algebras of finite 
graphs. This would imply that for finite strongly connected graphs, the Morita 
equivalence class of the Leavitt path algebra coincides exactly with the flow 
equivalence class of the graph’s shift space (cf. Theorem 4.1). Consequently, we 
would have that the Leavitt path algebras and shift spaces are intimately related, 
suggesting that there is some deeper, not yet understood connection between the 
algebras and the flow dynamics. 

If the answer is “Sometimes”, meaning that for certain graphs changing the sign 
of the determinant (or performing a Cuntz splice) changes the Morita equivalence 
class of the Leavitt path algebra but for other graphs it does not, then we will need to 
identify exactly which graphs are affected. This would be the most surprising (and 
hence for a mathematician the most interesting!) outcome to this question. If indeed 
the answer does turn out to be “Sometimes”, this outcome will likely motivate the 
creation and development of new tools and require the collaboration of algebraists, 
analysts, and dynamicists to investigate the phenomena that occur. 
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6 Classification of Leavitt Path Algebras of Infinite Graphs 


As we saw in the previous section, the sign of the determinant condition (and 
unknown effect of the Cuntz splice) creates an impediment to classifying simple 
Leavitt path algebras of finite graphs 

However, if we continue to look to graph C*-algebras for inspiration, we see 
that Sgrensen’s classification of unital C*-algebras of infinite graphs avoided the 
sign of the determinant and no Cuntz splice move was needed. One could therefore 
hope for a similar classification, using Sgrensen’s techniques, for unital Leavitt 
path algebras of infinite graphs. (Such graphs have a finite number of vertices and 
an infinite number of edges.) This collection of graphs, while avoiding the Cuntz 
splice, introduces a new problem: What is our candidate for the complete Morita 
equivalence invariant? For C*-algebras of finite graphs we used the Ko-group, and 
when we considered Leavitt path algebras of finite graphs, we were in the fortunate 
situation that for any graph E we have Ke (Lx(E)) & Ko(C*(E)). However, for 
graphs with infinitely many edges Sgrensen now had to include the K,-group of 
the C*-algebra. In general, for a graph E one has that x (Lx(E)) and K,(C*(E)) 
are not equal. In addition, due to Bott periodicity, a C*-algebras really only has 
only two K-groups: the Ko-group and then K\-group. This means that by using 
Ko and Kj, Sgrensen was including all the K-groups of the graph C*-algebra in 
the invariant. For Leavitt path algebras there is no periodicity and the algebraic 
K-groups Ke" (Lx(E)) may all be distinct. Furthermore, for n > 1 one has that 
Kis (Lx(E)) depends on the underlying field of the Leavitt path algebra. This raises 
the question as to which of the algebraic K-groups Kae (Lx(E)) should be included 
in the invariant. x and K’ fa only? Some finite number of algebraic K-groups? All 
algebraic K-groups? Should the number of K-groups included depend on the field? 

Inspired by the techniques of Sgrensen in [19], Ruiz and the author looked for an 
invariant that would provide the moves needed between the graphs without worrying 
about whether this invariant involved the algebraic K-groups. It was found that a 
complete Morita equivalence invariant is provided by the pair (Ke (Lx(E)), |E.. |). 
Here [Exing| is the cardinality of the set of singular vertices ae (Recall that a vertex 
is singular if it either emits no edges or an infinite number of edges.) Ruiz and the 
author proved the following in [18]. 


Theorem 6.1 (Ruiz and Tomforde) Let K be a field, and let E and F be graphs 
with a finite number of vertices and an infinite number of edges with the property 
that Lx(E) and Lx(F) are simple. Then the following are equivalent: 


(1) Lx(E) is Morita equivalent to Lx (F). 
(2) Ky°(Lx(E)) & Ko *(Lx(F)) and |Egng| = |F engl: 


sing 


(3) The graph E may turned into the graph F by finitely many applications of Moves 
(S), (O), (I), (R), their inverses. 


While this result shows that (Ke (Lx (E)), |E°_ |) is a complete Morita equiv- 


sing 
alence invariant for unital simple Leavitt path algebras of infinite graphs, this 
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invariant is unsatisfying because it depends on the choice of the graph used to 
represent the Leavitt path algebra, rather than only on intrinsic properties of the 
algebra itself. We prefer to have an invariant based solely on algebraic properties, 
and if our goal is to lay groundwork for classification of larger classes of algebras, 
we hope that we can obtain an invariant described entirely in terms of K-theory. 

Thus we ask whether or not some collection of the algebraic K-groups can 
provide a complete Morita equivalence invariant for unital simple Leavitt path 
algebras of infinite graphs—or, equivalently, whether [Exing| can be determined from 
some collection of the algebraic K-groups. 

In [18] Ruiz and the author showed that in certain situations the answer is “Yes”, 
and surprisingly the answer depends on the underlying field. (This is explained 
by the fact that the higher algebraic K-groups of the Leavitt path algebra depend 
significantly on the underlying field.) To describe the manageable fields, we need to 
introduce a bit of terminology. 


Definition 6.2 if Gis an abelian group, we say G has no free quotients if no nonzero 
quotient of G is a free abelian group. If K is a field, we say K has no free quotients 
if the multiplicative abelian group K* := K \ {0} has no free quotients. 


It is shown in [18, Proposition 6.10] that the following are all examples of fields 
with no free quotients. 


¢ All fields K such that K” is a torsion group. 

¢ All fields K such that K* is weakly divisible. 

e All algebraically closed fields. 

¢ All fields that are perfect with characteristic p > 0. 
¢ All finite fields. 

¢ The field C of complex numbers. 

¢ The field R of real numbers. 


The field Q is not a field with no free quotients, because Q* = Z2 PBZ @OZO.... 

In [18] Ruiz and the author showed that when the underlying field has no free 
quotients, the pair (K2'* (Lx (E)), K"8(Lx(E))) is a complete Morita equivalence 
invariant. We emphasize that this includes the case when the underlying field is 
the complex numbers. 


Theorem 6.3 (Ruiz and Tomforde) Let K be a field with no free quotients (see 
Definition 6.2), and let E and F be graphs with a finite number of vertices and an 
infinite number of edges, and with the property that Lx(E) and Lx(F) are simple. 
Then the following are equivalent: 


(1) Lx(E) is Morita equivalent to Lx(F). 
al, a al al, 
(2) Kl®(Lq(E)) © Ka¥(Lx(F)) and K*!8 (Lx (E)) = K"®(L«(F)). 
(3) The graph E may turned into the graph F by finitely many applications of Moves 
(S), (O), (I), (R), their inverses. 


Moreover, in [18, $11] Ruiz and the author produce an example of graphs 
E and F with finitely many vertices, infinitely many edges, and having the 
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following properties: Lg(E) and Lo(F) are simple, K*"(Lo(E)) = K**(Lo(F )), 
K"*(Lo(E)) = K*"" (Lo(F)), and K3"(Lo(E)) % K3'(Lo(F)). Thus the K**-groups 
and K*"®-groups of Lg(E£) and Lg(F) are isomorphic, but Lg(E) and Lg(F) are not 
Morita equivalent. Hence the pair of the K*'*-group and K?'-group can fail to be a 
complete Morita equivalence invariant when the underlying field is not a field with 
no free quotients. 

This raises the question of whether higher algebraic K-groups can be included to 
produce a complete Morita equivalence invariant for other fields. This was answered 
affirmatively for number fields in [10]. (Recall that a number field is a field that is a 
finite extension of Q.) The following was proven in [10]. 


Theorem 6.4 (Gabe, Ruiz, Tomforde, and Whalen) Let K be a number field, and 
let E and F be graphs with a finite number of vertices and an infinite number of 
edges, and with the property that Lx(E) and Lx(F) are simple. Then the following 
are equivalent: 


(1) Lx(E) is Morita equivalent to Lx (F). 
al, a alg al, 
(2) K®8(Lx(E)) & Ko8(Lx(F)) and K*®(L(E)) = K*8(Lx(F)). 
(3) The graph E may turned into the graph F by finitely many applications of Moves 
(S), (O), (I), (R), their inverses. 


This shows that the pair (Ke (Lx(E)), Kis (Lx(E))) is a complete Morita 
equivalence invariant for these Leavitt path algebras when the field is a number 
field. In addition, since Q is a number field, this result covers the example produced 
by Ruiz and the author in [18, $11]. 

The situation for other fields is unclear, and this leads us to an important open 
question. 


Open Question 2 Let K be a field, and let E and F be graphs with a finite number 
of vertices and an infinite number of edges, and with the property that Lx(E) and 
Lx(F) are simple. If Ke" (Lx(E)) = Ki (Le(F)) for alln € N U {0}, then is it the 
case that Lx(E) is Morita equivalent to Lx(F)? 


In light of Theorem 6.1, Open Question 2 is equivalent to asking the following: “If 
K is a field and E is a graph with a finite number of vertices and an infinite number 
of edges, and for which Lx (£) is simple, then is it possible to determine |Eo ol from 


the set of algebraic K-groups {K2""(Lx(E)) :n = 0,1,2...}2” 

Theorems 6.3 and 6.4 show that Open Question 2 has an affirmative answer when 
the field either has no free quotients or is a number field. This means that for simple 
Leavitt path algebras over these fields the only missing part of a classification is 
to answer Open Question | and determine whether the sign of the determinant is a 
Morita equivalence invariant in the case of finite graphs. 

To obtain a classification of all simple Leavitt path algebras by algebraic K- 
theory, a positive answer to Open Question 2 is necessary. If the answer to 
Question 2 is negative in general, then a general classification in terms of algebraic 
K-theory will not be possible and we will need to restrict our attention to Leavitt 
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path algebras over particular fields. Fortunately, for many fields of interest (e.g., 
C, R, finite fields, Q, number fields) we already know that Open Question 2 has a 
positive answer. 
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QDQ vs. UCT 


Wilhelm Winter 


Abstract This is a survey of recent progress in the structure and classification 
theory of nuclear C*-algebras. In particular, I outline how the Universal Coefficient 
Theorem ensures a positive answer to the quasidiagonality question in the presence 
of faithful traces. This has strong consequences for the regularity conjecture and 
the classification problem for separable, simple, nuclear C*-algebras. Moreover, it 
entails a positive solution to Rosenberg’s conjecture on quasidiagonality of reduced 
C*-algebras of discrete amenable groups. This note is largely based on a joint paper 
with Aaron Tikuisis and Stuart White. 


1 Introduction 


Quasidiagonality was defined by Halmos as an external finite dimensional approxi- 
mation property for sets of operators on a Hilbert space [25]. Voiculescu studied the 
notion as a property of (represented) C*-algebras; cf. [56, 57]. 

For nuclear C*-algebras quasidiagonality can be expressed as an embedding 
property via the Choi—Effros lifting theorem [7]. Another connection to amenability 
was disclosed by Hadwin in [24] and—in an appendix to the same paper—by 
Rosenberg who observed that discrete group C*-algebras can only be quasidiagonal 
for amenable groups. The converse statement became known as Rosenberg’s 
conjecture. 

Elliott’s programme to classify nuclear C*-algebras by K-theory data first 
featured quasidiagonality in the proof of Kirchberg’s embedding theorem [28] 
(where it entered through Voiculescu’s homotopy invariance theorem [56]), which 
then led up to the celebrated Kirchberg—Phillips classification of simple, purely 
infinite, nuclear C*-algebras; see [30, 44]. 

In the stably finite case, the relevance of quasidiagonality was first marked by 
Popa’s local quantisation of [42], which then inspired Lin to define TAF algebras, 
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thus leading up to the whole TAF/TAI classification machinery (which recently 
culminated in the spectacular [22] and [17] by Elliott, Gong, Lin, and Niu). 

The quasidiagonality question (QDQ) of Blackadar and Kirchberg asks whether 
all separable, stably finite, nuclear C*-algebras are quasidiagonal; see [4]. In the 
2000s, the interest in the interplay between quasidiagonality and nuclearity was 
renewed in Brown’s [6] (which takes a measure theoretic or tracial point of view) 
and in [32] (which establishes a further link to topological approximation properties 
via the decomposition rank, a noncommutative covering dimension). The latter 
notion was generalised to nuclear dimension in [63], and it became an intriguing 
problem to characterise the difference between decomposition rank and nuclear 
dimension. 

A massive breakthrough was achieved by Matui and Sato in [36]: In the simple, 
monotracial and Z-absorbing case (where Z denotes the Jiang—Su algebra from 
[27]; see also [47]) quasidiagonality implies finite decomposition rank; in the 
absence of quasidiagonality, by [49] one always has finite nuclear dimension. 
For larger trace spaces, one has to consider Brown’s more refined notion of 
quasidiagonality of traces; cf. [5]. 

The latter condition also appears in [17] which amounts to the classification 
of all separable, unital, simple C*-algebras with finite nuclear dimension, which 
satisfy the Universal Coefficient Theorem from [48] (UCT for short; satisfying it is 
equivalent to being KK-equivalent to a commutative C*-algebra) and for which all 
traces are quasidiagonal. Although of stunning generality, the last two hypotheses 
in this result do remain mysterious. The UCT holds for C*-algebras of amenable 
groupoids by [55] and is also ensured by a bootstrap type condition; therefore in 
concrete situations of interest it can usually be confirmed (see, for example, [15]). 
To date it is unknown whether all separable nuclear C*-algebras satisfy the UCT. 
Quasidiagonality—due to its poor permanence properties—is usually also hard to 
verify even in very concrete and geometric setups; see for example [40] or [34]. 

Remarkably, neither of these two problems occur in the von Neumann algebra 
context of Connes’ celebrated classification of injective factors (which remains an 
inspiration for the classification of nuclear C*-algebras—at a philosophical, but also 
at a technical level, since the various available proofs in [9, 23, 41] have revealed 
important insights for C*-algebraists). 

The situation on the C*-algebra side changed considerably with [51], in which 
the two problems were linked to the effect that the UCT indeed ensures quasidi- 
agonality under suitable circumstances, with the crucial extra tool being stable 
uniqueness theorems as introduced in [11, 33]. The result verifies Rosenberg’s 
conjecture and has strong consequences for the structure and classification of 
simple nuclear C*-algebras, including the regularity conjecture of Toms and myself 
(see [18, 59]). In particular, the classification of separable, unital, simple C*- 
algebras which satisfy the UCT and have finite nuclear dimension is now complete. 
Moreover, the nuclear dimension hypothesis may be replaced by Z-absorption or 
by strict comparison of positive elements, at least under additional conditions on 
the space of tracial states. 
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In this note I give a survey of the result, its proof and its corollaries. I try to 
motivate it and put it into a larger context—especially in view of the remaining 
open problems in the area—by specialising to the case of strongly self-absorbing 
C*-algebras. 

In Sect. 2 I recall the concept of and some elementary facts about quasidiagonal- 
ity. In Sect. 3 I state the stable uniqueness theorems and outline the role of the UCT 
for the controlled version. Section 4 looks at strongly self-absorbing C*-algebras 
and approaches various versions of the quasidiagonality question from this point 
of view. Section 5 contains the main result and its consequences for structure and 
classification of nuclear C*-algebras and for Rosenberg’s conjecture. The proof of 
the main theorem is outlined in Sect. 6. Finally, Sect. 7 collects a number of open 
problems, mostly on quasidiagonality and on the UCT. 

Most of the contents of the paper are based on [51], except for those of Sections 4 
and 7 which have not previously been published in this form. I would like to thank 
llijas Farah, David Kerr, Aaron Tikuisis, Stuart White and the referee for some very 
helpful comments on an earlier version. 

This note was written during a research stay at the Mittag-Leffler Institute 
to which I am indebted for their hospitality. I am grateful to the Deutsche 
Forschungsgemeinschaft for their support through the collaborative research centre 
SFB 878. And I would like to thank the organisers of the 2015 Abel Symposium for 
their kind invitation to this marvellous conference. 


2 Quasidiagonality 


2.1 Quasidiagonality was originally defined by Halmos for sets of operators on 
a Hilbert space; an abstract C*-algebra is called quasidiagonal if it has a faithful 
representation the image of which is quasidiagonal in this sense. For our purposes, 
it will be useful to take Voiculescu’s characterisation from [56] as a definition: 


Definition A C*-algebra A is quasidiagonal if, for every finite subset F of A and 
€ > 0, there exist k € N and a completely positive contractive (c.p.c.) map y :A > 
M,, such that 


Il (ab) — Way). llall -—Ilv¥@ll <e 
foralla,beée Ff. 


2.2 With the aid of the Choi—Effros lifting theorem it is not hard to see that 
for separable nuclear C*-algebras quasidiagonality can be rephrased in terms of 
embeddings into Q.,, where Q is the universal UHF algebra, w € BN \ N is a free 
ultrafilter, and Q,, = []y Q/{Gn)n | limpso Xn = O}. 


Proposition A separable nuclear C*-algebra A is quasidiagonal if and only if there 
is an embedding A > Q,. 
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2.3 Remark Note that in this characterisation unitality is not an issue: A as above 
is quasidiagonal if and only if the smallest unitisation A~ is quasidiagonal if and 
only if there is a unital embedding AT — Q.,,. (This last statement uses the fact 
that Q is self-similar in the sense that every unital hereditary C*-subalgebra of Q is 
isomorphic to Q.) 


2.4 Brown considered in [6] the refined notion of guasidiagonal traces; this is based 
on Voiculescu’s observation [57] that a unital, separable, quasidiagonal C*-algebra 
always has at least one tracial state which is picked up by a sequence of (unital) 
quasidiagonal approximations as in Definition 2.1. 


Definition A tracial state t, € T(A) on a C*-algebra A is quasidiagonal if, for every 
finite subset F of A and « > 0, there exist k ¢ N andac.p.c. map y : A > M;, such 
that 


Il (ab) — WaW(b)|, |ta@ — t™, © Y(a)| < € 
for alla,b € F. 


2.5 Similar to Proposition 2.2, one can characterise quasidiagonality of traces in 
terms of maps to Q,.. 


Proposition Let A be a separable nuclear C*-algebra. A tracial state ts € T(A) 
is quasidiagonal if and only if there is a *-homomorphism 1 : A — Q, such that 
Ta = TQ, ON, where Tg,, is the unique tracial state on Q,, given by tg, ([n)n]) = 
limp TQ(n)- 


3 Stable Uniqueness and the Universal Coefficient Theorem 


3.1. It is a common problem in classification to decide when two morphisms 
are (approximately unitarily) equivalent, provided there is no obvious K-theoretic 
obstruction. Stable uniqueness theorems provide partial solutions by establishing 
‘local almost’ unitary equivalences after adding the same map on both sides 
with sufficiently large multiplicity. (Very roughly speaking, this could perhaps be 
interpreted as a fine-tuned version of Voiculescu’s theorem [58].) The problem has 
been studied extensively by Lin (see [33], for example); for our purposes a version 
of Dadarlat and Eilers—which we state here in a simplified form for brevity—will 
be particularly useful. 


Theorem [11, Theorem 4.5] Let C, B be unital C*-algebras with C separable and 
nuclear. Let t : C — B be a unital *-homomorphism which is totally full, i.e., for 
every nonzero c € C the element t(c) generates B as an ideal. Let p, w : C > B be 
unital *-homomorphisms with the same induced KK-class. 
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Then, for every finite subset G C C and & > 0 there aren € N and a unitary 
u © M,41(B) such that 


llu(p(c) & e?"(c)yu* — (Wc) BP"(C))|| <8, CEG. 


3.2. Remark For us it will be important that the domain algebra C in the theorem 
above need not be simple. In fact, we will apply it to the unitisation of the suspension 
of the algebra we are actually interested in. For the target we mostly care about the 
algebra Q,,; for technical reasons we also consider algebras like In 05: 


3.3. For the proof of our main result, we need a refined version of Theorem 3.1, 
since for our method it is vital that n can be chosen independent of the specific 
maps g, ¥ and especially « (it may of course still depend on C, G and 5). Such 
a result was already provided in [11, Theorem 4.12], at least for simple domains 
C. However, the proof carries over to the nonsimple situation as long as one retains 
some control over the fullness of . This is done in [51] in terms of a control function 
A : C \ {0} — N (where C}. is the unit ball of the positive elements of C and 
A(c) is the smallest k € N such that there are contractions x),...,x%, € B with 
lp = yo x¥t(c)x; ). For a given *-homomorphism:z : C > B one can define an (a 
priori possibly infinite) function A in terms of (inverses of) tracial values of 1(c) for 
cE C1. \ {0}; provided B has strict comparison of positive elements and the control 
function remains finite, the map / will then be A-full—see [51] for details. 

The proof of [11, Theorem 4.12] works by assuming the statement is false and 
then producing a sequence of pairs of counterexamples (i.e., pairs of maps as in 
Theorem 3.1, but with no uniform bound on n) for contradiction. The crux is it to 
assemble the two resulting sequences of maps into two single maps (with larger 
target algebras) and at the same time keeping control over their KK-classes. In our 
situation, the individual maps will be zero-homotopic, and the problem is it to decide 
when maps of the form 


KK(C, [Ty Bn) > [Ty KK(C, Bn) (3.1) 


are injective. The issue is that a sequence of homotopies doesn’t necessarily give rise 
to a (continuous) homotopy of sequences, since the parameter speeds might increase 
quickly. It is for this purpose—and for this purpose only—that the Universal 
Coefficient Theorem enters the stage. 


3.4 Definition [48, Theorem 1.17], [3] A separable C*-algebra A is said to satisfy 
the Universal Coefficient Theorem (UCT) if the sequence 


O — Ext(K,. (A), Kx+1(B)) > KK(A, B) > Hom(K, (A), Kx(B)) > 0 
is exact for every o-unital C*-algebra B. 


Both maps in the sequence above can be made explicit, using the natural 
identification KK(A, B) & Ext !(A,Co(R) ® B @ K): Given such an extension, 
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the right hand map collects the boundary maps of the associated six-term exact 
sequence in K-theory. For trivial boundary maps, the six-term exact sequence splits 
into two extensions of abelian groups; the UCT requires the left-hand map to be the 
inverse of this assignment. 


3.5 It is known that the separable C*-algebras satisfying the UCT are precisely the 
ones which are KK-equivalent to abelian C*-algebras; see [48], [50, Proposition 5.3] 
(or [3, Theorem 23.10.5]). The closure properties of the class of nuclear UCT C*- 
algebras are so strong that to date nobody has managed to find a nuclear example 
outside it. The UCT problem reads as follows. 


Question Does every separable nuclear C*-algebra satisfy the UCT? 


3.6 In our situation, the UCT provides just enough information to make the map 
of (3.1) injective; see [11] and [51] for details. Let us state the resulting ‘controlled’ 
stable uniqueness theorem, again for brevity in a simplified version. (See [51] for 
the complete statement; this involves K-theory with coefficients, which here boils 
down to just ordinary K-theory by Q-stability.) 


Theorem Let C be a separable, unital, nuclear C* -algebra satisfying the UCT. Let 
A: C\. \ {0} > N be a control function, let G C C be a finite subset and let § > 0. 
Then there exists n € N such that for any unital A-full *-homomorphismt: C — B 
(where B is of the form Q, Q,, or []j Qu), and any unital *-homomorphisms 9, W : 
C — Bwith K,.(g) = Kx (Ww), there is a unitary u € M,+\(B) such that 


llu(p(c) B "(c)u* — (W(c) B1F"(c)) || <8, cE G. 


4 QDQ: A Strongly Self-Absorbing Point of View 


4.1 The quasidiagonality question, also known as Blackadar—Kirchberg problem, 
was posed in [4]: 


QDQ Is every separable, stably finite, nuclear C* -algebra quasidiagonal? 
Pp y & q g 


Note that by Remark 2.3, QDQ is equivalent to QDQ,, the respective question for 
unital C*-algebras. 

Likewise, one could add simplicity or both unitality and simplicity to the 
hypotheses; we denote the resulting questions by QDQimpie ANd QDQ impie,1- At this 
point I am not aware of any (but the obvious) formal implications between QDQ, 
QDQ impic ANd QDQ impie,1, although it doesn’t seem unlikely that the general case 
can be reduced to the simple situation (for example via some Bernoulli type crossed 
product construction as in [39]?). 


4.2 Although the quasidiagonality question has been around for a long time, until 
recently its role for the structure and classification theory of nuclear C*-algebras has 
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remained somewhat obscure, and its nature and complexity is still hard to gauge. 
Maybe most conspicuously, it seems to be a very finite problem, in stark contrast 
to other structural phenomena, which often exhibit a dichotomy between finite 
and infinite situations, such as the interplay between Lin’s TAF classification and 
Kirchberg—Phillips classification, the roles of the Jiang—Su algebra Z and the Cuntz 
algebra Ooo, and Toms’ and R¢grdam’s topologically high-dimensional examples 
[45, 52]. 


4.3 In order to shed some light on the quality of the problem, let us be more 
restrictive and formulate the quasidiagonality question for strongly self-absorbing 
C*-algebras. These have been abstractly defined in [53], but the concept goes back 
to Effros—Rosenberg [16] in the C*-algebra setting, which in turn was inspired by 
the von Neumann algebra context where it was crucial for McDuff’s [38] and for 
Connes’ celebrated classification of injective factors [9]. 


4.4 Definition A separable unital C*-algebra D # C is strongly self-absorbing, if 
there is an isomorphism g : D — D®@D which is approximately unitarily equivalent 
to the first factor embedding, i.e., there is a sequence of unitaries (u,)j in D ® D 


such that un(d ® Ip)u* "> o(d) for all d € D. 


4.5 It was shown in [16] that strongly self-absorbing C*-algebras are always simple 
and nuclear; from results of Kirchberg it follows that they are either purely infinite 
or stably finite and in this case there is a unique tracial state (cf. [53]). By [60] they 
are always Z-stable, i.e. they absorb Z tensorially. 


4.6 For strongly self-absorbing C*-algebras tensorial absorption can be charac- 
terised in terms of (exact or approximate) unital embeddings: A separable unital 
C*-algebra A absorbs the strongly self-absorbing C*-algebra D precisely if D 
embeds unitally into the commutant of A inside its ultrapower, A, 1A’ (the criterion 
can also be phrased for nonunital A). The proof is based on an Elliott intertwining 
argument; see [44, Theorem 7.2.2] or [53, Theorem 2.3] (these are stated for 
sequence algebras instead of ultrapowers, but the proofs are essentially the same). 
For a strongly self-absorbing target €, a separable subspace of the ultrapower €,, 
can be unitarily conjugated to a subspace of the relative commutant €,, 9 €’. As a 
consequence, two strongly self-absorbing C*-algebras D and € are isomorphic if 
and only if there are unital embeddings D <> € and € <> D if and only if there are 
unital embeddings D > €, and € <> D,; see [16] and [53]. Upon combining this 
with Proposition 2.2, we see that a (necessarily finite) strongly self-absorbing D is 
quasidiagonal if and only if D@Q ~ Q. Moreover, Kirchberg’s embedding theorem 
yields that O2 absorbs any other strongly self-absorbing C*-algebra, O02 @D & QO. 
(This last statement holds in much greater generality.) 


4.7 Examples The chart below contains all known strongly self-absorbing C*- 
algebras. Here, UHF™ stands collectively for UHF algebras of infinite type. (The 
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universal UHF algebra Q is one of them; we list it separately to emphasise its role 
as a ‘semifinal’ object.) An arrow means ‘embeds unitally into’ or equivalently ‘is 
tensorially absorbed by’. 


O2 


UHF° —- UHF” ® Oo 


t t 
Z > Ov 


Arguably the most important question about strongly self-absorbing C*-algebras 
is whether or not the list above is complete. This makes direct contact with 
fundamental open problems such as the classification problem, the Toms—Winter 
conjecture, the UCT problem, or the quasidiagonality question. Even though being 
strongly self-absorbing is a very restrictive condition, at this point there is no 
evidence these questions will be substantially easier to answer when restricted to 
the strongly self-absorbing situation. On the other hand, such a restriction can often 
bare the problem of merely technical additional complications, and in this way 
sometimes disclose its true nature. Occasionally, a solution in the strongly self- 
absorbing case will then even give us a clue of how to deal with the general situation. 
This has happened for example in the run-up to [49] and to [51]; it is one of the 
reasons why I like to think of strongly self-absorbing C*-algebras as a microcosm 
within the world of all nuclear C*-algebras. 


4.8 It is a crucial feature of the point of view above that questions on the existence 
or non-existence of examples with certain properties can be rephrased in terms of 
abstract characterisations of the known examples. For instance, the Jiang—Su algebra 
Z was characterised in [60] as the uniquely determined initial object in the category 
of all strongly self-absorbing C*-algebras. (An object in a category is initial, if there 
is a morphism to every other object. Very often this morphism is also required to 
be unique; in our situation, this will be the case when using approximate unitary 
equivalence classes instead of just unital *-homomorphisms.) At the opposite 
end, ©, is the unique final object (i.e., there is a morphism from every other 
object to O2; as above, this will be unique when using as morphisms approximate 
unitary equivalence classes of unital *-homomorphisms) by Kirchberg’s embedding 
theorem. These are, as Kirchberg once put it, sociological characterisations, based 
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on interactions with peer objects. In [12], it was observed that Oz can also be 
characterised intrinsically—or genetically—as the unique strongly self-absorbing 
C*-algebra with trivial Ko-group. Conspicuously, this characterisation of the final 
object does not require the UCT; in contrast, Kirchberg has shown that the UCT 
problem is in fact equivalent to the question whether a unital Kirchberg algebra with 
trivial K-theory is isomorphic to QO» [29], and Dadarlat has a parallel result featuring 
Q [10]. It is tempting to think of QO and O ® Og ina similar way, as ‘semifinal’ 
objects: Q is final in the category of all known finite strongly self-absorbing C*- 
algebras, and, more abstractly, also in the category of all quasidiagonal strongly 
self-absorbing C*-algebras (cf. [16]). One can now turn the tables and interpret this 
fact as a characterisation of quasidiagonality for strongly self-absorbing C*-algebras 
in terms of its final object. Similarly, Q ® Oop is the final object in the category of all 
known strongly self-absorbing C*-algebras which are not Q2. Turning tables again 
one can look at the category of all strongly self-absorbing C*-algebras which embed 
unitally into O ® Og and interpret this as a notion of quasidiagonality which also 
makes sense in the infinite setting, at least in the strongly self-absorbing context. 


4.9 The strongly self-absorbing version of the quasidiagonality question reads: 
Is every finite strongly self-absorbing C*-algebra quasidiagonal? In view of the 
preceding discussion, we obtain an equivalent formulation as follows: 


QDQanite ssa. 1s D®@ QZ OQ for every finite strongly self-absorbing C*-algebra 
D? 


Note that this asks whether Q can be characterised abstractly as the final object in 
the category of finite strongly self-absorbing C*-algebras. In the above one could 
specialise even a bit more and require the ordered Ky-group of D to be a subgroup 
of Q (with natural order). 


4.10 Unlike the original quasidiagonality question, the version of 4.9 yields an 
obvious infinite counterpart by simply replacing QO with O @ Oj and ‘finite’ with 
the minimal necessary condition ‘not isomorphic to 0’: 


QD infinite ssa. 15 DP ®QA®B® Oo XY WD ® Ow for every strongly self-absorbing 
C*-algebra D not isomorphic to Oz? 


Once again this asks for an abstract characterisation of OQ @ Ooo as the final object 
in the category of all strongly self-absorbing C*-algebras which are not © (or 
equivalently, which have nontrivial K-theory). 

This infinite (or rather, general) version of the strongly self-absorbing quasidi- 
agonality question runs completely parallel with its finite antagonist, and may be 
taken as first evidence that the original quasidiagonality question is just the finite 
incarnation of a much more general type of embedding problem. 


4.11 We have now used a tool from classification—Elliott’s intertwining argu- 
ment—to rephrase the quasidiagonality question as an isomorphism problem, which 
makes sense both in a finite and an infinite context. Going only one step further, we 
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see that classification not only predicts, but in fact provides, a positive answer to 
QD Q infinite s.s.a.. The secret extra ingredient is to assume that D satisfies the UCT. 
Under this hypothesis, it was observed in [53] that the K-theory of D has to agree 
with that of one of the known strongly self-absorbing examples, and then it follows 
from Kirchberg—Phillips classification that D is indeed absorbed by Q ® Og. We 
therefore have: 


Theorem [fD 4 OQ, is a strongly self-absorbing C*-algebra which satisfies the 
UCT, thenD ® 9® On = W®B® Oo. 

In other words, Q ® Ogg is the unique final object in the category of strongly 
self-absorbing C*-algebras which have nontrivial K-theory and satisfy the UCT. 


With this observation at hand, I found it harder and harder to imagine QDQsinite s.s.a. 
fails when also assuming the UCT. Now we know this perception was indeed correct 
(cf. 5.6 below), even in a generality going far beyond the strongly self-absorbing 
context (see 5.2). Here I took the strongly self-absorbing perspective mostly for a 
cleaner picture of a simpler situation—but with the benefit of hindsight, the theorem 
above provided just the necessary impetus to combine the quasidiagonality question 
with the UCT problem. 


5 The Main Result: Structure and Classification 


5.1 Theorem [51, Theorem A] Let A be a separable nuclear C*-algebra which 
satisfies the UCT. Then every faithful trace on A is quasidiagonal. 


Short after the distribution of [51], Gabe observed in [19] that essentially the 
same argument works when weakening the nuclearity hypotheses to A being exact 
and the trace being amenable. Before outlining the proof of the theorem above let 
us list some consequences, mostly for the structure and classification of simple C*- 
algebras, but also for Rosenberg’s conjecture. 


5.2. Corollary [51, Corollary B] Every separable nuclear C*-algebra which 
satisfies the UCT and has a faithful trace is quasidiagonal. In particular, the 
quasidiagonality question has a positive answer for simple unital C*-algebras 
satisfying the UCT. 


5.3 In the appendix of [24], Rosenberg observed that for a discrete group G, if the 
reduced group C*-algebra C*(G) is quasidiagonal then G is amenable. The converse 
was Rosenberg’s conjecture, open since the 1980s. Our result in conjunction with 
[55] (which verifies the UCT assumption) confirms the conjecture (the canonical 
trace on C*(G) is well-known to be faithful). Together with Rosenberg’s earlier 
result this yields a new characterisation of amenability for discrete groups. Note 
that at first glance our result seems to only cover countable discrete groups 
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(Theorem 5.1 deals with separable C*-algebras), but the general case follows since 
both quasidiagonality and amenability are /ocal conditions. 


Corollary [51, Corollary C] For a discrete amenable group G, its reduced group 
C*-algebra C* (G) is quasidiagonal. 


5.4 Elliott, Gong, Lin and Niu have very recently (see [17], which heavily uses [22]) 
obtained a spectacular classification result for unital simple nuclear C*-algebras— 
the crucial additional assumptions being finite decomposition rank and the UCT. 
They also show that finite decomposition rank may be weakened to finite nuclear 
dimension, provided all traces are quasidiagonal. Our Theorem 5.1 now shows that 
this last hypothesis is in fact redundant. This is important for applications, since 
finite nuclear dimension is notoriously easier to verify than finite decomposition 
rank, but it is also very satisfactory from a conceptual point of view, since for once 
it allows to state the purely infinite and the stably finite incarnations of classification 
in the same framework—and it also shows that quasidiagonality of traces precisely 
marks the dividing line between nuclear dimension and decomposition rank (at least 
in the simple UCT case), thus answering [63, Question 9.1] in this context. 


Corollary [51, Corollary D] The class of all separable, unital, simple, infinite 
dimensional C*-algebras with finite nuclear dimension and which satisfy the UCT 
is classified by the Elliott invariant. 


5.5 It is worth highlighting the special case when there is at most one trace. For 
once, the statement becomes particularly clean then, partly because the classifying 
invariant reduces to just ordered K-theory in this situation, and moreover the proof 
only relies on work that has already been published (apart from [51]). The traceless 
case has been known for a long time—it is the by now classical Kirchberg—Phillips 
classification of purely infinite C*-algebras. The equivalence of conditions (i), (ii) 
and (iii) below in the tracial case is the culmination of [46, 61, 35, 49] and does not 
require the UCT; this only comes in to make the connection with (i’). 


Corollary [51, Corollaries E and 6.4] The full Toms—Winter conjecture holds for 
C*-algebras with at most one trace and which satisfy the UCT. 

That is, for a separable, unital, simple, infinite dimensional, nuclear C* -algebra 
A with at most one trace and with the UCT, the following are equivalent: 


(i) A has finite nuclear dimension. 
(ii) A is Z-stable. 
(iii) A has strict comparison of positive elements. 


If A is stably finite, then (i) may be replaced by 
(’) A has finite decomposition rank. 


Moreover, this class is classified up to Z-stability by ordered K-theory. 
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5.6 Since strongly self-absorbing C*-algebras are Z-stable by [60] and have at 
most one trace, we now know that the chart of 4.7 is indeed complete within the 
UCT class. 


Corollary The strongly self-absorbing C*-algebras satisfying the UCT are pre- 
cisely the known ones. 


6 A Sketch of a Proof 


6.1 In this outline of the proof of Theorem 5.1 I freely assume A to be unital, since 
one can easily reduce to this case. The very rough idea of the argument is it to 
produce two complementary cones over A and ‘connect’ them along the interval in 
order to construct an almost multiplicative map from C([0, 1]) @ A to M2(Q.,). 


6.2 Let us begin by producing two cones over A in Q,, such that at least their 
scalar parts are compatible. In order to conjure up a single cone over A inside 
Q,, one might try to employ Voiculescu’s theorem [56] on homotopy invariance 
of quasidiagonality, which will immediately yield an embedding of the cone over A 
into Q.,. However, this method will typically give an embedding which is small in 
trace (not surprisingly, since Voiculescu’s result works in complete generality, even 
when there are no traces around at all). For us this means that we won’t be able 
to repeat the step in order to find the complementary second cone. Instead, we will 
need a more refined way of implementing quasidiagonality of cones. We will do this 
by carefully controlling tracial information for the embedding Co((0, 1],A) @ Quy. 
Roughly speaking, we want the canonical trace on Q, to be compatible with 
a prescribed trace on A and with Lebesgue measure on the interval. This was 
essentially laid out in [49] and refined in [51]; it heavily relies on Connes’ [9] and 
also uses Kirchberg and R¢grdam’s [31]. 


Lemma Let A be a separable, unital, nuclear C*-algebra and let t, € T(A) be a 
tracial state. 


(i) There is a *-homomorphism 
W :Co((0, 1]) @A > Q, 
such that 
To, OW =ev; @ th. 
(ii) There are *-homomorphisms 


@ : Co((0, 1]) @A > Ap, 
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& : Cy([0,1)) @A > Q, 
2 :C([0, 1]) > Q 
which are compatible in the sense that 
Pleo.rpeun = Pleo and Plego.1y@14 = Pleo.» 
and such that 
TQ, OP = Thebesgue®@ ta and to, 0P = Trevesgue ® TA. 


We use TLebesgue to denote the traces induced by Lebesgue measure on C((0, 1]) 
and on the two cones Co((0, 1]) and Co([0, 1)). 


Idea of Proof 


(i) This is essentially contained in [49]. For simplicity let us assume the trace t, 


(ii) 


is extremal, so that the weak closure of the GNS representation of A is a finite 
injective factor. We therefore obtain a unital *-homomorphism A > R C R® 
which picks up the trace t4 when composed with the canonical trace on R®. 
By Kaplansky’s density theorem Q,, surjects onto R®, when dividing out the 
trace kernel ideal {x € Q, | To, (x*x) = 0} <4 Q,. By the Choi-Effros 
lifting theorem, there is a c.p.c. lift from A to Q,,. The ‘curvature’ of this 
map (the defect of it being multiplicative) then lies in the trace kernel ideal 
of Q,,, and one can use a quasicentral approximate unit in conjunction with a 
reindexing argument to replace it by a c.p.c. order zero lift. (Alternatively, one 
can use Kirchberg’s ¢-test from [31] in place of reindexing.) This order zero 
map corresponds to a *-homomorphism W defined on the cone over A which 
will have the right properties. 

Find a *-homomorphism A : Co((0, 1]) — Q such that tg OA = TLebesgue. Next, 
find a unital copy of QO in Q,. MN W(Co((0, 1]) @ A)’. We compose this inclusion 
with A and tensor with W to obtain a *-homomorphism 


 : Co((O, 1]) @ Co((0, 1]) @A > Qp. 


Since Co((0, 1]) is the universal C*-algebra generated by a positive contraction, 
the assignment id(o1) @ at ides) ® ido, 1] ® a induces a *-homomorphism; 
we define & to be the composition with Vv, 

Next observe that the two cones in Q., generated by the elements é (id(o,1] ® 
14) and lg, — D (ido, ® 1,) carry the same Cuntz semigroup information 
(which is determined by Lebesgue measure on the interval), and are therefore 
unitarily equivalent by [8] (and reindexing), ie., lg, — P(id(o, y ®@ 14) = 
w* B(ideo, 1] ® 14) w for some unitary w € Q,,. Define @ to be the resulting 
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conjugate of &, so that &((1—idpo, 1) @a) = =w * Bide, 1] @a)w, a ¢ A. The map 
@ is then fixed by these data since H((1 —idjo,1))® 14) + @ (id(o,1]® 1a) = 1lo,. 


6.3 Now we have produced two cones over A inside Q,,; the scalar parts of these fit 
nicely together, but the A-valued components might be in general position. The task 
is to join them in order to find a c.p.c. map from C([0, 1]) @ A to (matrices over) Q,, 
which is either exactly or at least approximately multiplicative. We wish to establish 
this connection by comparing the two restrictions to the suspension over A, 


A := Dleo,ny@a 1 Co((, 1)) @A > Qe 
and 


A = © c,((0,1))@A 5 Co((0, 1) ®@®A> Q. 


Here’s what would make this work. It’s not quite going to, but it is a blueprint of the 
actual proof, and it isolates the necessary ingredients. 


Lemma In the setting above, suppose there is a unitary u € Q, such that 
A(.) =uA(.)u*. (6.1) 
Then, there is a *-homomorphism 
@ :Az> M>(Q.) 
such that 
ee | 
(try, ® To,)° PB = are 
In particular, the unital *-homomorphism 
‘s e — i= 
@:A— @P(14) M2(Qa) Ua) S QD 
shows that the trace ta is quasidiagonal. 
Proof We write down the map @ explicitly. Define a partition of unity of piecewise 
linear positive continuous functions ho, 1/2, h; on the interval so that ho equals 1 at 


0, and is 0 on [1/4, 1]; 41 is just ho reflected at 1/2. Consider a continuous rotation 
R € M,(C((0, 1])) with 


10 01 
R\o,1/4) = ({ ) and = R341) = (‘ AF 
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Let O® : M2(C([0, 1])) > M2(Q,,) denote the amplification of © to 2 x 2 matrices. 
We may then define a c.p. map by setting 


P(a):= Ga a) )) 


1 0) op (Air 8 a) 0 ae ()°) 
+(5 2) 0r@( E 0 ony (4 o 


0 0 
W (; (hy al) 


for a € A; it is not hard to check that @ is in fact multiplicative and picks up half of 
the trace t, as claimed in the lemma. 

For the last statement note that @ is unital when regarded as a *-homomorphism 
to the hereditary C*-subalgebra generated by its image, ®(14) Mo(Q.,) ®(14), 
which is isomorphic to Q,, since Q is self-similar; cf. Remark 2.3. Under this 
identification the traces 2 - (try, ® TaQ,,)|H 14) m(Q,) B14) ANd To, agree since Q,, 
is monotracial by [37, Lemma 4.7], so that tT, = Tg, © @ is quasidiagonal by 
Proposition 2.5. I 


6.4 Remarks 


(i) If one only had an approximate version of (6.1) the same argument would yield 
an approximately multiplicative c.p.c. map ®; after reindexing this would still 
be good enough to prove quasidiagonality. 

(ii) Itis natural to ask whether the use of 2 x 2 matrices is really essential here. One 
could certainly hide the matrices by rotating and compressing everything into 
the upper left corner—but that’s a red herring since one cannot necessarily force 
the resulting map to be unital. The reason is that the method above allows only 
limited control over K-theory, and one cannot guarantee that (1,4) is Murray— 
von Neumann equivalent to e;; ® lg,, (of course the two agree tracially, but 
that’s not enough in ultrapowers, even of UHF algebras). 


6.5 In general, unitary equivalence of the two suspensions as in (6.1) seems too 
much to ask for—and the same goes for approximate versions. On the other hand, 
it’s not completely outrageous either; for example, it is not too hard to see that when 
A happens to be strongly self-absorbing then the converse of Lemma 6.3 holds, i.e., 
unitary equivalence of the two suspensions is implied by quasidiagonality. More 
can be said using [5], but whether this kind of unitary equivalence is a necessary 
condition for quasidiagonality in complete generality is not clear, and we don’t have 
means to check it directly. The way around this is the stable uniqueness machinery 
as introduced by Lin in [33], then refined by Dadarlat—Eilers in [11] and since often 
used and further refined by Elliott, Gong, Lin, Niu, and others. 
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6.6 Let us revisit Lemma 6.3 and replace the critical hypothesis (6.1) by a weaker 
one (still not quite weak enough for us to confirm it in sufficient generality, but now 
almost within reach): 


dneéN, u,v € U(M,+1(Q.)) such that 
Ag AP" —y @ AP") y* an Ag AP" = y {@ AG v*. ; 
Ae Ae (A A® ) d A@A® (A A® ) (6.2) 


Then we can chop the interval which sits via © inside Q,, X Mx, ® Q, into small 
pieces and apply the idea of the proof of Lemma 6.3 2n times along the interval (we 
have to switch from u to v halfway, which is why we have to use 2n intervals, not 
just n); diagrammatically we end up with the following picture; cf. [51, Figure 1]: 


A A A A A A A 
A A A A A A Ay A 
A A A A A ~y A A 
A A A ~y A A A A 
A A ~u A 4 A A A 
A ~u A A A A A A 
A A A 4 A A A 


This will produce a *-homomorphism 
@:A—> My @ My, ® Q,, 
in a similar way as in Lemma 6.3, which again entails quasidiagonality. 


6.7 Just as in Remark 6.4(i), it would be enough to come up with an approximately 
multiplicative c._p.c. map ©, which would follow from an approximate version 
of (6.2). The latter is very close to the conclusion of Theorem 3.1, with Aand A in 
place of g and yw, respectively, and also with Aand A in place of 1. However, there 
is a catch: The maps in the diagrammatic chart of 6.6 are in fact not the original 
maps A or A; rather, they are restrictions of those maps to small subintervals of 
(0, 1). This makes a difference, since it means that the maps depend on the number 
of intervals, hence on n, which in Theorem 3.1 in turn depends on the maps—and 
the whole affair becomes circular! Luckily, there is a backdoor: In the controlled 
stable uniqueness theorem 3.6 the number n does not depend on the actual maps; it 
only depends (except for G and 6, of course) on the control function A which is tied 
to the Lebesgue measure on the interval via the prescribed trace and the map 0. The 
price for this additional control is the UCT hypothesis in Theorem 5.1. 
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7 Some Open Problems 


7.1 Of course the main problems in the context of this paper are the UCT problem 
and the quasidiagonality question in its various versions as discussed in Sect. 4. 
These are expected to be hard; the problems listed below aim to highlight their 
interplay and to break them up into smaller bits and pieces which will hopefully be 
easier to attack. 


7.2 Question Are there formal implications between the versions of the quasidiag- 
onality question from Sect. 4? In other words, can we prove any of the implications 
[QD Qintinite 8.8.a, holds] = LQDQ nite S.8.a. holds] = [QDQcimpie.1 holds] = 
[QDQ impie holds] => [QDQ holds]? 


7.3 By Corollary 5.2, the UCT implies quasidiagonality under suitable conditions, 
and one can ask under which hypotheses there is a converse. This is also interesting 
for special cases: 


Questions Does every quasidiagonal strongly self-absorbing C*-algebra satisfy the 
UCT? What about strongly self-absorbing C*-subalgebras of OQ @ Ooo? Or unital, 
simple, nuclear and monotracial C*-subalgebras of Z? 


7.4 Kirchberg has reduced the UCT problem to the simple case; even more, the 
problem is equivalent to the question whether ©, is the only unital Kirchberg 
algebra with trivial K-theory (see [29, 2.17]). As discussed in 4.8, for strongly self- 
absorbing C*-algebras the answer is known. From this point of view the following 
does not seem likely, but I still think it is worth asking. 


Question Can the UCT problem be reduced to the strongly self-absorbing case? 


7.5 It was shown in [53] that the K-theory of a strongly self-absorbing C*-algebra 
satisfying the UCT has to agree with the K-theory of one of the known strongly self- 
absorbing examples. However, the proof really only requires the formally weaker 
Kiinneth Theorem for tensor products (see [48]), and one may ask whether even 
this can be made redundant, or whether there are at least some restrictions on 
the possible K-groups. For example, Dadarlat pointed out that for a quasidiagonal 
strongly self-absorbing D, K,(D) cannot have an infinite cyclic subgroup (again by 
the Kiinneth Theorem and since in this case D @ Q & Q). 


Questions If D is a strongly self-absorbing C*-algebra, does K;(D) have to be 
trivial? Does K,.(D) have to be torsion free? 


7.6 It is a classical question when a C*-algebra is isomorphic to its opposite. 
Whenever one expects classification by K-theory data the answer should be 
positive, and it certainly is for strongly self-absorbing C*-algebras with UCT; see 


338 W. Winter 


Corollary 5.6 (note that the opposite of a strongly self-absorbing C*-algebra is again 
strongly self-absorbing). 


Question Is a strongly self-absorbing D isomorphic to its opposite D°?? 
7.7 The following stems essentially from [6]. 


Questions For a separable unital C*-algebra A, do the quasidiagonal traces form a 
face? If, in addition, A is quasidiagonal, are all traces quasidiagonal? Do nuclearity 
of A or amenability of the traces make a difference? 


Together with a result from [6], [51, Corollary 6.1] yields a positive answer to the 
second question when also assuming nuclearity and the UCT. 


7.8 In both [39] and [51], quasidiagonality of amenable group C*-algebras is 
derived abstractly from classification techniques—but at this point there is no way 
to construct quasidiagonalising finite-dimensional subspaces of £7(G) explicitly. 


Question Is there a group theoretic / dynamic proof of Rosenberg’s conjecture? 


7.9 C*-algebras of amenable groups are almost never simple—but they have simple 
quotients, and one may ask when these are classifiable. There is by now a range of 
very convincing results along these lines; cf. [14, 15]. 


Question When are simple quotients of amenable group C*-algebras classifiable? 
When can one at least show Z-stability? 


7.10 Ina similar vein, one can look at topological dynamical systems, where free 
and minimal actions typically yield simple C*-crossed products. These algebras 
tend to be nuclear provided the groups—or at least their actions—are amenable; 
cf. [1, 54]. We know from [20] that one cannot expect regularity in general, and 
that conditions on the dimension of the underlying space (or again the action) are 
essential to guarantee Z-stability or finite nuclear dimension of the crossed product. 
Recent results of Kerr, however, together with the tiling result of [13], suggest that 
we might be only a stone’s throw away from an answer to the following: 


Question For free minimal actions of countable discrete amenable groups on 
Cantor sets, are the crossed product C*-algebras classifiable? 


The setup is shockingly general: free minimal Cantor actions of amenable groups! 
So how are we even entitled to ask this? Quasidiagonality of the crossed product 
is given by our Theorem 5.1 in connection with [55], which verifies the UCT. Z- 
stability seems now within reach with Kerr’s techniques on tiling (based on [13]) 
together with Archey and Phillips’ large subalgebra approach [2] or, alternatively, 
using the idea of dynamic dimension and dynamic Z-stability as defined by the 
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author (yet unpublished, but closely related to the notion of Rokhlin dimension 
from [26]). From here only finite nuclear dimension of the crossed product would 
be missing to arrive at classifiability (by [17] via [62]; for a slightly more direct 
approach in the uniquely ergodic case see [49]). In the case when the ergodic 
measures form a compact space, finite nuclear dimension follows from Z-stability 
by [5]. 

Here is an even more general—though not necessarily more daring—layout. 


Questions For free minimal actions of countable discrete amenable groups on finite 
dimensional spaces, are the crossed product C*-algebras classifiable? What about 
amenable actions of countable discrete groups? 


The following rigidity question was beautifully answered for Cantor minimal Z- 
actions in [21] in terms of strong orbit equivalence. In the situation of amenable 
group actions, it seems much more speculative, and one can only expect a less 
complete answer. If one is prepared to go beyond the context of amenable group 
actions, Popa’s rigidity theory for von Neumann algebras (cf. [43]) is extremely 
encouraging—but on the C*-algebra side one would have to change the game 
completely and develop most of the technology from scratch. 


Question To what extent are topological dynamical systems determined by their 
associated C*-algebras? 
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